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Some new applications
of the Stanley-Macdonald Pieri Rules

A.M. Garsia, J. Haglund, G. Xin and M. Zabrocki
Dedicated to Richard Stanley for his 70th birthday

Abstract

In a seminal paper [22] Richard Stanley derived Pieri rules for the Jack symmetric function
basis. These rules were extended by Macdonald to his now famous symmetric function basis. The
original form of these rules had a forbidding complexity that made them difficult to use in explicit
calculations. In the early 90’s it was discovered [10] that, due to massive cancellations, the dual
rule, which expresses skewing by e; the modified Macdonald polynomial H,[X;q,t], can be given a
very simple combinatorial form in terms of corner weights of the Ferrers’ diagram of u. A similar
formula was later obtained by the last named author for the multiplication of H u[X;q,t] by e,
but never published. In the years that followed we have seen some truly remarkable uses of these
two Pieri rules in establishing highly non trivial combinatorial results in the Theory of Macdonald
polynomials. This theory has recently been spectacularly enriched by various Algebraic Geometrical
results in the works of Hikita [15], Schiffmann [19], Schiffmann-Vasserot [20], [21], A. Negut [18] and
Gorsky-Negut [12]. This development opens up the challenging task of deriving their results by
purely Algebraic Combinatorial methods. Substantial progress in this task was obtained in [3]. In
this paper we present the progress obtained by means of Pieri rules.

1. Introduction
In this paper, as in [3], the main actors are the family of symmetric function operators Dy
and Dj introduced in [6], whose action on a symmetric function F[X] may be written on the form

a) DyF[X] = FIX +2]) (—2)'e;[X]

i>0

b)  DiFIX] = FIX - M]3 2in,[x]

z
i>0

(with M = (1 —t)(1 —¢q))

. L1
(M=01-1/t)(1-1/q)

2k

where expressions are given in plethystic notation which we shall review in Section 1.

We will focus here, as in [3], on the algebra A of symmetric function operators generated by
the family {Dy}r>0. It was shown in [3] that A is bi-graded by assigning the generator Dy bi-degree
(1,k) . Its connection to the Algebraic Geometrical developments is that A is a concrete realization
of a portion of the Elliptic Hall Algebra studied by Schiffmann and Vasserot in [19] ,[20] and [21].

In particular A contains a distinguished family of operators {Q. . }u >0 of bi-degree given
by their index that can be shown to play a central role in the connection between Macdonald
Polynomials and Parking Functions (see [4]). For nonnegative, and co-prime index pair (m,n) the
construction of the operators Q,, , is quite simple. We write

a) (m,n)=(a,b)+ (¢, d)

a ci _ L2
b ety gl =1

Split(m,n) = (a,b) + (¢,d) if and only if {

Geometrically this simply says that (a,b) is the lattice point closest to the segment (0,0)—(m,n) and
(0,0), —(a,b),—(m,n) is the counter-clockwise order of the vertices of a non-trivial triangle. These
conditions force also the pairs (a,b) and (c,d) to be co-prime and we can recursively define

Qm,n = ﬁ[@c,da@a,b] = ﬁ(Qc,an,b - Qa,,ch,d) L3
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with base cases
a) Qio=Dy and b)) Qo1=—¢ 1.4

where for a symmetric function f we let “f” denote the operator, “multiplication by f.”
Now from the definition in [.1 a) it easily follows that

Dy = 37[Di-1,€] (for all k > 1) L5

and 1.3 then yields
Q1. = D. 1.6

Thus for m,n positive integers we may replace the recursion in 1.3 by

H1Qcd:Qap] ifm>1,
D, ifm=1.

This implies that @, € A for all (m,n) positive and co-prime.

The definition of the operators @, , for non co-prime pairs (u,v) and the proof of some of
their remarkable properties was carried out in [3] by means of two basic tools.

To be more explicit we need some auxiliary material. Firstly, we will write (u,v) = (km.kn)
with (m,n) a co-prime pair and k = gcd(u,v). Next note that from Split(m,n) = (a,b) + (¢, d) we
derive that

(u,v) = (Im+a,in+b) + (jm +c,jn+d) (foralli+j=k—1) I.8

This given, in [3] it is shown that we may set

Qu,v = ﬁ[@jm-‘rc,jn-‘rda Qi’m-l—a,’in-‘rb] (fOf any Z+.] =k— 1) L9

by proving that all the operators on the right hand side are the same. Since both pairs (im+a,in+b)
and (jm + ¢, jn + d) always turn out to be co-prime, this shows that Q, , is well defined, and also
shows that Q.. € A for any u,v > 1.

The equality of the operators occurring on the right hand side of 1.9 was obtained in [3] by
two steps. In the first step 1.9 is established for (m,n) = (1,1) and in the second step 1.9 is derived
in full generality from this special case by means of a natural action of SLs[Z] on A which preserves
all the identities satisfied by the operators Dj. In particular a proof is given in [3] that for the

generators [Z 2} = [(1) H and [Z 2} = H (1)} we have

a C
|:b d:| Qm,,n == Qan7.+cn,bm+d77.~

This given, it is first shown in [3] that the case (m,n) = (1,1) of 1.9 is a consequence of the commutator
identity
(DuD; — DiDy) P[X] = MY h, [X(1—1tq)]P[X]  (for a+b>0) 1.10

tqg—1

In fact, by setting
Dy = Qu1k and Dy =—(g)"'Q -1 L11

[.10 becomes the operator identity

7R 1p, Qual = (It’l—flﬁa+b[X(1/qt -1 112
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Next it is shown in [3] that for all co-prime (m,n) we have

_ 1 1
va,nV b= |:0 1:|Qm,n = Q7n+n,n L13

where V is the operator, introduced in [1] with eigen-functions the modified Macdonald basis
{H,[X;q,t]},. Thus conjugating .12 by V, gives

7lQv-15, Quira] = 55 Vh[X(1/gt = 1)V (for a+b>0). L14

Since for (m,n) = (1,1) we have (a,b) = (1,0) and (¢,d) = (0,1) we see that 1.14 implies that for
(m,n) = (1,1) all the operators on the right hand side of 1.9 are identical and we may thus set

Qe = =5 Vh[X(1/qt — 1)V L15

qt qt—1
The final step is obtained by showing that the identities in 1.9 are simply images of 1.14 and 1.15 by
the SLo|Z] action.

In this paper, using the symmetric function tools created in the 90’s in the study of Mac-
donald polynomials, most particularly in [8], [6], [2], we develop a parallel variety of identities by
letting the operators Qx, 1 and Qi1 play the role that Qi and Q_1 play in [3]. The fact that for

=[5 ) = bl 9o o]

UQir = Qr,—1, UQ_1k = Q1

guided us to a number of surprising discoveries. In particular it turns out that an identity that was

we have

discovered in 2008 in the research that yielded the results in [11] may be viewed as an image by U
of the identity in 1.12.

