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Abstract

This work studies the remarkable relationships that hold among certain m-tuples of the
Garsia-Haiman modules MM and corresponding elements of the Macdonald basis. We recall
that in [10], MM is defined for a partition i F n, as the linear span of derivatives of a certain
bihomogeneous polynomial Au(l‘, y) in the variables 1, X2, ..., Zn, Y1, Y2, ..., Yn. It hasbeen
conjecturedin [6], [10] that M, has n! dimensions and that its bigraded Frobenius characteristic is

given by the symmetric polynomial ﬁu(l‘; q, t) = ZAI—n Si (X)]Zr)\u (q, t) where the [Z’Au(q, t)
are related to the Macdonald ¢, {-Kostka coefficients [(Au(q, t) by the identity [(Au(q, t) =
[(Au(q, 1/t)tn(“) with n(/,t) the X-degree of Au(l‘; y). Using this conjectured relation we

can translate observed or proved properties of the modules MM into identities for Macdonald
polynomials. Computer data has suggested that as I/ varies among the immediate predecessors
of a partition i, the spaces M, behave like a boolean lattice. The same appears to holds true
when V varies among the immediate successors of (. Combining this property with a number
of observed facts and some “heuristics” we have been led to formulate a number of remarkable
conjectures about the Macdonald polynomials. In particular we obtain a representation theoretical
interpretation for some of the symmetries that can be found in the computed tables of ¢, {-Kostka
coefficients. The expression “Science Fiction” here refers to a package of “heuristics” that we use
to describe relations amongst the modules M ,,. These heuristics are purely speculative assertions
that are used as a convenient guide to the construction of identities relating the corresponding
bigraded Frobenius characteristics. Nevertheless computer experimentation reveals that these
assertions are “generically” correct. Moreover, the evidence in support of the symmetric function
identities we have derived from them are overwhelming. In particular, we show that various
independent consequences of our heuristics lead to the same final identities.

INTRODUCTION

Throughout this writing p will be a partition of n (denoted p F n) and p’ will denote its conjugate. We
shall use the French convention here and, given that the parts of u are p1 > po > -+ > pgp > 0, we let the
corresponding Ferrer’s diagram have y; lattice squares in the i'* row (counting from the bottom up), hence
the diagram of 4311 is:

As in Macdonald [20], for g = (g1 > pa > -+ > pp > 0), we let

n(p) == Z(z — Dpi, I.1
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We also let the coordinates (i, j) of a cell ¢ € py respectively measure the height of ¢ and the position of ¢ in
its row.

We shall also adopt the Macdonald convention of calling the arm, leg, co-arm and co-leg of a lattice
square s the parameters a(s), I(s), a'(s) and l'(s) giving the number of cells of p that are respectively strictly
EAST, NORTH, WEST and SOUTH of s in pu. Recall that Macdonald in [20] established the existence of a
symmetric function basis {P,(z;¢,t)}, uniquely characterized by the following conditions

a) P)\IS)\—FZSugu)\(Qat)a
u<A 1.2

b) <P>\aPu>q,t:0 for A;ﬁﬂ’

where (,},+ denotes the scalar product of symmetric polynomials defined by setting for the power basis {p,}

1— .
o [l 0
M gt —
0 otherwise.

Here, as customary, z, denotes the integer that makes n!/z, the number of permutations with cycle structure

. We have also used A-ring notation in 1.3.We recall that A-substitution in a symmetric function is the

linear and multiplicative extension of a substitution explicitly defined for the power sums. Where, for any

given expression E and any integer k > 1, we let pi[E] be the expression obtained from E by replacing

all the variables occurring in £ by their k*P-powers. For example, writing X for x; 4+ 25 + 23 + ..., the
X

substitution of 7 in a given symmetric function f, henceforth denoted f[%], corresponds to the linear

and multiplicative extention of

1
pe[X] = l‘]f + x’g + J:l?f + ... = pk[%] =T 5 pr[X].
There are a number of outstanding conjectures concerning the polynomials Py (see [21]). We are dealing
here with those involving the so called integral forms J,(z;q¢,t) and their associated Macdonald-Kostka
coefficients K ,(¢,t). We shall use the same notation as in [21]. In particular {Qx(z;¢,t)} denotes the basis

dual to {Px(z;¢,t)} with respect to the scalar product (,}, . Clearly, 1.2 b) gives

Qx(z;9,1) = da(g, 1) Pa(z; ¢, 1), L3
for a suitable rational function dy(q,t). However in [21], it is shown that
h)\(Qa t)
d>\ q,t = 1.4
STy

with
hA(q,t) — H(l _ qax(s)tlx(s)+1)’ hg\(q,t) — H(l _ qa*(s)-l_ltl*(s)),

SEA SEX

where s denotes a generic lattice square and ax(s), {x(s) respectively denote the arm and the leg of s in the
Ferrers’ diagram of A.

From 1.3 and 1.4 it follows that we may set, as Macdonald does in [21]:
Ju(z;q,t) = hu(q, ) Pu(x;q,t) = h;(q,t)Qu(x; q,1). L5

The coefficients K5 ,(¢,t) can now be defined through an expansion which, in A-ring notation, may be written
as

Ju(ziq,t) = SA[X(1 = )] Kau(q. ). 1.6
A



Macdonald conjectured that these coefficients are polynomials in ¢ and ¢ with non-negative integer coeffi-
cients. There are now a number of proofs of integrality ([12], [13], [16], [17], [23]) but the positivity has still
to be demonstrated.

We define
Hy(w5q,1) =Y SaKau(g, 1) = Ju[X/(1 = 1);¢,1],
A

and set B

Hy(z;q,t) = Hu(x;q,l/t)t"(“). L.7
Note that we also have B B

Hy(z;q,t) = ZSAKM(q,t), I.8

A

with B
Kau(g,t) = t"WEKy,(q,1/1).

We shall set

Bu(g,t):= Y #7717 Tu(gt) = [ #77= e, L9
(i,7)en (i,7)en

The pairs (i — 1, j — 1) occurring in the above sum are briefly referred to as the biezponents of it and B, (g,1)
itself will be called the biexponent generator of p.

Now let (p1,q1),- .-, (Pn, ¢n) denote the set of biexponents arranged in lexicographic order and set
Au(z,y) = Au(zr, . s Y1, ) = det |22y |5 j=1 0 I.10
For example
L ow «w® oy wiy ow”
L owy w2 yo w292 w2
1 w3 x3® ys w3ys y3°
A, = det I.11
gl 1 wa @a® ya ways ya?
1 ows ws® ys w5ys ys
1w x6® Yo T6Ys Ve
This given we let M, be the collection of polynomials in the variables z1,...,z,;¥1,...,y, obtained by

taking the linear span of all the partial derivatives of A,. In symbols we may write
M, = LIOLOFA i y)] 1.12
where 9F = 9L - 98, O] = Oft -+ - O .
The natural action of a permutation ¢ = (o1,...,0,) on a polynomial P(x1,...,2;41,...,¥Yn) is the
so called diagonal action which is defined by setting
oP(x1, .. @Y1, Un) = PZoyy o %o, i Yoy - oy Yo, )
Since 0A, = £A, according to the sign of o, the space M, necessarily remains invariant under this action.

Note that, since A, is bihomogeneous of degree n(u) in # and n(y’) in y, we also have the direct sum

decomposition
n(u)n(p')

M, = @ @ Hh,k(Mu)’

h=0 k=0

where Hp, ;(M,,) denotes the subspace of M, spanned by its bihomogeneous elements of degree h in z and
degree k in y. Since the diagonal action clearly preserves bidegree, each of the subspaces Hp (M) is also
Sp-invariant. Thus we see that M, has the structure of a bigraded module. The generating function of the

3



characters of its bihomogeneous components, which we shall refer to as the bigraded character of M, may

be written in the form
n(p)n(p')

XH(q,t) = Z Z thchhath w(My).

h=0 k=0

The bivariate Frobenius characteristic of M, is
j: _ 1 ( ) 1.13
= — g (o3 o .
! =~ Qa p)\( e

where X¥(0; q,t) denotes the value of X*(¢,t) at o and py(,)(x) is the power symmetric function indexed by
the shape of o. It will be convenient to set

FMu) = Culzsqt) = Y Sa(@)Culg,t) - 1.14
Abn

Where, C,(q,t) is the polynomial which gives the occurrences of the irreducible character x* in the various
bihomogeneus components of M,. More precisely the coefficient of thq* in Cau(q,t) gives the multiplicity
of x* in the submodule Hj ;(M,). It has been conjectured in [6] and supported in [8], [10] and [22] (by
verification of special cases and several representation theoretical considerations), that

Culz;q,t) = Hu(z;q,1) I.15

This forces the equality B
CAM(Qat) = [{AM(Qat) 1.16

which in particular implies the Macdonald conjecture that the K ,(¢,t) are polynomials with non-negative
integer coefficients. We shall briefly refer to .15 as the C' = H conjecture.

Macdonald in [21] derives a number of properties of the K ,(¢,?), in particular he shows that for any
partition y
[(Au(la 1) = f)\a

where as customary f) denotes the number of standard tableaux of shape A. Thus the validity of the C' = H
conjecture requires that M, should yield a bigraded version of the left regular representation. Then a fortiori
we should have

dimM, = n! .17

This has come to be referred to as the n-factorial Conjecture (see [10]). In the nearly six years since this
deceptively simple conjecture was formulated, an overwhelming amount of theoretical and experimental
evidence in 1ts support has been gathered. But perhaps the most surprising development in this context is
a recent work of M. Haiman [15] where it is shown that the n-factorial conjecture for a given y is all that is
needed to establish the identity C,(z;q¢,t) = Hu(x; q,1) for that same . Tt is easy to see that, for y = 1"
and p = (n), A, reduces to the Vandermonde determinant in # and y respectively. In these cases (I.15) is a
classical result (see [7]).

Experimental evidence has revealed that the modules M, corresponding to partitions v lying immedi-
ately below (resp. above) a given partition p have remarkable intersection properties. Our purpose here is
to explore various results and conjectures that can be obtained by combining these findings with the C' = H
conjecture.

Let us begin by observing that a space M spanned by the partial derivatives of a single bihomogeneous
polynomial A(z,y) = A(z1,...,&n; 41, .., yn) of bidegree (a,b), in symbols

M = L[080] Az, y)],



has a bidegree complementing automorphism, called flip, defined by setting, for every P € M,
flip P := P(0,,0y) Az, y) = P(0) Az, y),

where here and after, if P is a polynomial in #1,...,%n;¥1,...,4n, P(0) is to represent the differential
operator obtained by replacing in P, z; by 05, and y; by Jy,.