To state our results we need to recall some notational conventions. To begin, we will identify
partitions with their French Ferrers diagrams. Next, for a cell ¢ € p we let [,,(c), a,(c), [,(c) and a],(c)
denote the “leg”, “arm”, “coleg’ and “coarm”, of ¢ in p (as in [17]). Because we are using French
notation, these parameters count the number of cells of 1 that are respectively strictly North, East,
South and West of ¢ in . We then set

= g, M, (q,t) = [ @0 — #hu()geu®) .16

ceEN cep

where the superscript (0,0) in the product is to avoid the vanishing factor. In addition we set

T, = Htl ©)gan(e) w,(g,t) = H(qau(t:) — el (glule) _ ganle) 1y 1.17

cep cep

The modified Macdonald polynomials {H,[X;q,t]}, we work with here form the unique symmetric
function basis that is (in dominance order) upper triangularly related to the modified Schur basis
{sx[725]}» and satisfies the orthogonality condition

<j—:r)\ ) ‘E[N«>* = X()\ = /’L)wl—l(qvt)u L.18

where (, ), is the deformation
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()
(pas pu), = (DO T = 7)1~ ") 2 x(A = ) 119

=1
of the Hall scalar product (py, p.) =z, x(A = p). We will call (, ) the “star scalar product”.
Let us also recall that the operator V is defined by setting

VH,[X;q,1] = T,Hu[X;q,t]. 1.20
It is also shown in [6] that
DoH,[X;q,t] = (1 — MB,(q,t)) H.[X; g, 1]. 1.21

Both V and Dy are special cases of a commuting family of operators defined in [6] by setting for a
symmetric function F'
ApHu[X;q,1] = F[Bu(g, t)|Hu[X;q,t]. 1.22

Finally, the family of operators @, , with m,n co-prime is extended to the fourth lattice quadrant
by setting
Qmi—n = Qmn 1.23

where the symbol “1*” denotes the operation of taking the adjoint of an operator with respect to
the star scalar product.

This given, our first result can be stated as follows.

Theorem 1.1
For all m > 1 we have

—  _qt_
Qmo = qt—lAhm[(MX—l)(l/qt—l)] 124

Notice that, by 1.21, this identity may be viewed as the extension to m > 1 of the equality
Q10 = Dy. Notice further that since Qo = -Z<h,, [X(1/gt — 1)] and the collection { [[.?) Qx.0}y

qt—1—m
may be taken as a basis for the family of symmetric function multiplication operators, we can derive

from Theorem 1.1 and the identity UQq..m = Qm o the following truly remarkable result.

Theorem 1.2
The action of the 2 x 2 matrix U on a symmetric function operator F may be expressed by the
identity
UFEX] = Apjux-1) 1.25

Another significant fact that emerges from our findings here is that while viewing the op-
0 1
1 1
their action by constant term formulas, our present way of viewing the operators Q,,, as non-
1 1
0 1

erators Q,,, as non-commutative polynomials in the family Q,, = [ } Qo1 = D, expresses

commutative polynomials in the family Q,,1 = [ } Qo1 = V™Qp1V ™™ expresses their action

by standard tableaux expansions.

To be more precise we need notation. Let ST, be the set of all standard tableaux with
labels 1,2,...,n and ST(u) be all the standard tableaux of shape p. For a given T € ST,,, we set
wr (k) = ¢ =11, if the label k of T is in the i-th row and the j-th column. This given, our simplest
result in this context may be stated as follows.



(<
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Theorem 1.3
The operators Q),,,, may be written as a linear combination of the family {Qan,l Qa1 Qay 1 }a_>o7
whose action on (—1)" may be expressed in the form -

]\/anan 'Qag,lQal,l(_l)n = Z X q’ Z H’LU akl ?th H f wT(h) 126

pkn W TeST (p) k=2 1<h<k<n
(A—u/t)(1-u/q)
(I—u)(1—u/qt) *

We should mention that a similar tableau expansion was first obtained in [9] and in fact
our proof of 1.26 follows very closely the arguments used in [9]. This is precisely where the Stanley-
Macdonald Pieri rules play a crucial role. We must also mention that an entirely analogous standard
tableaux expansion for this particular action of the Q,,., operators (for (m,n) co-prime) was given

where for convenience we have set f(u) =

n [12]. Nevertheless, a distinguishing feature of .26 is that it is a closed formula. By contrast, the
expansions in [12] as well as in [9] are really algorithms, in that the substitutions zy—1/wr (k) used
there are to be carried out iteratively (as we will see in section 3) due to the fact that the kernel to
which these substitutions are performed has denominators that vanish under these substitutions.

Here the crucial tool that makes all this possible is the following identity which may be
viewed as the image by U of the identity in 1.12.

Theorem 1.4
For all a,b> 0 we have

Qa1 , Qu—1] = qtq%lAh,Hb[(MX—l)(l/qt—l)]~ L.27

Our presentation is divided into 3 sections. In the first section we will review some of the
identities and definitions that we need in the present development which were introduced or proved
elsewhere. In the second section we give the proof of Theorem I.1 and complete our treatment
of the algebra A as generated by the operators @,,:. In the third section we give the heretofore
unpublished combinatorial argument that derives, from the Stanley-Macdonald Pieri rules, “corner
weights” expressions for the coefficients d,, in the expansion

elﬁl’[X;%t] = Zduuﬁu[X;Q7t]~ 1.28

p—v

This done, in this section we prove two versions of our standard tableaux expansion formulas one
of which is 1.26. We terminate this section and the paper by pointing out that a recent result of
Bergeron-Haiman [5] shows that the Pieri coefficients d,,, and ¢, , are not as limited as may appear
on the surface.

1. Preliminaries

The space of symmetric polynomials with coefficients in QJg,t] will be denoted A. The
subspace of homogeneous symmetric polynomials of degree m will be denoted A=™. We will seldom
work with symmetric polynomials expressed in terms of variables but rather express them in terms
of one of the classical symmetric function bases {mx}x, {Pr}x, {Fa}r, {ea}r and {sx}r (Schur).