Note that, if A is alternating then M is invariant under the diagonal action of S,, and moreover the
effect of flip will be to sign-twist each of the irreducible submodules. Hence, if ®(x;q,t) is the bivariate
Frobenius characteristic of M, then we necessarily have that

B(x;q,1) = 1°¢w B(x; ¢~ 7). I.18

Here, as usual, w denotes the involution that sends Sy to Sy,. More generally, for any bigraded submodule
M of M, the subspace
flipM, := L[flip P | P € M4], I.19

is also a bigraded submodule of M. Moreover, if ¥(z;q,t) is the bivariate Frobenius characteristic of M,
then the bivariate Frobenius characteristic of flip My is given by the formula

F(RipMi) =t%¢" | ¥(x;q,1), 1.20

where we set
| W(x;q,t) = wW(x; ¢ t7h). I.21

Here and after, we shall assume that our partition p has m corners, and that the set of predecessors of

118
w() = {aD, 0, atm},

with (") the partition obtained by removing the i*"-corner (as we encounter it from left to right). Our
computer experimentations indicate that the space V,, sum of the M, )’s, in symbols

V= \/ Mo, 1.22
i=1

has a basis B = B(u) , of bihomogeneous polynomials, with the properties (i)—(v) given below.
(i) For each 1 < i< m, we have a subset B; C B such that

M, = LIB], 1.23

For a word € = ¢1€5 - - €,,,, With ¢, = 0,1, set

B =B,
i=1
where, for a given subset S C B, we let
st=9, SO =B\S.

This given,
(i1) For each ¢ the space

M, = L[B], 1.24



15 Sp-tnvariant, and therefore has the structure of a bigraded S, -module, whose biwariate Frobenius
characteristic we denote ®° = ®¢, in symbols

u?
(25 q,t) == F(M,). 1.25
Note that if we set
M})z(’) = ‘C[BZ] = Moz(l) ) Mgz(l) = ‘C[B\Bz] )
then we necessarily have
Mj, = (| M. 1.26
i=1

Let now, flip; denote the flip operation within the space M (), and let |; denote its effect on the bivariate
Frobenius characteristics of the bigraded submodules of M. According to (I.20) and (I1.21), if ¥(z;q,¢)
is such a characteristic, then we have

where hereafter we simply use T; for Ty, (¢,1).

Let 7; denote the operator on words in 0,1 which complements all but the i*" letter. That is, setting
& =1 —¢;, we have
T (61 € 1€i€641 ~€m) =€ 616641 Emy 1.28

This given, the most remarkable property of our flip operations can be stated as follows

(iil) For all words € = €1€a -+ - €y such that ¢, = 1, we have

(a) flip;, M, =My (b) MJen flipp M, = {0} 1.29

Note that 1.29 (a) can be written more explicitly as
flip; (M, N NMIG N Mo NMIE - M) =
= M7, N -NMIG NM,o M N nMin .

Furthermore from (I.27) we derive that the bivariate Frobenius characteristics <I>Z(x; q,1) are related by the
following identity

Li @y, = @) °. 1.30
There is a natural scalar product (, ) in the space of polynomials in z1,#2,...,2n;41, ..., ¥s which is
defined by setting
(P, Q) = P(0:,0,)Q(x,Y) |lo=y=0 - [.31
It can be shown that the orthogonal complement of the space M, consists of the ideal
Ty = {Plz,y) : P(0s,0y) Ap(z,y) =01} . 1.32

Our examples suggest thatwe should be able to construct the basis B, so that
(iv) If € and 7 are such that ¢, = 1 and n; = 0 then

M) C (M) 1.33

where the symbol “1” is to represent the operation of taking orthogonal complements with respect
to the scalar product in 1.31.



Finally, one further property that is suggested by our computer experimentations is that the intersection
of any k of the modules M, always turns out to have dimension 1/k"™™ of the common dimension of the
M, ’s. More precisely:

(v) For any pt n+1, with m parts, and for any k-subset S of {1,2,...,m}

!
dim () Mo = % 1.34
i€S

This given, here and after we shall work under the following basic

Heuristic: For every partition u, a basis B, exists with properties (1)—(v) above.

We shall refer to this assertion as the “Science fiction heuristic” or briefly “SF”. We do not venture
calling this a conjecture since it 1s only generically true and was constructed from data obtained from
experimentations with relatively small partitions.Nevertheless we shall see that, by combining SF with the
C = H conjecture, we can predict several surprising identities for the polynomials H,(x;¢,t) and the
coefficients K’Au(q, t). Remarkably, these identities can actually be established outright in some cases and in
others they can be verified numerically for significantly large examples. We should note that tables of the
K»,(q,t) are now available up to n = 12.

For example, note that the definition (1.25) gives that &y, is a bivariate Frobenius characteristic. There-
fore 1t has a Schur function expansion

$ Qa ZSA gp)\u Qa a 1.35

with the ¢, polynomialsin ¢, with positive integer coefficients, a property of symmetric polynomials which
here and after will by briefly referred to as “Schur positivity”.

It develops further that the symmetric functions ®;, depend on ¢ in a very simple manner. In fact, using
our heuristic we will show that, for each p = n with m corners, we can construct m Schur positive symmetric

functions
<I>(1)(x; q,1), <I>(2)(x; 'R <I>(m)(x; q,1) 1.36
yielding (for e; + €2+ -+ ¢, = k)
FE)(p-q t
e = ¥ @ed) 1.37
He,:O E

One of the most remarkable consequences of 1.37 is that, combined with the C' = H conjecture, it yields that
the Macdonald polynomial H ¢y has the expansion

1 1 1 1
a O ey =+ — - =] 1.38
oz() T Qa Z € k T + T2 +--+ Tm E
Equating coefficients of S we can then further derive that
(k) 1 1 1 1 ]
AA () Qa Z q))\k q,t 6m—k[T +E+ +ﬂ - i . 1.39

where, (assuming SF), the ® (¢,t) must be polynomials with positive integer coefficients. In this manner,
we obtain a representation theoretical explanation for many properties of the Kostka-Macdonald tables
which have been previously observed by examination of data. In particular, this brings to light that, when
A remains fixed, the dependence of Ky,(g,%) on p is governed by a yet finer mechanism than the one that
was noticed by L. Butler ().

(1) Personal communication.



It is appropriate to review Butler’s observations here. Let p and v be partitions of the same number.
Following A. Young it is customary to say that p is obtained from v by a “Raising Operator” if p can be
obtained by lifting a number of cells of v from lower to upper rows ({1). A raising operator will be called
minimal if it lifts a single cell up a single row or to the right a single column. It can be shown (see [17])
that the dominance partial order is the transitive closure of the relation y = Rr with R a minimal raising
operator. L. Butler [1] observed that the Macdonald coefficients K ,(¢,t) change in a remarkably simple
way when g is obtained from v by a minimal raising operator. Her observation which was originally made
from tables computed by hand by Macdonald [21] (up to n < 6) is now confirmed by more extensive tables
obtained by computer (up to n < 12). Butler noticed that for any such pair of partitions y, v and any A
there are two polynomials ®, and ©, with non-negative integer coefficients such that

Kaug,t) = @4 + O,

- 1.40
K (q,t) = @5 + O,T,/T,,

This has come to be referred to as the Butler conjecture. To explore the full implications of this conjecture
let us set for a moment ¥y = ©,/7, and write these two identities in the more symmetric form

f(,\u(q,t) = &, + U, T,
j\;ku(q’t) = &, + U, T,,

Equivalently we may write

_ Tl/ f\;)\u - Tu R;)\V

o, — Ky — Ky

T, — T T e
v I I v

Now it may be shown (see [7]) that for any A, p - n we have
Ko/, 1/t) Ty = Kau(a,t) . Kxo(1/a,1/t) T, = Kan (g, 1)
These identities imply that ©, is superfluous. In fact, combinining them with 1.40 we can easily derive that
Ui(g,t) = Pxa(1/g,1/1) .

Setting ®(x;¢,t) = >, ®a(g,t) Sa(x) the identity in 1.8 written for x4 and v yields that

Hy(z;q,t) =®(z; ¢, )+ T, | ®(z;q,) , Ho(z;q,t)=(x;q, )+ T, | O(x;¢,%) . 141

Our findings in the case of the pair ¢ = 31, v = 22 (which is treated in the next section) reveals that the
phenomenon observed by Butler should be the result of a beautiful mechanism which we venture to state as
follows.

Conjecture 1.1  If y = Rv with R a minimal raising operator then the identities in .41 hold true with
®(x;q,t) the bigraded Frobenius characteristic of M, A M,

On the validity of our C' = H conjecture, this property of the Macdonald polynomials would be an
immediate consequence of

(1) This definition requires that diagrams of partitions be drawn by the english convention



Conjecture 1.2 If y = Rv with R a minimal raising operator then

M, = M,AM, & flip, M, AM, ,
M, = M,AM, & flip, M, A\M, .

1.42

It not difficult to see that both these conjectures may be derived from our heuristic even in the more
general case that g and v are any two predecessors of the same partition.

Finally, we should mention that in recent joint work M. Haiman and C. Chang have been able to give
an Algebraic Geometrical setting to some of the identities we derive here. It develops that in their setting,
some of the ingredients we use here in a purely heuristic way take a remarkable natural place within the
theory of Hilbert schemes. This permitted them to establish the validity of our assumption for any two part
partition and to construct a general mechanism for proving its validity in full generality.

The contents of this paper are divided into four sections. In the first section we work out some examples
in full detail. We do this to show that our SF heuristic stems right out of a very natural approach to the
proof the n-factorial conjecture. In section 2, we work out the case p = 321 since it is the first case which
clearly displays all the facets of the SF heuristic.

In section 3, using C' = f], we derive formulas for all the characteristics @, in terms of the polynomials

ffu(x; q,1) and derive from them some additional positivity properties of the Macdonald basis. We also show
in section 2 that (I.15) combined with (I1.34) yields precise dimension counts for all the submodules M.

In section 4 we present applications. In particular we derive there new and refined versions of Pieri
formulas for the polynomials H,(x;¢,). The fact that these formulas are completely consistent with those
originally obtained by Macdonald should provide support for the validity of at least some weakened version
of the SF heuristic.

1. A RECURSIVE APPROACH TO THE n!-CONJECTURE

There is an elementary approach to proving the n! conjecture which can be successfully used in various
special cases. To get accross the basic idea we shall systematically work out in this manner the proof of the
nl-conjecture for all n < 5. Of course, in doing this we shall have to take for granted some of the results
obtained in previous work. However, all the auxiliary material we need here can be found in [7], [9] or [10].

Our point of departure is a result (proved in [10]) that for any partition y we have
dimM, < n! 1.1

This means that to establish the n!-factorial conjecture for a given u we need only exhibit n! independent
elements in M,,.

Note next that from the definition 1.10 we immediately derive that
Ap(zy) = Auly,x)
In particular the Frobenius characteristics C(z;¢,t) are related by the identity
Culz;q,t) = Culast,q) .
This is consistent with the C' = f[—conjecture since the duality result of Macdonald implies that
f]u/(x; q,1) = f]u(x;t, q) .

Thus we need establish the n!-conjecture only for one member of each pair of conjugate partitions.



Let us recall that the portion of 0 y-degree in any of our modules M, has dimension (Z) This may be
easily derived from the basic result in [11] and the fact that this bihomogeneous subspace of M, is simply
the linear span of derivatives of the Garnir elements of shape u. Details of this derivation can be found in
[5]. Thus in the particular case that g = 21"~ this dimension is n!/2. Since flip operation in any M, yields
a sign-twisted Sp-module isomorphism of the 0 y-degree portion into the n(y’) y-degree portion, we see that
for all these partitions (and their conjugates) the nl-conjecture must necessarily hold true. Moreover the case
of 4 = 1" (single columns) or u = (n) (single rows) is classical since A, then reduces to the Vandermonde
determinant in the z’s and the y’'s respectively. In particular, for n = 4 we are only left with u = 22. We
shall start by dealing with this case.

Expanding with respect to the last column we get

1 1 1 1
z z z z

Ay = det ! : 3 4 = ®yo+ x4 P10+ ys Por + 2ays Py . 1.2
n Yo Ys Ya

T1Y1 T2Y2 T3Ys T4lYa

So we may write

Oe,Dos = Pro+ va®Pi1, 0y,Aoo=Po1 +24P11, T, 0y, Ao =Py . 1.3
Note that
1 1 1
q)ll = A21 = det X1 X9 X3 1.4
Y1 Y2 Ys

Recall that if P is a polynomial in 1, .., 25; 41, .., Yn, then P(8) = P(0p,, .., 0v,; Oy, .-, Oy,). This given, let
B be a collection of monomials in 1, 22, 3; Y1, Y2, y3 chosen so that {b(@)Azl}beB is a basis for Moy (}).
We claim that the polynomials in the union

Bos = {b(0)An} s+ {0(0)00, Ans}y s + {0(0)0y, Ans}y s + {B(0)r, 0y, Ao} L5

are linearly independent. Note that since from 1.1 we get that dim Masy < 24 we can then conclude that Bas
is a basis for Ms» and that the conjecture is true for g = 22. To this end, let there be bgg, b1g, bo1, b11 in the
linear span of B giving

boo(0)Asza + b19(0)0s,A22 + b01(6)6y4A22 + b11(3)3x43y4A22 = 0.

Using 1.2, 1.3 and 1.4 and extracting the coefficients of 1,4, 44, zays we derive that we must have the
simultaneous equations

boo()Poo + 010(0) P10 + b01(0)Po1 4+ b11(0)Asr = 0
boo(0) P10 + boi()A2; = 0

boo(0)®o1 + b1o()A2; = 0

boo(a)Azl == 0

Note now that if bgg = ZbeB ¢y b then the last equation may be written as

Zcb b(a)Azl = 0,

beBB

but this contraddicts the choice of B unless the coefficients ¢; are all equal to zero. Substituting bgg = 0
in the third equation reduces it to b19(9)A3; = 0 which again implies that the coefficients of 15 must all
vanish as well. Substituting bgy = 0 in the second equation yields the same for the coefficients of bg;. Finally,
setting bop = b1g = boy = 0 in the first equation forces the vanishing of the coefficients of b1;. This proves
that Bsy is an independent set as asserted.

(t) We may take B = {1, z1, 22, y1, ¥, 21y}

10



We should note that our argument here establishes a bit more than the validity of the n! conjecture for

1 = 22. Let us recall that if © is the Frobenius image of an S, character x then the partial derivative ()
0p, © yields the Frobenius image of the restriction of x to S,_1. In particular, the polynomial

Gu(q’t) = agl Cu(x;q,t) = Z fAC)\u(q’t)

Abn

must give the bigraded Hilbert series of B,. Of course under the ' = H conjecture this Hilbert series is
given by the polynomial
Fu(q,t) = ) Hu(wsq, ) = Y LEaulg,t) - 1.6
Abn

We should also keep in mind (see [7]) that the “duality” result for Macdonald polynomials in our notation
becomes

W (x;1/q, /00" =, (x59,1) 1.7
where w 1s the involution which sends S into Sy,. Thus 1.7 implies that we must also have
Fu(1/q, 1/t)tn(“)qn(ul) = Fulg,) . 1.8
The analogous identities
WO (23 1/q, 1/ Wg" W) = Cy(;q,1) 1.9
Gu(1/q, 1/t g ) = G (1) . 1.10

follow from 1.18.

It is easy to see that if 3(q,?) gives the bidegree distribution of the monomials in B then ¢t3(1/¢,1/t)
must give the Hilbert series of My;. Thus from 1.10 we get that 8 = Gai1(¢,t). From our construction 1.4
of the basis Bys we can then immediately derive that the Hilbert series of Mss must be given by formula

Gaa(q,t) = B(1/q, 1/t)(L+ 1/t + 1/q+ 1/tq)¢*t* = (1 + 1t + ¢ + tq)Gaa(g, 1) .

A slightly more refined argument which takes account of the action of S3 on the basis Bss, yields that we
must also have

Op, Coalz;9,t) = (L4+t+qg+1tq)Ca(z;q,t) . 1.11

It is not difficult to see that the argument we have given here can be generalized to the case of arbitrary
rectangular partitions g = r° and obtain that

Theorem 1.1  If the n! conjecture holds for the partition r — 1,7°~! then it holds for r*, Moreover,
Op, Crs(x54,t) = Bpe(q,t) Cry pe-1(x54,1) 1.12
GTS(q,t) = BTS(q,t) GT—l,TS_l(qat) 1.13

Continuing with our examples we see that for n = 5 we only need to deal with the partitions 32 and
311. We start with 32. Expanding again with respect to the last column we get

1 1 1 1 1

Y1 Yo Y3 Y4 Ys
Ay = det | yf v3 3 vs Yz = ®go +ys Dot + Y2 Do + x5Pio + r5ys Py . 1.14
Ty T2 T3 L4 L5
TiYyr T2Y2 T3Ys T4Y4 TsYs

(1) Here p1 denotes the first power symmetric polynomial and the symbol d,,0 is to mean the partial
derivative of © as a polynomial in the power symmetric functions.
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So we may write

Aszsy = bpo(0)Poo + ysPor + YEAs 4+ wsPio + wsys Aoin
Oy A3zs = Qo1+ 2y5A0 + £5A911
Oyphay = 209 115
Ops Az = ®10 + ys Ao11
a1'58ySA32 = AGSTH

Proceeding as we did for g = 22 we are to construct b collections Byg, Bo1, Boz2, Bio, B11 of polynomials in
X1, T2, T3, T4; Y1, Y2, Y3, Y4 such that the polynomials in the union

Bz = {b(a)AZ‘}Q}bEBDD + {b(a)aysA?)z}bEBm + {b(a)aiASz}beB“—i—
+ {b(a)astE;Z}bEBm + {b(a)axSaysAEH}beBll

are independent. If we succeed in choosing them so that B3y has altogether 120 elements we will have proved
the n! conjecture for 4 = 32. In this case we shall not venture a guess and determine the B;; from the
equations that would have to hold if there was a dependence between the elements of Bzs. So let b;; be in
the linear span of B;; and assume that we have

boo(0)Azs + bo1(0)0y, Asa + 502(3)355 Az +010(0)0r, Aza 4 611(0) 00,0y, Aza = 0

Using the expansions in 1.15 and equating to zero the coefficients of 1, ys, y2, x5, 5y5 we get the system of
equations

boo(0)Poo  +  b01(0)Po1 +  2b02(0)Azs 4+ b10(0)P10 4+ 011(9)As1 =0
boo()Po1  +  2b01(9)Ass + b10(0)Az1 =0
boo(9)Ass —0 1.16
boo(0)®10 + bo1(0)Az =0
boo(a)A:«;l IO

Note that in 1.32 we have defined J, as the ideal of polynomials which kill A,. With this notation the third
and fifth equations yield us that bgg € J31 A Jo2 and since (Js1 A jzz)J‘ = Mj3; V Mys, we see that we can
choose Byg to be any bihomogenous basis of M3, V Mas. Indeed, if we do so any linear combination bgg of
elements of By which satisfies the third and fifth equations in 1.16 would have to be orthogonal to itself and
therefore must have all its coefficients equal to zero. We shall visualize this choice by writing

Byy = BoVH 1.17

This done, setting bgg = 0, the fourth equation reduces to bg1(9)As; = 0 which gives g1 € J51. Thus using
the same imagery we can set

Bypy = Ho 1.18

By = Bo 1.19

Substituting bgyp = bg1 = b19 = 0 the first equation reduces to bg2(0)Ags + b11(9)Az; = 0. Here we have two
possible choices. We can let by vary freely in Ms; and force bg2(9)Aqs out of Mgy /{0}. Alternatively we
can let bya vary freely in Mas and force b11(9)Asz; out of My /{0}. Let us take

By = Bo 1.20

With this choice, we want bg2(9)Ag2 € Ma; to imply bgz = 0. We can assure this if bg2(9)Asg lies in the
orthogonal complement of M3; AMay in Mys. In other words we want flip,, 602 7 to liein (M31 /\Mzz) J'/\Mzz.