We recall that the fundamental involution w may be defined by setting for the power basis

wpy = ()" Fpy = (=1 1.1

where for any vector v = (vq,vs,---,v;) wWe set |v| = Zf’:l v; and [(v) = k.
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In dealing with symmetric function identities, specially with those arising in the Theory of
Macdonald Polynomials, we find it convenient and often indispensable to use plethystic notation.
This device has a straightforward definition which can be verbatim implemented in MAPLE or
MATHEMATICA for computer experimentation. We simply set for any expression E = E(t1,ta,...)
and any power symmetric function py

pelE] = E(tht5,..). 1.2
This given, for any symmetric function F' we set

F[E} = Qr(p1,p2,---) 1.3

pr—oE(thth,.)

where Q is the polynomial yielding the expansion of F in terms of the power basis.
A paradoxical but necessary property of plethystic substitutions is that 1.3 requires

pe[—E] = —pilE). 1.4

This notwithstanding, we will still need to carry out ordinary changes of signs. To distinguish it from
the “plethystic’ minus sign, we will carry out the “ordinary” sign change by means of a new variable
e which outside of the plethystic bracket is simply replaced by —1. For instance, these conventions
give for Xy, =x1 + @0+ -+ + 1,

Pk = —¢Dat = (<Yl
i=1 i=1
Thus for any symmetric function F' € A and any expression F we have
wF[E] = F[—€F] 1.5
In particular, if F € A=F we may also rewrite this as
F[-E] = (-1)*wF[E]. 1.6
The formal power series

@ = an(50)

k>1

combined with plethysic substitutions provides a powerful way of dealing with the many generating
functions occurring in our manipulations. In fact, for any given expression E we will set

o - ()

k>1

and since for any two expressions A, B 1.3 gives
pr[A+ B] = pil[A] + pi[B] 1.7
We derive from this the fundamental formula

Q[A+B] = Q[A]Q[B] 1.8
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: n m
In particular for A= 3", a; and B =} /", b; we also get
m
Hj:l (1—b;2)
n
[[i=: (1 —az)

Clearly, for any two expressions A, B we can view Q[z(A — B)| as the generating functions of the
homogeneous symmetric functions plethystically evaluated at A — B

= 2"hpm[A - B]

m>1

Q[z(A— B)] = 1.9

In particular, by equating coefficients of 2™ on both sides of 1.9, we get (using 1.6)

7TL A B Z hm 'I" T' Z hm 7 'I"[B]

In particular it follows from this that

A if m
hm[(1 = 1) (1 —q)] = {(1 H1- 9Ll (@) ifm>0

1 fm=0

The following facts (proved in [6]) will play a basic role here
Proposition 1.1

Dy, and Dj are x-adjoint to (—1)*D_y, and (—qt)*D* . respectively. Moreover they are related to
the modified Macdonald polynomials f[,,, [X;q,t] and V by the identities

i) DoH,=-Du(¢t)H, ()" DjH,=-Du(1/q,1/t)H,
(i1) Drey —e Dy =M Dyyq (i1)"  Dje —e¢ D= —-MDp,

(iii) Ve, V!l=-D (idi)* VDIVl =¢ 1.11
(iv) V1etV=LD_, (iv)* V™ ID* \V=-Mef
(v) Dyet — et Dy =Dy1 (v)* Djet — ei Dj = -Dj_,
with et the Hall scalar product adjoint of multiplication by e, M = (1 —1/t)(1 — 1/q) and
Dy(q,t) = MB,(q,t) — 1 1.12

As in [3] our starting point are the identifications
a) Qo1=—¢, b) Qi0= Dy, 1.13
Thus it follows from 1.11 (i4), (i%) and the definition in 1.3 that
a) Qik=Dg b) Qi1 =VQo1V " 1.14

Now it is shown in [3] that the definition in 1.3 combined with 1.13 b) implies the following funda-
mental identity.

Proposition 1.2
For any co-prime pair m,n we have

Qm+n,n = va,nvil-
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In particular it follows that we also have
Qm,l = V711620,1V7Tn = —Vmelvim'. 1.15

For notational convenience, here and after we may use the symbol “T,,,” to represent “—V"e; V7.
The following basic fact is also an immediate consequence of the definition in 1.3

Theorem 1.1
For any co-prime pair m,n we may set

ﬁ[@c,d, Qap) 1 n>1and Split(m,n) = (a,b) + (¢, d)

Qmn = 1.16

T ifn=1.
For instance, since we have (see adjacent figure) EaREEEE
Split(7,4) = (2,1) + (5,3), Split(5,3) = (2,1) + (3,2), Split(3,2) = (2,1) + (1,1). =7 D

The definition in 1.16 gives
s
Qra= Q53,12 Qs3=731Q32, T2, Q30 =+[T1, T2 .

Qra= 351,12, o), To] = = (TWT5 — 30TV T5 + 3T5 T T — T5Th)

Thus

We should mention that it follows from the Stanley-Macdonald Pieri rules that to compute the
action of an operator Q,,, we only need its “symbol” Z,, ,. This is the polynomial in xy, 2o, ..., 2,
that is obtained by replacing, in each monomial, the it* factor T,, by . For instance for Q74 this
gives

Emnlrl, v, x3,24) = 55 (m1x§x§m4 3riwoxia; + 3xiadzsal + :Em%i%:ﬁl)
In the general case, denoting by S, the operation of making the replacements z;—x;., in a polynomial
in the z; variables, we can construct Z,, ,[z1,22,...,2,] by the recursion

ﬁ(EQdeEa’b — Ea,bSbEc,d> ifn>1and Split(m,n) = (a, b) + (C, d)

S = 1.17
7 ifn=1.

This given, as a corollary of Theorem 1.3 we will obtain that

n

n Hu[X;q,t - w (2
Qmn(—1) :ZM > Elwr(D),wr(2),.wr() [ 2R I F(2H) 118

Wy
ukn TeST(p) k=2 1<h<k<n

Our first task will be to establish the identities that permit our definition of the operators
Qu.» when u,v are not co-prime. This was carried out in [3] by viewing A as generated by the family
{Q1.n}n>0- In the present development, (due to Theorem 1.1), we view A as generated by the family
{Qm.1}m>0- It turns out that an identity established in 2008 in the research that led to results in
[11] turns out to provide the basic ingredient needed in the present development. It may be stated
as follows

Theorem 1.2
For all m > 1 the operators in the family

{[Qb,qy Qa,l]}azo;bzo 1.19

a+b=m
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all commute with Dy and act identically on A.

The proof will be given in the next section. Here we will prove what is necessary to define
the operators Qp,—1 and derive some of their properties.
To begin, for any co-prime pair (m,n) we will set

Qmy—n = Qmn 1.20

where “1*” denotes the operation of the taking the adjoint of a symmetric function operator with
respect to the x-scalar product. In other words @, —, is the unique operator which satisfies

<Qm,—nf ) g>* = <f ) Qm,ng>* ( for all f,g € A) 1.21

To obtain an explicit formula for @, _; our starting point are the following two auxiliary
identities
Lemma 1.1

For all f,g € A we have

(f.9), = (pwf,g) = (wof,g)

where ¢ is the operator defined by the plethystic substitution

o fIX] = fIMX] = f[Q-t)(1-qX] 1.22

This is an easy consequence of the definition in .19 (see [6] for a proof).
Lemma 1.2
Qo1 = —Met 1.23

where ei- is the adjoint of e, with respect to the Hall scalar product.