7 Here and after flip, will denote flipping with respect to A.

12



To do this we must take Bys to be a basis of ﬂip2_21 [(Mgl A Mzz)J— A Mzz]. We represent this final choice
by writing
L
Bo» = flipy,) [(H::/\BH) /\Bﬂ]
We have now assured that Bss is an independent set. Let us count how many elements 1t has. We see that

1.18, 1.19 and 1.20 yield 3 x 24 elements, moreover, 1.17 yields 2 x 24 — dim Mg; A My elements. Since
dim M3, < 120 the independence of Bss yields the inequality

1
5x24 — dimBbAB + dim(H::/\EE) AB <120

or better N
dim(El::AEE) AF < dimAnA 1.21

In particular, Bss would be a basis for M3s and the n! conjecture would then be established for p = 32 if
we prove that equality holds in 1.21. Amazingly it develops that this equality holds true in the strongest
possible sense. More precisely, we can prove that

flip,, [Ms1 AMa,] = (Msi A Mzz)L AMojy . 1.22

Let us postpone the proof of this identity and proceed to examine all its implications. To begin with it shows
that we can take Bys to be any bihomogeneous basis of M3y A Mas. This done we can visualise the Hilbert
series of M3y by writing

Gss = Ho + B — BoAH + ¢Ho + tHo + t¢fo + ¢*BoVH.

To be precise, the left hand side of this relation is Gi32(1/q, 1/¢)t?¢*, however we can write it that way because
of 1.10. It will be convenient to extend the definition of flip, to act on a Frobenius characteristic H(z;q,t)
and on a Hilbert series F'(q,t) by setting

flip, H(w;q,t) = wH(x;1/q,1/1) t"(“)q”(ul) ,  fHlip, F(q,t) = F(1/¢,1/t) t”(“)q"(ul) 1.23

This given, the more refined argument which takes account of the action of S4 on the basis Bsy yields the
relation
Op, Csa(z;q,t) = (L+t+q+tq)Cai(x; ¢, 1) + Cos(;¢,1) + (¢*=1) @ 1.24

where for convenience we have denoted by ® the Frobenius characteristic of Hn AH. Here again the left-hand
side should have been Hlips,0,, Cs2, but 1.9 makes it right the way it is.

Note that if we follow the other alternative and choose Bpy = H, then we must take 517 to be a basis of
] L
ﬂ1p31 [(Mgl A Mzz) A Mgl] .
Since we can also show that
i
ﬂip31 (M31 A Mzz) = (M31 A Mzz) A M31 ; 125

we can again set
By = BoAE .

These choices yield

Op, Csa(z;q,t) = (L +t+ ¢)Car(x;¢,t) + (L + ¢*)Cos(x;q, 1)+ (tg —1) @ . 1.26

13



Subtracting 1.24 from 1.26 we deduce that these two expansions of 8,, Csa(x;¢,t) are one and the same if

and only 1f
o — tCs —qCn . 1.27
t—q
It develops that this is a consequence of 1.22, and 1.25. Indeed these two relations yield that M3, and Mo,
decompose as follows (as bigraded Sj-modules):

Ms; = Mz A Mas & flipg; Mg A Mas
My = Msy A Mys & flipysMs; A Moy

In particular we must also have that

Csi(x;q,t) = @4flipy, @ = ®+1¢° | @,

1.28
CZZ(x;q,t) — @‘i‘ﬂipzz@ — @_i_tqu l d .

Now it is easily seen that these relations are equivalent to 1.27. The reader should recognize at this point
that 1.22 and 1.25 are but two special instances of 1.29. In fact, in the notation of the introduction they
may be written as

flip; M3; =Mz, and  flip, My, = Mg; .

It goes without saying that we can verify by computer the validity of 1.22, 1.25 and 1.27. We can also
easily check that the symmetric function given by

tﬁ31—qﬁ22
t—q

is indeed Schur positive and that the C' = H conjecture is in fact true for 32, 31 and 22. Nevertheless, it is
more illuminating to show how all of these identities may be proved using representation theory.

Recalling that

1 1 1 1 11 1 1
Agy=det | Y2 Ya Ya . Az = det y% y% yg 31421 ’
Lo T 3 T vio¥s Y3 v
TiYyr T2Yz T3Y3s T4y T4 Ty T3 T4
we get

1 11 1
_8x43y4A22 = 5 654A31 = det r1 T 3
Yy Y2 U3

Now from a well known result of A. Young (see Theorem 5.8 of [24]) we derive that the action of Sy on
this element generates a 3-dimensional irreducible representation with character y?'' and weight tq which is
shared by M3; and Mys. Similarly, we see that its partial derivatives

1 1 1 11 1 1 1 11
Op, det | &1 2 23 :—det( ), Oy, det | 1 z2 3 :det( ) ,

X X
i Y2 Y3 oy i Y2 Y3 ! ?

generate common 3-dimensional representations with character y' and weights ¢ and ¢ respectively. Now,
we also have
1

S (00s0ys — 00a0y ) A5t = 205,00, Ay = det(l 1)det<1 1) ,
2 Y1 Y2 Ys Ya

14



and this generates a common 2 dimensional representation with character y?? and weight ¢%. Including the
trivial, we have thus identified a submodule of M3; A Mys with bigraded Frobenius characteristic

® = Si+(t+q)Ss1 + tgSau1 + ¢* So .

Using 1.19 and 1.20 and the definition in 1.23 we then immediately derive that Ms; and My contain
submodules with respective Frobenius characteristics
flips, @ = t¢° S+ (¢° +1¢°) So1n + ¢° Ss1 4+ tq Sao L 29
flip,, @ = t7¢°S1s + (t¢” +t7¢) Soi1 + tq Sz + 17 Sao . .

Since, ¢ and flipy; ® have no common terms and each accounts for 12 dimensions we must conclude that
together they must give the Frobenius characteristic of Ms;. A similar reasoning applies to ® and flip,,
and we can write

031 = & + ﬂip31q), 022 = & + ﬂipzzq), 1.30

Comparing the expressions in 1.29, we see that the possibility still remains that Ms; and Mss may have in
common an irreducible submodule with character y?'' and weight t¢%. However, this submodule is generated
in Msy by the action of 53 on the polynomial

1 1
P = det(ax1 6@) Agy

If this polynomial were to belong to M3, it would be killed by any element that kills Az;. In particular we
should have 9,,0,,P = 0. But we see that

1 1 1 1 1
O, 0y, P = det(a P ) det | 1 xo 23 = y1+y2—2ys #0 .
oo Yioy2 Ys

This completes the proof of 1.22 and 1.25 and shows that @ is none other than the Frobenius characteristic
of the intersection of M3; and Mss.

Remark 1. 1.1t is interesting to see what 1.24 reduces to when we express its right hand side entirely in
terms of ®. To this end we use the identities in 1.29 to replace Cs; and C3z and obtain (using the notation
introduced in 1.21)

Op, C32 = (1+t+q+1tq)(@+Hips; @) + (P + flip,,®) + (q2_1)q>
= (L+t+q+tg+¢)® + (L+t+g+tqte’ | + t2¢° | @

11 1 1
= (I+t4+q+tg+¢)® + P (l+-+-+—+5) 1P .
(I+t+a+tg+a)® + C@(l+ o4+ +5)]
and this may be rewritten in the very suggestive form

8p1 032 = Bgz(q,t)q) + ﬂip32<332(q,t) (I)) . 131

What we have discovered in this particular example holds true in full generality.

Proposition 1.1 Let u be a two-corner partition of n + 1 and let o1) and o) be the partitions obtained
by removing one of the corners. Then

dim ((Ma(l) AM, )% A Ma(l)) < dim(Mym AM,0) |
1.32

dim ((Ma(l) A Ma(z))J' A Ma(2)) < dim (Ma(l) A Ma(2)) .
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If the n! conjecture holds for &) and o?) and

|
dim (M) A M, @) = % 1.33

then equalities hold in 1.32 and the (n + 1)!-conjecture holds for i as well. Moreover, if

(Ma(l) A Ma(z))J‘ AM, o = ﬂipa(l)(Ma(l) A Ma(2)) ,

1.34
(Ma(l) N Ma(z))J‘ AM,ez = ﬂlpa(2)(Ma(1) N Ma(2)) .

Then, if we let ® denote the bivariate Frobenius characteristic of M 1) A M2y, we also have the identity

Op, Culz;q,t) = Bulg,t)® + ﬂipu(Bu(q,t) <I>) 1.35
The proof of this will be given in section 4.

This given, we see that the validity of Conjecture 1.2 (restated for the case of A,y predecessors of a
two-corner partition) depends only on the verification of the equality in 1.33

2. THE THREE CORNER CASE

We will better understand the formalism we have used to state properties (i)-(iv) of the heuristic, if
we study in detail a sufficiently rich special case. To this end, we consider the case of a partition p with 3
corners. Letting o)) () o(3) denote the predecessors of i, we see that property (i) states that the space

V=M, VM_ @ VM,
has a basis 3, with 3 subsets 1, 33 and Bs such that
Moo = L[B1],  Mgae =L[B],  Mge = L[Bs] .
Moreover, each of these subsets breaks up as disjoint unions

B, = B0° 4 g0 4 glot 4 plit
By = B0 4 g0 4 gOlL 4 il
By = BO01 4 g0l 4 gOIL 4 gl
where, for example,
B = B, N BN Bs,
BYY = B, N By N Bs,
B = B, N By Bs,
B" = BN By N B,
with B; = B\ B;.

All of this information is best visualized by the following Venn diagram.
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Figure 1. Basis decomposition for 3 corners

By abuse of notation, we use the same imagery to represent the various subspaces Mj . This given, we may
visualize parts (ii) and (iii) of the heuristic by the diagram below.

Figure 2. Module decomposition and flips for 3 corners

Here, each of the regions corresponds to an S, invariant subspace, and the arrows represent the effect of flip
maps. We should add that arrows whithin the circle labelled M (), represent the effect of flip,. We can
thus visualize the geometric significance of (I.29), which in this case asserts that

a) ﬂip1M100 o Mlll’ aa) ﬂilelll o MlOO’

b) ﬂip1M110 o MlOl’ ba) ﬂip1M101 o MllO’

C) ﬂip2M110 o MOll’ C’) ﬂip2M011 o MllO’ 91
d) ﬂip2M010 o Mlll’ da) ﬂip2M111 o MOlO’ .
e) ﬂip3M101 o MOll’ ea) ﬂip3M011 o MlOl’

f) flip,M°01 = M1, ) flip,M!! = ML,

Of course these relations yield identities involving the corresponding bivariate characteristics as indicated in
(1.28). For example, b’), ¢) and €’) yield the following identities
1) Tl l q)lol — q)llo’
2) Ty | 10 = @ 2.2
3) T3 l q)oll — @101.

Note that combining 1) and 2) above, and using the involutory nature of |, we derive that

q)oll — T2 l Tl l q)lol — % @101.
1
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Similarly, 2) and 3) of (2.2) yield

q)lol — T3 l T2 l q)llo — E q)llo’
T

and these two relations give that
T " =T, @' = T3 0110, 2.3

Thus, if we denote ®(2 this common expression, we can write

wnzﬁi @ngi @wzﬁﬁ 2.4
Ty T 13

In the same manner, using a’), d’) and ) of (2.1), we get
T, | @M1 = @100 T, | M1 = 010 Ty | @11 = @001

Thus, if we set
o) = LTy | DM,

we obtain that

q)loo — q)(l) q)olo — q)(l) (I)001 — q)(l) 2.5
TTy AVEY ey .
This leads us to discover the remarkable fact (mentioned in the introduction) that each &y, up to a factor,

depends only on the sum of the ¢;’s. Postponing the proof of the general result to the next section, it will
be good to see what can be further derived from these relations.

First of all, we should note that part (ii) of the SF heuristic implies that the M ’s have the following
decomposition into S,-invariant submodules!.
M, = M0 g MO MU0 @ MU
M, = M0 MO g MO @ M 2.6
M, = M2 @ MO g MO @ MU

It is clear that in general we have the following decomposition
waﬁgM;
o

Of course, all these relations yield corresponding relations for the associated bivariate Frobenius character-
istics. For instance, those in (2.6) combined with (2.4) and (2.5) give

1 1 1
M, ) = o 4+ —o® 4 — o 4 B
FMaw) T T T ’
1 1 1
M, ) = o 4+ —o® 4 — o 4 B
F(Mye) T + + + :
1 1 1

o) = 1) 4 2@ 4 L™ (3)
FMow) = 7@ + @ + 7m0 + o,

where for consistency we have set

f (see Figure 2)
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Note that the C' = H conjecture then yields the expansions

~ 1 1 1
H o= —3oW 4+ — @ 1+ — 2 4 B
a® Tl + T + T + ;
~ 1 1 1
H,e = o+ —o® 4 — ) 4 B 2.
a®) = P + T + T, + : 7
~ 1 1 1
O s = dV 1+ — @ 1+ — @ 1 B
Sl P T T

which 1s .38 for m = 3
Note further that the non singularity of the flip maps combined with the relations in (2.1) implies that
dim M = dimM°!° = dimM%! = dim M | dimM'° = dim M = dim Mt |
Calling dy the first common dimension and ds the second, any of the equations in (2.6) gives that
nl=2d; +2d-.
If we add to this, part (v) of the heuristic which gives that dim M = n!/3, we get

! !
d == and  dy = % 2.8

Since M,) N M) = M0 + M we deduce from (2.8) that

. n!
dimM,a) N M@ = 5

which shows that at least in this case part (v) of the heuristic is self-consistent.

Leaving all this aside for a moment, we shall next narrow our study to the case g = 321. We begin
by showing here, that the heuristic enables us to push through the recursive approach to proving the n!
conjecture. We shall then complete the proof by the explicit construction of a basis B which satisfies
properties (i)-(iv) required by the heuristic. In particular, since here

D =@ , o®=H , a® =,
we see that By, By, B3 must respectively give bases for
Msy = LINO]Am ],  Man = ﬁ[@gagAﬁj] , Moy = ﬁ[@gagAaa] .
Let us also keep in mind that according to 1.33 we must have

B\B; C Mgz, , B\B: CMgz, , B\BsC My, . 2.9

Note now that in this case, A, is given by the determinant in (I.11) which may be written as
AﬁajIDoo-i-me+92D02+1‘D10+l‘yD11+l‘2D20, 2.10

where for simplicity we have set x5 = x and ys = y, and D;; represents the appropriately signed complemen-
tary minor of the element z'3/ . Using 1.1 again, our strategy will be to construct a collection Bsay C Mgoy
of the form

Bs21 = {b(9) A321},76,500 + {6(9) 9, A?’Zl}beBm + {b(9) 35 A321},76,502-1-

2.11
{600) 00 Asar}y s+ {8(0) 000y Az }y s+ {10(0) 07 Ason )y
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where the B;; are collections of polynomials in the variables z1,%2,...,25;¥1,¥2,...,¥s, to be determined
from the equations that would have to assure that

1) Bs2; is an independent set,
2) the cardinality of Bsa; is 6!,

To construct these equations, we assume that a basis B with properties (i)-(v) has been constructed, then
determine how the subsets B;; C B must be chosen so that no matter how we pick b;; € L[B;;] the equality

boo(0) Azar + bo1(0) Oy Az + bo2(0) 35A321+

2.12
+ b10(0) Or Az21 + 011(0) 0r 0y Asz1 + bao(0) 3§A321 =0
forces all the b;; to vanish identically.
Note that from 2.10 we derive

Aza = Do + yDon - yZAaH + D — wy Aa:: + 2 A
6yA321 = D01 — 2y Aﬁﬂ — X AEI‘
92A = - 2A

y As21 h 2.13
O A321 = Dy - yAajj + 2z Am,
OrOyAszs1 = _ Aﬁ]j
a%Agzl = 2 AEE{]

where we have used the fact that Dys = —Agzs, D13 = —Asq; and Dag = Ags;. Thus equating to 0 the
coefficients of z'y’ in (2.12), we can replace it by the following system of 6 equations

a) boo(a)Doo —|—b01(6)D01 —2b02(6)Aa3 —|—b10(6)D10 —bll(a)AaI‘ —|—2b20(8)A53] =0

b) boo(0)Dor —2501(3)AEH _blo(a)Aﬁj -0
boo(0)A =0
9 00(9) A 2.14
d) boo(a)Dlo _b01(6)AH]] —|—2b10(6)AEEh =0
e) boo(ﬁ)AHI =0
f) boo(d)Ag, =0
Our guiding principle in looking for such sets B; ;, will be to choose them as “large” as possible in a manner
that still forces equations in 2.14 to have as unique solution 6, ; = 0 for all 7,j. To this end, note that

whatever our choice of By is in M) VMg V M equations ¢), ¢) and f) force bgg to be orthogonal to
itself and therefore identically zero. Hence our maximal choice 1s

BOOIBluBQUBE} .

To proceed, we need to adopt a convention. For a polynomial P € L[B] we shall let P*>*s denote the
projection of P into M 1“2¢s. Putting it in another way, if

P = Zcbb

beBB

pass = Y g

beBc1c2es

then

Thus, whatever Byg and By; are chosen to be in By U By U B3, our elements b1y and b1y will have the
decompositions
O R

2.15
R R R O

bOl
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Note that since the spaces M1°2% are orthogonal to each other by or b1y will vanish if and only if each
of their components b7} and 57472 separately vanishes. Now, without any assumptions regarding the
nature of the determinants D);; occurring in 2.14, our only method for showing the vanishing of one of these
components is to force some of its flips to vanish. Under these conditions, the only way we can show 65! to
vanish 1is to force

B (0)An = 0

However, we see no way to extract such a result out of 2.14 since b1 only acts on Aaﬂ and Ag,. In conclusion,

we would be unable to force the vanishing of byg if we allow 595! # 0. This given, the most we can include

in Bip is all of By U B2. An analogous reasoning yields that the most we can include in By 1s all of Bs U Bs.

This leaves us with
o = B O Rl

2.16
b = B o R
Note next that setting bpg = 0 in 2.14 reduces the 274 and 4'* equations to
0 2.17

d) —bou(9) A+ 2b10(9) A, =

In other words we must have

b) 2 ﬂlp EE‘ bg1 = —ﬂlp H:D bio )
d) ﬂlp HI‘ bOl = 2 ﬂlp T blO .

Projecting these equations in each of our spaces M “2¢3 and using the relations in 2.1 as equalities we obtain
seven pairs of equations whose consequences are easily visualised from the two tables given below.

by flip B Spaces by flip R by flip R Spaces by flip g,
10} Mo 10} 10} Mi©
{0} Ml bl bl — M0 pio1
O M gy W - ©
R, v o W M
bO0! M poL0 Bt M pioo
plo1 MO p110 pi10 . Mo {0}
CIR, v ) ) Moo )

For instance, the second row of the table in the left states that flip i sends 93! into MY and at the same
time there is no component of bg; that is sent into M by flip M- Thus, as long as b1y and by; are are

given by 2.16, equation b) forces 4! = 0. On the other hand, the second row of the table on the right,

simply says that flip 8 sends b31! into M*1° and at the same time flip o, sends b5t into the same space.

So we can’t deduce any implications at this stage from this particullar row. Proceeding in this manner we
immediately derive from equation b) and the table on the left that b93t = b1il = 011 = bl = (. Similarly,
equation d) and the table on the right imply that biit = #11% = i1t = bl1% = 0. Less trivially, if we feed
the information we get from one table into the other, we see that the vanishing of #11° forced by the fourth
row of the table on the right, makes no component of flip 8 bio available to match the image of 63! under

flip ER So from the sixth row of the table on the left we deduce that b1 = 0. A similar reasoning based on
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the second row of the table on the right yields that #15' = 0. This given, without committing ourselves to
any particular choices of By and Byg, (other than 2.15), our equations reduce the decompositions in 2.15 to

__ 1100 010
bio = blO + blO

__ 1010 001
bor = b01 + b01

bl

bl

Setting all the remaining components equal to zero reduces both our tables to a single row:
by flip B Spaces by flip R by flip R Spaces by flip g,

bg?l . Mlll P b?éO bg%O . Mlll P b%gO

Now the non vanishing of 513°, 8919 and b351% | 5391 is perfectly consistent with the equations in 2.17. So it

is pretty clear that we can’t choose at the same time Byg = B1 U Bs and By; = By U B3 . On the other hand
if we take the subset B! 4+ B0 out of By; or the subset B0 + BP0 out of By then equation b) and d)
will do the rest and force by = b1g = 0. It turns out that either choice leads to the construction of a basis

for ME}: To be definite we shall take

Bio=B1UBy and By = B0 4 Bttt 4 gttt 4 ptot 2.18
Our choices so far force byg = b1g = bg1 = 0 and the system 2.14 now reduces to the single equation
— 2b02(6)A% — bll(a)AE:D + 2[)20(6)AE&‘ = 0. 2.19

Remarkably, we can chose Bys , B11 and Bsg in an optimal way and still guarantee that this single equation
will force bgs = b11 = byo = 0. Note that at this stage, the maximal choices for Bys , Bi1 and Bog are B3, Bs
and Bj respectively. Adopting the greedy algorithm strategy we chose

Bag = B . 2.20

In order that the second term in 2.19 does not produce a component that could be canceled by the third term
we need b“(a)AH:: to fall out of M. A look at Figure 2. suggests that B1; should then lie in Mo ML
The maximal choice is then

Bll — BllO 4 Blll )
This done we must assure that boz(ﬁ)Aaa falls out of Ma] and Mgy, Again from Figure 2. we get that we
must take

BOZ — Blll )

With this final choice we have assured that the system in 2.17 forces all b;; to vanish and consequently
establish the independence of the system given in 2.11. We are left with checking that its cardinality is
indeed 6!. Now our choices have been

Basis Cardinality
Boo = By U By U Bs = By + By N (B\By) + B! 51 1 %v n %,
Bio = By + B0 + B B+ F o+ %
Boy = B0 4 BT 4 10T 4 O 3x % + §
Baog = By 51
By = B0 4 Bt B
Bgs = B 5
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Here all these cardinalities result from the assumption that the n! conjecture holds true for %, E::, Hb and
that the dimensions of the spaces M2 are as given by 2.8. As we can see the count is indeed 6 x 5! as
desired. Thus, to prove the n! conjecture for the partition (3,2, 1) and obtain a basis for the module Mgz
we need only exhibit the collection B with properties (i)-(iv) of the SF heuristic.