Proof
Recall from 1.13 a) that Qo1 = —e; thus by 1.22

<Q0,1fa g>* = _<61fa g>* = —<¢w€1f, g> = —]\/[<€1¢Wf7 g> = —M<¢Wf, 6f_g> = _M<f7 6%g>*

As a corollary we get

Proposition 1.3
For all m > 1 we have
Qm—1 = —MV ™e V™. 1.24

Proof
From the particular case n =1 of 1.20 we have

<Qm,—1f ’ g>* = <f ) Qm,lg>* (fOI' all fag € A)
and 1.15 gives
<Qm,71f7 g>* = <fv V77’LC°2(),1V77719>,k = _M<V7mei_vmfv g>*
The last equality is due to the self-adjointness of V with respect to the *-scalar product.
The following identities will also play a role in the sequel

Proposition 1.4
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For all a,b > 1 we have

a) Qu1= ﬁ[Qa—Ll ) Do} b) Qp-1= ﬁ[l)o , Qb_17_1]. 1.25

Proof
The identity in 1.25 a) is an instance of 1.16. The identity in 1.25 b) is the *-adjoint of 1.25
a) together with the fact that taking “1*” reverses order.

For F[X;q,t] € A let us set
} FlX;q,t] = wF[X;1/q,1/t] = Fl-eX;1/q,1/t] . 1.26
It is easily seen that the operator “|” is an involution. It also has the following useful properties,
proved in [6].

Proposition 1.5

_ -1
o9 4Vi= v( 1.27

by 1 Dyl = DF Dy .
2. Proofs of basic identities for the algebra A

Our goal in this section is to prove Theorem 1.1 and its corollary Theorem [.2. This requires
establishing first Theorem 1.2. To carry all this out, we need some preliminary observations and
establish some auxiliary properties of the family of operators

Q-1 =V""Qo V" = —MV e V™. 2.1
For notational convenience we need to set
Vel V™ = V. 2.2
This given, 1.24 and and 1.25 b), namely the two identities
Qm,—1 = —MV et V™, Qb,—1 = 771Do, Qo—1,-1]
combine to give us the recursion
Vi = 37[Do, Vin-1l. 2.3

Surprisingly, a simple conjugation by the “|” operators reverses this recursion. More precisely
we have

Proposition 2.3

Vie1 = (D5, Vil 2.4

1
M
Proof
The definition in 2.2 and 2.3 for m =1 give
V'tV = L[Do, er].
Since we trivially have | ei |= ei (as it is easily verified by applying both sides to any of the
standard symmetric function bases), from Proposition 1.4 we derive that

VerV™t = L[Dg, ef]. 2.5

L
M
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Since V and D{ are both eigen-operators for the modified Macdonald basis {fI#[X :q,t)},, they
commute. Thus conjugating both sides of 2.5 by V—™ gives

vl vt = (DG, Ve VT,

which is another way of writing 2.4.

Theorem 2.1
The operator
Un = [V et V™, ] 2.6
commutes with both Dy and D} and therefore it is an eigen-operator of the basis {ﬁM[X; q,t]}u.
Proof
We will prove by induction that we have for all m > 1

a) Um = [Dla V;n—l]
. 2.7
b)  [Unm,Djl =
Note that setting m =1 in 2.6 and using 1.11 (i4i) and then 1.11 (i) we get
Uy = [V'eiV,e| = 4[Do1,e] = Do
This proves 2.7 b) for m = 1. To prove 2.7 in the base case, we are left to show that
Dy = [Dlvef_]a
but this is precisely 1.11(v). We can thus inductively assume 2.7 true up to m — 1.
Now by definition we have
Upn = [Vma 61]
and 2.3 gives
Un = 27[[Do, V1], 1]
(by Jacobi) = —ﬁ va—h 61}7 Do] — [[61, l)o]7 Vm—l]
(by 1.11 (i) ) = —2[Un-1,D0] + [D1,Vi_1]
(by 2.7b) form—1) = [Dy, V-]
This proves 2.7 a) for m. To show 2.7 b) for m we use this and get
[Um,7D8] = [[Dlavm—l]vD;v] 2.8
(by Jacobi) = - [[mel, DS}, Dl] - [[DS, Dl], mel} .
For the first term Proposition 2.3 gives (using induction)
~[Vin-1,Dg],D1] = M|[Viy2,D1] = —MUp,_1. 2.9

For the second term in 2.8 we have, using 1.11 (4i%),

[D§, D1] = [VerV™!, D§]
(D§ and V commute) = V/ey , DO]V_
(by 1.11 (i)*) = MVD;V~!
(by 1.11 (iii)*) = Me,.
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Thus
—[[DS»DH,VmA] = _M[elavmfl} = MUp;p_1

and this together with 2.9 reduces 2.8 to
[Upn.Df] = —MUp_y+MUp_1 = 0

completing the induction.
We are now finally in a position to prove the following sharpening of Theorem 1.2.

Theorem 2.2
For all m > 1 the operators in the family

{[Qb,—laQa,l]}aZO;bzo 2.10
a+b=m
act identically on A and we can set
Qmo = 2 [Qm-1,Qo1] = [V ™ef V™, ¢]. 2.11

In particular we see that the collection {Q.,0}m>0 IS @ commuting family of eigen-operators for the
modified Macdonald basis.
Proof

Notice first that the second equality in 2.11 follows from 2.1 and 1.13 a). Moreover, since
Theorem 2.1 assures that the right hand side of 2.11 commutes with Dy and D{, the last assertion
follows from the fact that the eigenvalues of Dy (or Df) are all distinct. Thus the only thing that
remains to prove is the equality of these operators. But this is now easily seen if we write the
operators in 2.10 using 1.15 and 1.24, that is

Qb,—1,Qa,1] = M[V_bellvb, Vie V7.
In fact, we know from Theorem 2.1 that this operator, for b = m and a = 0, commutes with V thus
[@Qm,—1,Qo1] = MV [V el V™ 1|V = M[V " et V1 Ve VT = [Qro1,-1, Q1.1].
Proceeding by descent induction on b € [1,m], assume that for a = m — b we have
(@m,—1,Qo,1] = [Qp,—1, Qa,1]-
Conjugating by V we similarly obtain
[Qm,~1,Q0,1] = VI[Qb,-1,Qaa]V ™" = [Qv—1,-1, Qa+1,1].

This completes the induction and our proof.

Our next and final task in this section is the identification of the eigenvalues of the operators
Qmo = [V "er V™, ¢y].

This task, as well as the developments in the next section are heavily dependent on the Pieri rules
for ¢, and e and their summation formulas. These remarkable identities may be stated as follows.
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Theorem 2.3
For ut-n and vn —1 we have
a) e H, = Z dﬂ,yflu , b) ef‘ﬁﬂ = Z cﬂ,yfly 2.12
v v—p
where “v—u” means that p is obtained by adding a corner square to . Moreover we also have the basic
relation
dpy = M—Yc,,. 2.13

Theorem 2.4

hk+1[ u(q, )/tq] ifk>1
a) cuv (g, 1) (Tu/Tu)k =
ugu Bﬂ(q,t) lf k=0

2.14

b) ZduUQa T/T) =

p—v

{ (=DF e 1[Du(qt)] fk>1

1 ifk=0
Remark 2.1

We must mention that 2.12 b) and 2.13 a) were first proved in [10], directly from the original
Stanley-Macdonald Pieri rules. On the other hand for 2.12 a), and 2.13 b), a direct proof was never
published, although extensively used in several publications. These proofs will be included in the
next section for sake of completeness. An indirect derivation of 2.14 a) and b) was also given in [6].

Our goal, which is Theorem 1.1, may be simply restated as follows

Theorem 2.5
For all k > 1 and partitions u we have

[VFeltVE e HuX;q,t) = —Z5hi[Dy(q t)(& — D] Hu[X; 1. 2.15

qt
Proof
Notice first that if we know already that a certain symmetric function operator Z is an
eigen-operator for the basis {H,[X;q,?]},, then given the expansion
. H,[X;q,1]
en[X] = 671[%] = Z e
Wy
pukn
we can simply identify its eigenvalues z, from the formula

H,[X;q.t
Ze ) = Y At

w
ukEn s

This given, let us start with

Vkejer, = Z ZdeT

s H S

H,TF
= 2 2t
yFn+1 H—y
H,YT’“

(by213) = M Y 23 "¢,

Wy
yFEn+41 n—ry

(by 2.14a)) = M > HWT’];BV(q,t).

w
yHFn+1 v
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Thus
H Tk
Vel Vrerer, = M Z ——— 7B (q,1)
yFn+1 Wy
Tk ~ A
= M B -
Z w, 4(a,t) Z Cyo Hs T 2.16
yEn+1 S—ry
H5 w T ﬁfa "
= MZ Z W ey TF B,(q,t) = Zw—éz d,y(;T—;B.Y(q,t).
Skn 7%5 oFn )
But the relation B, = B; + % gives
Tk Tk Th+1
D dwgt By = Bs) dusgk + ) dys T
Y40 ) )

and 2.14 b) delivers

S ds g T+ LB, = (1" Byers [Ds(q, )] + (—1)F e[ Ds(g.1)].

v

Using this in 2.16 we obtain

H. H

k_ Lok * k—1 J Kk 5

\Y4 \% = (-1 —B 11D t) + (—1 —er|D t)|. 2.17
ey e1é, (-1 ;'_n s 5 €k 1[ s(q )} (—1) ;Hl ws ek[ s(q, )]

Next we start with

—k 1wk *x _
\Y% 61V6n72 ZCW H,

pukn Wh v

E : E :wau T,k = § : E :dWTk

vkn— 1 V—>M vkn— 1 M(—IJ

and 2.14 b) gives

_ x 1)kt H,
V ket VFer = % Z o Gk- 1[Du(g,1)].
vkn—1 Y
Multiplying on both sides by e; yields
_1)k-1 1 ~
€1V7k€f'vkez = % Z — €k—1 [Dy(q,t)] Z ds, Hs

Wy

vkn—1 S+v 2.18
k—1 H5 H5 .

S S g out0] = 0 Y S D]
6Fn u—)§ 6Fn V—>6

To deal with the sum

Z Csy Cl— 1 Q7 )]

v—9

the identity D, = Ds — M % and the addition formula for the e;’s gives

k—1 —1

er-1[Du) = ex—1[Ds] + Y en1—r[Dsle [~ M)(F£)" = ex—1[Ds] + D (=1)ex—1-[Ds]h [M](F2)".

N

r=1 T
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Thus
k-1
Z cov ek—1[Du(q,t)] = Z csvex—1[Ds| + Z( 1) ex—1-r[Ds]hy[M] Z C&/(%)T
v—94 v—4 r=1 v—6
and 2.14 b) gives
E—1
Z Csv ek—l[DV(Q7t)] = ek—l[D5]B5 + Z(*l)rek—l—r[Dé]hr[M]%hr—o—l[Dé/qt]
v—4 r=1
k—1
(by 1.10) = ef1[Ds]Bs + 12 S (1) er 1o [Ds)(1 — (at)"Yhps1[Ds /]
r=0

= ex—1[Ds]Bs — 7t qt) Z )"ex—r[Ds)(1 = (qt)"~")h,[Ds/qt]

k
= e—1[Ds] Bs — 78 Z ex—r[Dsle,[=Ds/qt] + 25 D ex—r[Ds)er[~Dy]

r=1 r=1
= ep—1[Ds]Bs — hyenDs(1 — 1/qt)] + g2y en[Ds] — gy ex[Ds]

= €k,1[D§]B(s ek[D(;(l — 1/qt ] — ek[D(;].

B ( )
Using this in 2.18 we finally obtain

Hs

_ . Hs
eV kel Vher = (—1)h1 Z Tek 1[Ds]Bs + & {m oy D51 =1/at)] + (- Y o, e#[Ds]
Skn oFn Skn
Recalling that the identity in 2.17 is
H, H,
Vﬁkef‘vkelez = (—1)’671 Z —535 €r_1 [D(;} + (fl)k‘ Z = ek [D(s],
Skn ws Skn ws
subtracting this from the former yields the final identity
—k, Lk x  _ (=DFqt ﬁ& . + ﬁg
Ve Vh el = 5 2175 ex[Ds(1—1/qt)] = 55 ws hi[Ds(5; = 1)]
oFn oFn
completing our proof of 2.15.
Remark 2.2
The identity of Proposition 2.3, namely
D, Vi] = MVi_y, 2.19

is quite remarkable when viewed geometrically. In fact from 2.2 and 2.1 we derive that
Vin = VetV = _ﬁQm,—l

and the definition in 1.11 gives
Df)k = —é Q-1,0
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Thus 2.19 is none other than
_é[Qfl,Ova,fl} = %mel,l

or better

Qm-11 = 371Qm—-1,Q-10], 2.20
which may be viewed as the identity resulting from the following splitting of the vector (m — 1, —1).