Using the dimensions given in 2.8 we can easily see that B will consist of 5! x 13/6 = 260 elements.
This given, we shall limit ourselves here to exhibiting the basic ingredients from which B may be easily
constructed. Note first that we need only exhibit B!t and B*!? since (via 2.1) all the other B12¢* may be
recovered by successive flips. Secondly, note that if we obtain a complete decomposition of the modules M'!!
and M0 into irreducible constituents, then we need only exhibit a collection of cyclic elements generating
these constituents. In fact, if the cyclic elements are given as Young idempotents acting on polynomials,
then M and M!''? may be constructed by selecting from the Ss-orbits of these cyclic elements those
corresponding to standard tableaux idempotents. In the following tables we list such a set of cyclic elements
as sums of products of determinants. This description is a special case of a construction of basis for these
intersections given by F. Bergeron and S. Hamel in [4]. We recall that if a1 < ag < -+ < a,, 18 a sequence
of integers then Young uses the symbol [a1,as,... a,] to denote the formal sum of all elements of the
symmetric group Sy, a,,..,a,.}- Likewise Young uses the symbol [a1, as, ..., an,]" to denote the sum of the
elements of Stq, 4,,.. .1 multiplied their sign. In this notation, the Young idempotent correspoding to the
standard tableau

T =

»—k»-J;Ch|
[S2}

23]

is simply given by the group algebra expression
[1,4,6]'12,5]" [1,2,3][4, 5]

Young calls [1, 2, 3][4, 5] the row group of T" and [1, 4, 6][2, 5]’ the signed column group. Young in [24] makes
the following important observation. Namely, if v is any element of the group algebra of S, and V is a
vector space spanned by some symbols on which S, acts then, for any v € V| the action of S, on the
submodule generated by the element ¥ v is identical to the action of S, on the left ideal generated by the
group algebra element v X, where ¥, denotes the formal sum of the elements of S,, that stabilize v. This
observation should be kept in mind when reading our table below. For instance, suppose we are to study
the representation resulting from the action of S on the polynomial

1 1 1

1 1
P(z;y)=det | y1 y2 ys | det [y4 ys]
£y L2 I3

We first notice that it may be written in the form
P(l‘, y) = [L 2; 3]/[4a 5]/ Y2T3Ys .

Then observe that, since the stabilizer of y, 3 ys in Sg is [1,4, 6] [2, 5], we may also write

P(x;y) = 11—2 [1,2,3])[4,5][1,4,6][2,5] ya3ys - 2.21
This makes it evident that P(x,y) generates an irreducible representation of Sg with character y*%1. Note
further that, since P is a bihomogeneous polynomial of z-degree 1 and y-degree 2, the submodule generated
by P would contribute the term t¢%Ss21 to the bivariate Frobenius characteristic of any bigraded Ss-module
that contains P. It will be convenient to refer to ¢ as the weight of this representation and to the partition
321 as its shape. Finally, we also immediately read from 2.21 that a basis for the submodule generated by P
is given by P and the 15 polynomials obtained by replacing in 2.21 the idempotent [1, 2, 3)[4, 5)'[1, 4, 6][2, 5]
by the idempotents corresponding to the other 14 standard tableaux of shape 321. Another example may
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be helpful in checking some of the entries in the tables below. Suppose that we are to study the Ss-module
generated by the action of S5 on the polynomial

11 1 11 1
Qr,y) = det | vi v3 w3 | — 2ysdet{wm v s
r1 & I3 r] X3 T3
Then it is easily seen that we have
11 1 11 1
[4,5]'Q(z,y) = —2det | y1 y2 wys | det ( ) = ——[1,2,3]'[4,5])'[1,4][2, 5] y2x3ys5
Y4 Ys 2
sl o I3
as well as
1 11 1 11 1
g 401Q@,y) = det [y w3 w3 ) — det|y o y2 ys | (vatus)
r1 & I3 r] X2 X3
;oo 2.22
= [1,2,3) (523 — oz (g1 +ya+ys))
1 / 2
= 123 [1,4,5](y3z3 — yoxs (1 +ya+uys)) -
We thus see that () generates a bigraded Ss-module with bivariate Frobenius characteristic
tq*Sa01 + 1q°S31. . 2.23

This given, it should not be difficult to check that the following two tables give all the cyclic elements needed
to generate our bases B! and B1°.

TABLE FOR B!

Cyclic element Weight Shape
(O + 02, )0y, Oy, A, L1
0,02, +0,02)00 Y = det |y ye g | det [ 11 ] 2 :
%axla@éax?’AE} 1 T2 I3 Yo Y5
_%8y18y28y3A% L1 .
~5(0, 0y, + 6“654)A@:: = det | y1 w2 w3 | det [x z ] qt* B
50y, + 6y4)8x43x5A% Ty ®y I3 4 %5
%ayaay‘lagsABﬂj
50y, 0, + 00, 05,)05, 80§ = det [ 11 ] dot [ 11 ] 2 o
1 T2 r3 X4

%@,aﬁyﬁﬁsAa}
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TABLE FOR B! continued

Cyclic element Weight Shape

%(6?4163/2 + ayaay4)axsaysABﬂj
5(90,00, + 0r,00,)05, 0

[1,2][3,4] (yora + 22y4) qt Hb
_%(61‘16172 + 61738174)61‘56?/5Aaa
%&cﬁxﬁjsA%
%(63136“ + 6xaay4)6g5Aa]j = det [yl yl ] det [yl yl ] q> Hh
1 Y2 3 Y4
%@aﬁuﬁisAa}
%?ufwfiABan 111
100,00, 8q - b=det |y oy us q i
%@ﬁwﬁisA% r1 ®y 23
det [ 1 1 ] ¢ Smmal
1 X9
det [ b ] q B
Yi Y2
1 1 o
TABLE FOR B!t
Cyclic element Weight Shape
[3a 4a 5]/(6y38x48x56y5) EE‘]
) = [1,2)(—6y3 + 4(y1 + ys + ya + y5)y2) ¢ ESeS
5[3a 4? 5]/(8y38x48§5) EI‘
1
5(6y4 - axs)aﬂays Eﬂ:‘} / 2 2
= [1,2,3) (- 2 t i
{ %(aillays _ a%56y4) EZD [ y &y ] ( Y3 + (3/1 + Y4 + y5)y2x3) q
1 1 1 1
6x56y5AEE‘] — det Y1 Yo Y3 Yaq q3t E:!
307,A vi vs Y3 v
sl ro X3 X4
Oy Ora Oy B il , 0
19. 0.0 Haf — yioY2 Y q
2Ty Vi ¥ W
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At this point it is good to see to what extent the results of this section are consistent with the explicit
calculations made by Macdonald in the original paper [20]. We are referring here to the tables of the
coefficients K ,(q,t) which are also given in [21]. After making the changes of scale

[()\u(q’t) - f{/y)\u(q’t) = Tu [(AM(Qa 1/t) )

and using the expansion in 1.8 we can easily compute all of the polynomials ffu(x; q,t) for all |p| < 6. This
given, let us subtract the the second equation in 2.7 multiplied by 1/7% from the first multiplied by 1/77,

obtaining
1~ 1 ~ 1 1 1
7 — H.e (— - —) (—q><2> <1><3>) .
Ty te® T, He® T o \T +
Which gives
1 ~ 1 ~ 1 1 1
—H0 — —Haz)/(— - —) = —0® 4 o®
(T1 @ T, )\ T Ts 2.24
= ¢+ = F(M,0"M,) .
Similarly, the second and third equations in 2.7 give
1~ 1 ~ 1 1 1
—Hoye — —Haa)/(— - —) = — 0 4 o®
(T2 @ T )\ Ts ToH " 2.25

= @211 + @Lll = f(Ma(z) N M,

) .
(7% — %3) gives

Subtracting 2.25 multiplied by 1/T5 from 2.24 multiplied by 1/77 and dividing the result by

o) = =

1 1 77 1 77 1 1
Tl(TlHa(l) -7 Ha<2>)/(T—1 - T—Q) -

1 1 77 1 77 1 1
T—a(T—ZHmz) -7 Ha<a>)/(T—2 - T—a)

2.26

N
T T

Using Macdonald’s tables to compute the left-hand side of 2.26 for (! =, o(®) = B and o® =

gives

(e — 1) /(3 -

o=
o=

I v

_ 111
- <I)321

|>~

1

M)/ - 3)

Sa+(t+¢)Sa+ (tz +tq+ q2)532 +tgSs11 + (qt2 + tq2)5221

)
Sl

which is easily seen to be in perfect agreement with the Frobenius characteristic of
(MBE‘] N MHZD N MEH)

as may be put together from our tables giving B''!'. Similarly, from 2.24 we derive that

o= (i - 1)/ (4 - 4

2 HLIl —
P 321
Which is again easily seen to agree with our table for B0,

ﬁBﬂ] - ¢*Sa1 + *(t + q) Sa11 + ¢°t Sa111

We shall see in the next section that divided difference formulas as in 2.24, 2.25 and 2.26 are but special
cases of a general identity giving the Frobenius characteristic of the intersection of any subset of the modules
M o), My, o, My
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3. GENERAL IDENTITIES

We begin by extending the arguments that gave 2.4 and 2.5 to the general case. Here and in the following
we adopt the same notational conventions we made in the introduction. We work with a fixed partition p
with m corners, with predecessors o1, &(®) . (™) ordered as we indicated in the introduction. We shall
assume that the SF heuristic is valid for g and that a basis B has been constructed with the required
properties.