' Qm,—l '
~|\\
R M

G @)

3. Pieri Rules and Standard Tableaux expansions

Explicit formulas for the coefficients d,, and ¢,, in 2.12 were first obtained in [10] from
Macdonald’s formula for the multiplication by e; of his original P,[X;q,t] basis. More precisely the
latter formula was used in [10] to obtain the identity

ay(s) 1, (s)+1 l(s) _ pau(s)+1
_ q -t l q
d#l/(q7t) - H qa“(s —tl s)+ H tlu(s) _qa#(s)Jrl 3.1
SER,. SEC;W

where R, and C,, denote the collections of cells of v that are respectively in the row and the column
of the cell u/v. This done, an easy use of the orthogonality relations in .18 gave that

C;w(%t) = ﬁ%duv«lat)' 3.2

Finally, this relation combined with 3.1, after many cancellations, yielded the identity
tlu(s) — qa/L( s)+1 au(s) _ tlu(s)‘*‘l

_ q
C,l,Ll/(Q7t) - H tl (s) _ qau H au( 5) —tl (s)+1° 33

sER,, seCpy

It is not difficult to see that, in both 3.1 and 3.2, there are still many cancellations remaining.
This observation led to extremely useful formulas for these Pieri coefficients. To state them we need

notation. For a partition p with [ removable corners, let xg,z1, 2o,...,2; and uo,ul,ub ..., u; denote
the weights ( (M) of the cells of u as illustrated in the adjacent dlagram for w4
! = 5. This given, it is shown in [10] that carrying out these cancellations uc—git
1 T
3.3 reduces to y s
! ’ o
P Tk ITio (1 %) 3.4 s .
ik - 1 1 l TR : 140 EI >
! (1-5)0- E) Hz‘:l;i;ék: (1 - ;Ti) “
iL’UL Usu

where v(*®) is the partition obtained by removing from p the corner with weight @y, = 7,,/T,w).
Moreover, it is shown in [10] that massive cancellations also yield the truly remarkable
identity
(1- %)(17 %)Bl,,(q,t) = xo+x1+-F+x —Uug— U — - — U 3.5

) weight(c) = th(€) g
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Somewhat later the last named author derived the companion formula for the Pieri coeffi-
cients d,,,,. This formula, which can be obtained by carrying out the appropriate cancellations in
3.1, can be written as
1 Hi‘:l (1 - %)

qtup Hi:o;i;ﬁk (1-3)

provided the shape in 3.4 is now interpreted as the Ferrers’ diagram of the partition v and p* is
now the partition that is obtained from v by adding the (addable) corner square that is the NE shift
by one cell unit of the cell labelled by ug in 3.4. In particular this gives that

d 3.6

(k) oy

T'u(k)/Ty = tqug. 3.7

Since the proof of 3.6 was never published, it will be good to include it here and at the same time
illustrate the process that yields 3.6 from 3.1.

To begin let us start from the figure in 3.4 interpreted as the Ferrers’ diagram of v but shift
all the labelled cells NE by one cell unit, placing a bar on each of their labels. That is we are setting
T; = qtx; and u; = gtu;. With these conventions, multiplying both sides of the identity in 3.5 by gt
and replacing p by v we obtain

MB,(¢,t) = To+T1+-+T —U—U1 — - — U 3.8

In the following display we have on the right the labelled Ferrers’ diagram of v and on the
left we have 3.1 atop the identity we will derive from it.

= U =
_ qau(S) — th(s)+1 tho(s) _ qau(s)+1 A
dﬂu(q7t) - H qa#(s) — tlu(s)+1 H tuls) — qa;L(S)Jrl T
SERu s€Cuy ul H| 39
d,, ) = LM 13 b4
H 14 Uk l U _ —
“ Hi:(};i;ﬁk (1_%6) H4 _I-l"s
Zo Uus
Here, for convenience, we set
fi — to‘zqﬂz & H’L = tai+1qﬁi (fOI' O S Z S l, Wlth /80 = 04l+1 — O) 310

To get across the cancellations that occur in S.21 along the row R,,, we need only focus
our attention on the following four figures. To help visualize where these figures are located in the
diagram of v we have depicted in 3.9 the row R, , when the cell added to v to obtain p is the one
whose weight is w3

|
<
S

TR

: 1 I N Uy _Ifk

BT T alb 3l a1
al |
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To begin note that for two cells a,b € R, ,,, both of whose legs are I (as in the second figure above),
we have

qau((l) _ th,((l)—‘—l — q(ﬁk_l)_a _ tl+1 Br—b _ tl+1 au(b) _ tlu(b)"rl.

q q

Thus these two factors cancel each other in dyyk)

On the other hand for two cells a,b € R, ,,, with a preceding b and b below the cell labelled
u, (as in the third figure above), we have

qau(a) _ tlu(a)+1 — qﬁk—ﬁr _ per— Qe and qa“(b) _ tl,,,(b)-i-l _ qu_B'r — o1 Okt

Thus these two cells of R, contribute the following ratio to d,m

qﬁkfﬁw- _ Qr Qg qﬂk $Ok+1 tarqﬁr U — Ty

qPr—Pr — tart1—ary - gPrtar+1 — tort1ghr - Uy — Uy 3.11

These cases take care of all the factors contributed by R, , except for the first factor in
the denominator and the last factor in the numerator, respectively contributed by the cell b in the
first figure above and the first cell a in the last figure above. These two factors yield the ratio

qau(a) — thv(a)+1 - qﬁk—ﬁk — tORT QR4 - q,Bo qﬁktak+1 _ takqﬁk - iﬂk — Tk 519
qan(®) — lu(b)+1 o qPr—FBo — a1t o qPr gBrtar+1 — targbo o qPr uy, — g ’
We thus obtain that ¥
H g (s) — ¢lu(s)+1 _ 1 Hf l(ﬂk —T;) 313 : g, _|fk+1
ey, 0O TP T - ) ol
(I Tyl
To compute the contribution of the column C,u) , to d,w , we start : I || I 1
as in the previous case to note that for two adjacent cells a, b with the
same arm (as indicated in the third figure on the right), the ratio —a—
bl TTTTT]
flol@) _ gav(@)+1 SHERREE
tlu(b) — qau(b)""l : D_:l.rl
contributes nothing, since I, (a) = 1,(b) in this case. B T T T T 1T Fl

For the two cells a,b € C,) , as indicated in the second figure
on the right, reasoning as we did above we see that their contribution to d,w , is the ratio

thv(a) _ qau(a)+1 $ORF1— g1 qﬁwrlfﬁk

Uk — fr+l

Hu) — qa,,,(b)+1 T k1 Qrgl qBr—Br - Up — Uy

Finally the bottom cell b € C,w) , and its top cell a, as indicated in the bottom and top figure in
the above display, contribute the ratio

thv(a) _ qau(a)-‘rl I q5k+1—ﬁk 1w — T
() — qau(b)+1 T fkti—argn qﬁl*ﬁk Ttk U — Ty ’
Thus collecting all these ratios gives
thv(s) _ gav(s)+1 1 l—, i Ur — T
H 4 _ [[imksr (U — Ti) 314

l - 1 —
e tu(s) — qau(5)+1 tok+1 H¢:k+1(uk —)
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and we finally can see that the combination of 3.13 and 3.14 gives precisely the identity displayed
in 3.9. This completes our proof of 3.6.

The most important consequence of the identity in 3.6 is the summation formula in 2.14 b)
which we are now in a position to derive with a minimum of efforts. The idea is to consider the
rational function

1, (1 —y7)
TT_o(1 — ya:)

and note that its partial fraction expansion may be written in the form

R(y) =

- S
J=0 1=
with
)
y=1/%; Hi:(),i;éj(l —u;/u;)

= ﬂj du(.7)7y~

A = (1= y,)R(y)|

Since from 3.7 we derive that u; = T’T—(:) we see that the left hand side of 2.14 b) is none other than

l

> At = R(y)

k—1

i=0 Y
But now the identity in 1.9 together with 3.8 gives
R(y) P Q—y@i+-+T — T —~-~—Hz)}|yk_1
= Q[=yMB, - 1)]| | =hea[-Du = (~1" e alD,)

Y

This proves the first case of 2.14 b). The second case is immediate.

Here and in the following it will be convenient to set
M(ay,as,...,a,) = Ve V... V2,V 92V VT, 3.15

As we have seen Theorem 1.1 assures that every operator @, , may be expressed as a non commu-
tative polynomial in the operators Q,, 1, thus the operators in 3.15 span the algebra A generated by
the operators Dy.

It turns out that the action of these operators have a remarkably beautiful Macdonald
polynomial expansion, a particular case of which may be stated as follows

Theorem 3.1
For any weak composition a1, as,...,a, we have

3.16

H(al,ag,...,an)lzZﬁ#[X;q, H Qf M:vj/xlﬁ 1 —a;wr(i
=2

pukn TeST(u) = 2 1<z<]<n

ST

Proof
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We may write

H X;q,t ~
H(ahagw.wan)lzz% <H(a1,a2,...,an)1, Hu>

“w

*

MFn

u[ X5 .~
—Z 4.1 (a1, as,...,a,)" H,.

pkEn

Since the identity Py, = —e; gives V% V™% = —V*P, 1V~ from 1.23 we derive that
(V“elvf“)ﬁ = 7V7QP0’,1VCL = MV*“ef‘V“.

Thus
M(ay,a9,...,a,)" H, = MV %el VUV %2elVo%2... Y el VIl

and we can write

IA{TL X;q,t -
M(a1,as,...,a,) 1= B0 yng-ar pbgargoedyes . Vet Ve . 3.17

w
pkEn H

To apply the operator V=%V to ﬁu we use 2.12 b) and obtain, for any integer a > 0,

Vet VUH, = > cuu(72) Hy.

v—pu
Starting from this identity, a straightforward induction argument (carried out first in [9]) gives
M"Yt VIV 2ef Vo Vet VOl = MY [ wr (k)™ e poe 3.18
TeST (1) k=2

where T®) denotes the tableau obtained from 7' by removing all the entries larger than k and for
notational convenience we have set

Crk) T(k—1) = cshape(T(k)),shape(T(k_l))'

Next notice that a telescoping effect based on the fact that wpa) = M yields the identity

(Wlth W) = Wspape(TH)) )7

which together with 2.13 written in the form

Mce,, = ——du,.

allows us to carry out the following steps

M?’L _ . M n
— VM VIV e V2 Vet VO H,, = > T wrk) ™ Megaw go

w
# M resT(u) k=2

, Wk
= E H wr (k)" " dra re-n  3.19
”TEST(;L)k 2 T

- Z H wT(k)ade(k)vT(kq).

TEST (1) k=2
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The next move is to express dpw 7-1 by means of the formula given in 2.12, rewritten as follows

1 ITi-s (1-3)

d (k) — p—
I v l U,
Uk Hi_O;i;ﬁk (1 - jk)
l
- (1-=
__“ H;=0 (1-7:z) (1 — Tp2)
1= 21T (1~ wiz) =d; 3.20
(by 1.9) = %Zﬂ[z(ﬂoerer — T - m)|(L-mz)| |
=
(by 3.8) = z ~Q[—=MB,J(1-w)| _ .
=
Since u;, = w(T ). multiple substitutions of 3.20 gives
Vet VAV 926 Vo2 ... Vel VI [, =
Wy
n V4
= > JJwrlk)™ : Q[ - 2 MB,](1 — wr(k)z) 1
— 2k Zp=—1—
TeST(p) k=2 wr (k)
n
= Z H TS 2T (1~ 2,) H Q[ — Mz /2] H(l — wr(k)z) =1/ wr (k)

TeST(p) k= 2% k) 1<h<k k=2

which used in 3.18 gives 3.16 as desired. This completes our proof.

At this point it is worthwhile also seeing what tableaux expansions can be obtained directly
from the ¢, , formula given in 3.4. Recall that in 3.4 we have depicted the diagram of the partition x
together with the m(=5) cells that must be removed from p to obtain the partitions v immediately
preceding p in the Young order. We denoted there by x1,...,z,, their respective weights (from left
to right). In addition to the removable cells, we have depicted the addable cells of u that are SW
shifted by one unit, whose weights we denote by wug,u1,...,u,. To the former sequence we have
added the cell (-1, —1) whose weight 1/q¢t we denoted by z,. This given the ¢, , formula given in 3.4
can be more conveniently rewritten as

. l
ta, 1 — i/ 1—wuz
_ gtz Hj_o i/ _ (1 _ Z/qt)nﬂoij(l — ;%) , 3.21

& ) — 1

. M [l L — 25/ HJ ol—xjz z=gs
where v() is the partition obtained by removing from p the cell of weight z;. Now to carry out the
same sequence of steps that yielded the identity in 3.16 we start by using 3.5 and subject the right
hand side of 3.21 to the following successive transformations

Cupiy = 2 (1= 2z/qt)Qz(wo+ a1+ + 3 — up —uy — - —w) | (1 — 2;2)

Z:Ti

2 (1= 2/gt)Q[ZMB,] (1 — z;2)

=g

(Using B, = B,o» + ;) = L5 (1 — z/qt)Q[éMBum + éMxl] (1—x2)

==
@

21— z/qt)Q[éMBuu)}Q[zxi — 2w [t — 22 /q + zxi/qt — x;2] ’

S (1= 2/ 5MB,0 ][ -1/t = 1/q+ 1/qt]|_

T

= 21— 2/qt) S O0ZNOQ[2MB, o] = @ B[ Y B, /a;).
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Using this identity for i—k and z;—wr(k), 3.18 becomes
Vet VIV %2el V2.V % e VO [,

= Y [Twe 5o 37 we(h)/wr(k)]

TEST (u) k=2 1<h<k—-1

= Y [Lwrle=mBmls S () fuwr (k)

TEST (n) k=2 1<h<k—1

ap 1—wr(k)qt I wr(h
= 3 wrwr=szer T ofght]

TeST (u) k=2 1<h<k<n

which in turn, substituted in 3.17, gives

1 Xqv alfw k)qt M wr(h
WH(UJ, az, ..., an) 1 = Z Z H wr k 71’1;(611‘,)(] ) H Q|:F 1U;Ek:§:| .

ukn Wu TeST (1) k=2 1<h<k<n

This proves Theorem 1.3 stated in the introduction.