Proposition 3.1  For every 1 < k < 'm there exists a Schur positive function @Lk) such that for all words
€= €169 €y with > " € = k we have
P o 3.1
meo He,:OE .

Proof. For a moment let us set

v = 179 3.2
with .
e = [z = ] 3.3
i=1 ;=0

This given, to show 3.1 we need only establish that ¥y, depends only on S €. Note that ife = 1111---1 =

1™ then we may take ®("™) := <I>Lm. In all other cases ¢ will contain at least a 0 and a 1. Choose a pair ¢, j
such that ¢; = 1 and ¢; = 0. Note that two applications of 1.30 yield that

Lili @, = @™ . 3.4
However, from the definition 1.28 we immediately derive that (if i < j)
TiTie = € --€-10€41 €1l €p1 6 = (4,4) €, 35

where (4, j) denotes the transposition that interchanges the i** and j** letters of a word. On the other hand
1.27 gives

€ € T €
1l ¢, = 1; (I l<I>u) = ?Z Py, . 3.6
Combining 3.4, 3.5 and 3.6 we get
1,7 )€ j} €
SR TR 3.7
Since & = 0 and €; = 1 we can write
o T
THDE = Lo
1;

Thus multiplying both sides of 3.7 by 7(7)¢ we finally obtain
gl = e @lEe = ¢ @5 = W .

Thus ¥}, remains unchanged when we arbitrarily permute the letters of €, proving the proposition.

To proceed we need some further notational convenions. To begin with, note that we can associate to
the word € = €je5- - €, the subset S = {1 <i<m:¢ =1}, Conversely, for S C {1,2,...,m} we let €(5)
be the word e such that ¢, = 1 iff i € S. This given, it will be convenient to set

=S ._ e( .S
T = @5
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We should note that this notation is consistent with the fact that

%) = F([ M0 [ M,) .
= j¢s

In the same vein we let

2% = F((1M.0) -

i€S
Note that since
M. = P M
i€s TDS
we deduce that
o2 = N 7T . 3.8
TDS

Proposition 3.2 For every subset S C {1,2,...,m} we have

" 1 1 1 1
§25 — dFe [_ Sy _] , ,
2 kz_o emok | T T T ;T 3.9

Proof. Using formula 3.1, the identity in 3.8 reduces to
< 1
25 _ k
ot = Y o0 X Il
k=0 TDS &|T|=k i¢T ~*
and this may also be rewritten as in 3.9.

It will be convenient to denote by X, the vector space spanned by the symmetric functions f]a(,) for
t=1,...,m. Insymbols

X, = L[Hyo, Hyey ooy Hyom)] 3.10
We will make extensive use here of the operator V, acting on symmetric polynomials, which gives
VH, = ThHy, (V). 3.11

Since it can be shown (see [7]) that the symmetric polynomials H, (A F n) form a basis (of the space of
hogeneous symmetric functions of degree n), formula 3.11 may be used as the definition of V.

We should note that, using the notation adopted in the introduction, we can write
VH,o = T, Hyw . 3.12

Note further that if @; and [; respectively denote the coarm and coleg of the cell we must remove from pu to
get o) then setting

z; = thig% (i=1,...,m) 3.13

we have
T, = T,/a; . 3.14
In particular we see that the monomials 77,75, ..., T;, are all distinct. This enables us to write every element

of 3, as a polynomial in V applied to a single element of X. In fact, any element

m
<I> = Z C]' Ha(j)
ji=1
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with all ¢; # 0 may be used for this purpose. However, the most convenient one is the element

o, = i( ﬁ | ﬁ) Hoo) 3.15

for, we have the following

Proposition 3.3 If

then

with

Proof. From 3.12 it follow that

I1 (1——) @ :( I1 7) II (1——2) How = Hue , 3.16
s=1,s7% Ts g s=1,s7% <1 o E/Ts) s=1,s7% Ts

and the result follows by linearity.

Surprisingly, it develops that ®, is none other than ®(") itself, namely the polynomial giving the
bigraded Frobenius characteristic of the intersection of the modules M u). More generally, we have the
following remarkable identities:

Theorem 3.1 Fork=1,..,m

k) = (V)" *ta, 3.17
and for any S C {1,2,...,m}
025 = H(1_z) o, . 3.18
, T g
¢S
We also have fort =1,..,m
~ U \V4
a) Hyo(z;q,t) = H (1—?) o,
s=1,s#1% 319

~ “ 11 1
by H.,o(x;q,t) = E o) ¢, [_ 4y
) al )($aQa ) ] € k T1 + T2 + + Tm

Hi=

Thus the ®*) form a basis for 3,. They may be also be explicitely computed by means of the following

formula:
m m

o) — Z( I1 ﬁ) (=T)™ % H,, . 3.20

j=1 “s=13s#j

Proof. TFormula 3.19 a) is 3.16 and 3.19 b) is the special case S = {i} of 3.9. This not only implies that
the ®*) are a basis for 3, but also that the matrix

1 1 1 m
em_k[ﬁ—i—.”—i—T_ B T]sz—l 521
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is non-singular. Expanding the right-hand side of 3.19 b) as a polynomial in V we derive that

N m B 11 1 1
How(wiq,t) = > (V)" F @y ey Tttt T 1
k=1 m t

Comparing this with 3.19 b) and using the non-singularity of the matrix in 3.21, we derive that 3.17 must
hold true for all £ = 1,..,m. This given, formula 3.20 follows immediately by applying (—V)™~* to both
sides of 3.15 and using 3.12. In the same vein we see that, using 3.17, 3.9 can be rewritten in the form

m—|5|

2 = Y (W a[T

k=0 i¢s

This gives 3.18 and completes our proof.

As a corollary of 3.18 we obtain a recursive way of computing ®, as well as any of the @55.

For given quantities y1, 42,3, . .. ; A1, A2, Az, ... we recursively set (for k > 2)
A[y1a~~~,yk;A1,~~~,Ak] — ylA[yla"'ayk—l;Ala"~aAk—1] - A[yZaaykaAZ,,Ak]yk
no— Yk
with ) M
Alyr, y25 A1, As] = e L (for k=2)

v — Y2

Proposition 3.4  For S = {1 <4 < iy <--- < i <m} we have

s Hoiny ooy Hyin] 3.22

Proof. Let T be a subset of {1,2,...,m} and let i be smaller and j bigger than any element of T', then
note that

FI0-P-F T 05 - (0-5)-30-9) 1 (-7)

5 5

b sgTu{i T sgTly; s¢Tu{i,j

¢Tuii} ¢Tudj} 1 1 o ¢Tulij} 393

- (= - = 1__)

(- 5) 07
sgTU{i,j}
Applying both sides to ®, and using 3.18 gives

1 » 1 , 1 1 -

2 prulil _ L g27u{s} (_ _ _) — @Tu{is} 924
(E H j} H / E j} H 3

and 3.22 follows by induction on k and our definition of the divided difference operator A.

Of course all of these expressions and identities can be viewed solely as part of the theory of Macdonald
polynomials. However, the SF heuristic associates a meaning to them which suggests manipulations, results
and conjectures that are difficult to predict without it. For instance, the case T' = () of 3.23 is

1 ~ 1 ~ 1 1 C
= fa — = Mo /(5 = =) = @20 2
(Ti (i) T M))/ T T i 3.25

and the SF heuristic states that the divided difference on the left-hand side must be Schur positive since it
should give the Frobenius characteristic of the intersection of the modules M) and M. Of course the
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further divided differences given by 3.23 should turn out to be Schur positive as well. Now these particular
facts can be verified by computer much more extensively and for much larger partitions than the partitions
for which we can carry out the verification of the SF heuristic. Although such experimental verifications give
support to the SF heuristic, more substantial support comes from results (predicted by SF) which we can
actually prove in full generality from within the theory of Macdonald polynomials. For instance, it can be
shown (see [4]) that for all A = j1"~/ and many other infinite families of partitions, the coefficients of Sy in
@Lk) is (as expected) in N[q,t]. In fact, Bergeron-Hamel derive many explicit plethystic expressions for these
coefficients from those given by Garsia-Tesler in [12]. To emphasize this point we will carry out a calculation
which supports part (v) of SF. This is the assertion that the dimension of of any k of the modules M, is
n!/k. The verification of this property is based on the following.

Proposition 3.5  For any S = {1 < iy < iy < --- < iy < m} we have

1 ~
2% — —— ) H,u 3.26
g .Z (.H 1—TiS/Tir) ot
;€S 1, €S8
i # i

In particular, under SF, the Hilbert series of the module ﬂle M, i,y is given by the rational expression

alts

1 ~
is€S8 i, €S B
iv 2 iy

Proof. Substituting in 3.18 ®, as given by 3.15 and using 3.12 we obtain

m 1 _
$25 = §:<,II Tiﬁiﬁf) [1(1-7/7) il
€8 j= 1 rg¢S

it

making the appropriate cancellations gives 3.26 and 3.27 follows by taking the n'* derivative of both sides
of 3.26 with respect to p;.

Of course, on the validity of SF, the expression on the right-hand side of 3.27 should evaluate to a
polynomial with positive integer coefficients and the dimension of the module ﬂle M, .y could then be
simply obtained by evaluating F'55(q,t) at ¢ = ¢ = 1. What we shall show here is that for any pF n+1 and

S of cardinality k& we have
!
lim Fos(q,1) = — 3.28
g—1 - ]C
Using one of the specializations computed by Macdonald in [21] (see [10]) it can be shown that for any

partition 8 = (81, 2, ..., Bi) we have

f]@(l‘;q,l) = H(q)@l h@l[lj_(—q] . 3.29

=1

where for any index s we set (q)s = (1 —¢)(1 —¢*)---(1 — ¢*). Assuming the row that contains the corner
cell we remove from p to obtain a(¥) has length a; we deduce from 3.29 that

Hoo(zi0,1) = Hy(s;0,1) (Qai—rha1[25] T (@aha, [2] 3.30

i=1
i#i
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where v is the partition obtained by removing from g all the rows that contain corner cells.