The above results give only a glimpse of the computational power of d,, , and ¢, ,. Note that
in the original paper [16] Macdonald derived Pieri formulas for multiplication of his polynomials
by e,[X] and h,[{=£ tX |, for any r > 1. Nevertheless, for many years we have had Pieri coefficients

corresponding only to multiplication (or skewing) of H,[X;q,t] by e;. Actually there is a simple
reason for this. In passing from P,[X;¢,t] to H,[X;q, ] t] the Macdonald formulas yield Pieri coefficients

corresponding to multiplication (or skewing) by h,[-2-] and e,.[l%q] and it is only when » = 1 that

}
1-t
the Macdonald formulas yield Pieri coefficients corresponding to multiplication by an elementary or
the homogeneous symmetric function.

Actually it turns out that multiplication (or skewing) by e; is not at all as limited as it may
appear on the surface. Indeed, in a recent (2012) paper [5], Bergeron-Haiman, guided by Hilbert
Scheme considerations, discovered that multiplication by e,[2%] and skewing by h,[X] for any r > 1
may be recursively expressed in terms of the d,, and ¢, ,. Since this development is very closely
related to our operators @,, —1 and is conducive to a wide variety of standard tableaux expansions,
we will terminate this section and the paper with a brief presentation of some applications of the
Bergeron-Haiman identities.

For a given k > 1 let us set

a) hHu[X;q,1 = > cf)H,[X;q,1] b) e[ SVH,[X;q.t] = Y dF)H,[X;q,t]  3.22

vCrp HOD RV

7

where “v Cj, 1’ means that v is contained in p (as Ferrers diagrams) and p/v has k lattice cells. The
symbol “u D " is analogously defined. It follows from the orthogonality of the basis {H,[X;q,t]},

that in this case 3.2 becomes
df), = gedf) 3.23
This given, the Bergeron-Haiman identities may be stated as follows

Theorem 3.2
Forany k > 1 and u+n we have

= B, - B,) 3.24

1 .
ok Z k) ) /T, (Wlth B,y

Cuv B Cu,aCla,v
w/v vC1aCu
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In spite of the cumbersome denominator, this is a remarkably rapid way of obtaining the
c,(f,), in terms of our ¢,,’s. In particular, 3.24 yields by far the fastest algorithm for computing the
H «[X;q,t] to this date. With any efficient Symbolic Manipulation software, in a few seconds we may
obtain the monomial expansion of H u[X;q,t] for ptn with n as large as 18. In fact, the coefficients
M (g, t) in the expansion

H [X;q,t] ZmA |My,.(g,t) (for pkn) 3.25
AFn

can be simply calculated by means of the identities
My,u(q.t) = (hy, H,) = hyH,. 3.26

The most surprising development concerning this 2012 discovery is that it is an immediate
consequence of a simple identity obtained in the 1990’s! The latter identity is best stated, as
expressed in [6], in terms of the generating functions

T(U)P[X] = P[X + U] D(z) =Y 2"D, = Q[-2X|T(¥), 3.27

T

since the commutativity of the two translations 7 (u) and 7(%) immediately yields

T (u)D(2) = Q—2(X +w)]T(X)T (u) = (1 — uz)D(2)T (u)

z

or better
[D(2), T(u)] = uzD(2)T (u). 3.28

This brings us in position to include here a proof of Theorem 3.2. In fact equating the coefficients
of uF*+120 in 3.28 gives (using 1.11 (i) and (i44))

(I — MA,), higp1] = [Do, hjry1| = D_1hiy = MV~ et Vhj

which may be rewritten as
[hiri1, Aey] = Ve Vi 3.29

and 3.24 immediately follows from the definition in 3.22 a) by applying both sides of 3.29 to H -

It will be instructive to see in a more explicit way how the recursion in 3.24 expresses c,(fl),

as a polynomial in the ¢, ,’s. This is best carried out as a standard tableaux expansion. To begin,
given a standard tableau T with n cells let T(®) as before denote the standard tableau obtained from
T by removing all the entries greater than k, in particular we may set 7 = 7). Also set

Cr (k) T(k=1) = Cshape(T*)),shape(T(*x—1)) and BT(k)/T(’L) = Bshape(T(’“)) - Bshape(T(h))

and define for 1 <m <n

m—1
C n— n—k—
M (Tiq,1) = [] [ e (1 H) 3.30
k=0 BT(H)/T(,L,FI)

where “wt(T(*))” denotes the weight of the cell we must remove from T to obtain 7¢~1,
Using this notation we can state the following consequence of the recursion in 3.24
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Proposition 3.1

h#ﬁu[X;q,ﬂ = Z Hm(T;%t)ﬁshape(T("*m))[X;%t] 3.31
TEST (1)

From this we can immediately derive the following corollary.
Theorem 3.3

Ifptnand X = (A1, N, ..., \p) F n then setting p; = M1+ o+ - -+, _1, the coefficients My ,,(q,t)
in 3.25 yielding the monomial expansion of H,[X;q,t] are given by the following standard tableaux sums

k
Myu(g.t) = D [N (T"775q,8). 3.32
TeST (u) i=1

This leads to the following efficient way to obtain the expansion of any symmetric function in terms
of the modified Macdonald basis.
For any given F[X] e A=", start with the expansion

E Xa(I7t 7
F[X] = Z%<Hﬂ‘7 F>*7
pukn H
then use 3.25 and obtain
H,[X,q,t
FIX] = Z%Z@m L F), Myu(a,0)-
pukn H AFn

With precomputed M, ,(¢,t) according to 3.32 this permits experimenting with various com-
binatorial questions in Macdonald polynomial theory working with symmetric functions of substan-
tially larger degrees than was possible before the Bergeron-Haiman 2012 discovery.
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