Now it is easily seen that
Tor /T |,—y = ¢ /0% .
Thus from 3.27 we derive

Qg

Fgg(q,l) = Z ( H qazsqj) 6;11"?&(15)(1‘;(],1). 3.31

,E€ES 4, €S
iy £ s
Note that if a3 + as + -+ @ — 1 = 7 then |y| = n — r. Let us set for a moment
Fyg,t) = 957 "H L(z;q,1) .
This given, applying 95, to both sides of 3.30 and using Leibnitz formula we obtain

L w1l Tl
apl Hoz(l)(xaQal) — (77,—7“)! F’Y(q’l) @ ! H

j i 3.32

n! - a;],!
- (n—r)! IO (H ol

j=1

lailq .

Where as customary, for any integer [ we set [{], = (1 — ¢")/(1 — ¢) and [{],! = (¢):/(1 — q)".
Setting 7 = 75 in 3.32 and substituting in 3.31 we may write
Fos(a,t) . ( 11 g ) (as,)
na (T B) . =g ) ail,
(n r)' 4 j=1 "aj! i,e€S 1,€8
iv 2 iy
Now we know (see [10]) that lim,_,1 F,(q,1) = (n—r)!. Moreover it is easy to see that all the ratios [a;],!/a;!

tend to 1 as ¢ — 1. Thus we see that the identity in 3.28 is a simple consequence of the following elementary
fact:

Lemma 3.1  For any distinct integers y1,ya, . ..,y we have

° Ys 1
hm (1—¢q) Z(H qys_qyr) o T % 3.33

Proof. We give a sketch of the argument since the details are easily filled. Our point of departure is the
partial fraction decomposition

k
s 1
1:[ _tqys Z( H qys_qyr) 1—tqys 3.34

s=1 1<r<k
TEs

Now the trick in proving 3.33 is to use the expansion

Ys 1 1 1
= ~ (1 —q¥)P 3.35
1—qv log. 1/q Z;p( )
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and noting that, since the term multiplying y;/(1 — ¢¥+) in 3.33 has only a pole of order k — 1 at ¢ = 1, in
calculating our limit we need only the first k& terms of the series in 3.35.

Since 3.34 gives that for any integer a > 0

k

q%* a L ys a+k—1
Z(H r_qyr)qys = hae ] = (TTITN) (e a1,
s=1 1<r<k

s

we see that 3.33 is reduced to showing that

(7T -

a a

However, this turns out to be an immediate consequence of the classical Gauss summation formula.

Our proof of 3.28 is thus complete and we have verified that property (v) of the SF heuristic is consistent
with Macdonald theory.

We terminate this section with three curious identities which, on the validity of SF, imply further Schur
positivity results.

Theorem 3.2
FV Mo = 300 e[t bob | = 3.36
.\/ ald Z # ¢ k T1+T2+ +Tm TlTZTm ’
i=1 k=1
S, Liliiv ) = v 3.37
Z m+1—k T T T, B :

Proof. We clearly have the decomposition

\n} M, = P M)

Sg {1’2’ ’m}
S£0
Thus .
F \/ Ma(l) = Z @;S
i=1 SCA{L,2,..,m}
S 40

m

1
=Y e % M-
E=L S C{1,2,..,m) i#s
15| = k

This shows the first equality in 3.36. For the second equality we note that we can write

o) e, [— 4. _] = V)R ®, e, [_ — 4. _]
; € kT1+T2+ —I-Tm ;( V) L € kT1+T2+ _|_Tm
M v o
= 1__) B m o
{2111( T - Ty Tm} H
vm
= _1m—1 ®
( ) Ty T, "



and the result follows from 3.17 for & = 1.

This given, applying V™! to the second equality in 3.36, and using again the equalities in 3.17 we get:

1
St el o AVARRY )
u €m—k T, + B +- T + 1

and 3.37 follows by rearranging terms and changing the index of summation.

To state our next result we need further ingredients. Let us recall that in 3.13 we have set z; = t'i¢%
with I; and a; denoting the coleg and coarm of the cell we must remove from u to get o(¥). We may refer to
r; as the “weight” of the ' “outer” corner cell of . We shall need here also the monomials

w, = thitig® (i=1,2,....m—1) 3.38
giving the weights of the “inner” corner cells. We shall also set

wy = /g, um = ¢/t oz = 1/tq 3.39

To appreciate the geometric significance of these weights, in the figure below we illustrate a 4-corner
case with outer corner cells labelled Ay, A5, A3, A4 and inner corner cells labelled By, B, Bs, Bj.

o4

Bo

Az

R
As

[ [l
By

0

B3

B,

We recall (see [7]) that one of the Pieri rules given by Macdonald may be written in the form

Op Hy = Z cu,,(q,t)ﬁ,,

v—u

where 0,, denotes the Hall inner product adjoint of multiplication by p; and v — p is to indicate that the
sum is to be carried out over the partitions v which immediately precede p in the Young order. In our
present notation we can write this identity in the form

m
6p1Hu = Z Cua(’)(Qat) H,¢ 3.40

i=1
It is well known and it is easy to show that if ¥ is the Frobenius characteristic of an S,, module M then 9,, ¥
gives the Frobenius characteristic of the module M restricted to S,_1. Thus, under the C' = H conjecture

the polynomial 61,1?]” should give the Frobenius characteristic of M, as an 5, _;-module.

Our next and final task in this section i1s to compute the expansion of this characteristic in terms of
our polynomials @Lk). This computation became possible only recently due to the discovery in [12] that the
Macdonald Pieri coefficients ¢, reduce to a remarkably simple form when expressed in terms of the weights
of the “outer” and “inner” corner cells of y. This result may be stated as follows.
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Proposition3.6  For any partition y with predecessors o'V, o(® ... o(") and corner weights xq, 1, ..., %,
Up, U, - . ., Up, given by 3.13 , 3.38 and 3.39 we have

m

"1 (us — i) =~
0 — s 0 H, 3.41
n Z_: g s 1 s;éz(xs - $Z) S

where for convenience we have set

M=(1-1/)1-1/q) . 3.42
The proof is given in [12] (see Proposition 2.4 there).

Combining this result with our expansions of f]a(,) we obtain the following remarkable identities.

Theorem 3.3  Under the same hypotheses

Oy, H, = %%{ﬁ(l—%us)—ﬁ(l—%%)}%, 3.43

s=0 s=0

or equivalently:

i Ei Emtl—k[To+  F &m] — emi1—p[to + -+ U] 3 44
= Tt (1-1/6)(1-1/q) '
Proof. 1t is easy to verify from the definitions 3.13 , 3.38 and 3.39 that we have
X1 Ty, = UQUL - - U - 3.45
Thus the expression
1 m m
;{ H(l—zus) —H(l—zxs)}
s=0 s=0
defines a polynomial in z of degree m — 1. Using the Lagrange interpolation formula at z = zq, 2, ..., 2y

we then get that

ITi, #i (1 < xs)
i=1  s=0 | (1 - xs/xl)

and this may also be rewritten as
1 { m ( m m 1 Hm_ (l°z . Us) m
- 1—zus)— (l—zxs)} = — =os=0 (1—,29:5) . 3.46
z 51:[0 51:[0 Z Zi Hs:l,;ﬁi(xi — ) H

Setting z = Tl and applying both sides to ¢, gives

{05 o) -TI0-Fo)}n - 3 2zl ] (- F e, o

1

Since z, /T, = 1/T, for s = 1,2, ..., m we see from 3.19 a) that

ﬁ (1—— )q> = . .

s=1,7#%
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Thus 3.42 follows by combining 3.41 and 3.47.
This given, note that expanding the products on the right-hand side of 3.43 we get

bl

~ Tu i(_z)m+l—kq)u 6m+1—k‘[u0 + 4 Um] - 6m+1_k[1‘0 + -4 xm]
k=1 TN

31Ha, = =
piat v (1-1/6)(1-1/4)

and 3.43 follows from the 1dentities in 3.17.

Remark 2. 3.1 Routine manipulations starting from the definition in 1.9 yield that {
(I1-1/)(1—=1/q) Bu(qg,t) = zo4+z14+ -+ Tm — U —UL—  — Up . 3.48

This given, we see from 3.44 that the coefficient of @Lm) =&, in 61,1?]” is precisely by B,(g,1).
A simple calculation based on Property (iii) of SF (see eq. 1.30) yield that for any k£ = 1,2, .., m we have

| ok T 3.49
w T Ty :
Note also that replacing ¢,¢ by 1/t,1/q in 3.48, and using 3.45, we derive that
(=01 =) Bu1/0.1/t) = o+t — = —— o
_ emlTo+ -+ xm] — em[uo+ -+ )
ToT1 T
Since zg = 1/tq and «; = T,,/T; we deduce that
Tﬁi_l e i fm1]/zs)(1 im1[7;)+ = T B0 0

Thus using 3.49 we see that we may write 3.43 in the form

O H, = Bu(g,0)®, + - + T, | Bu(g,1)®, . 3.50

Note that in the two-corner case there are no further terms and under the ' = f[—conjecture this identity
yields
Op, Culz;q,t) = Bulg,t)®, + T, ] Bu(g,t) ®, . 3.51

which is formula 1.35. Thus we obtain here the general case of an identity we first encountered with g = 32

(see 1.31).

We also see that the coefficients of ®(1) and ®(") in 3.43 are polynomials in ¢, ¢, 1/¢, 1/t with positive
integer coefficients. This is also true for the coefficients of the remaining ®*). The basic result here may be
stated as follows.

Theorem 3.4 If zg,21,..., 2, and ug,uy,...,u, are the corner weights of a partition then for any
k=1,2,..., m the expression

ex[ro+ -4 wm] — epfuo + - + U]

Bk t
P (¢,t) (1-1/t)(1-1/¢)

evaluates to a polynomial in q,t with positive integer coeflicients.

T See Proposition 2.3 in [12]
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Proof. We owe the following very simple induction argument to Glen Tesler. Note first that for m = 1 we
have
zo=1/qt, o =t"g™ ; wy=t"/q, u=q¢"/t.

Thus
/gt +1q" —t' /g —q* /t

(I=1/)(1=1/q)
Let us then assume the result true for all partitions with m — 1 corners. For a partition g with m corners
and weights given by 3.13, 3.38 and 3.39 we write (see 3.42)

BM(q,1) [+ 1] [ar + 1], .

6k[l‘0 +Xm—1 + xm] - ek[jO +Xm—1 + Um] ek[jO +Xm—1 + Um] - ek[UO + Um—l + Um]
M + M

k) _

B =
where for convenience we have set

Fo=t"lq 5 Xp_i=ax1+x2+ FTm_1, Un1=u +tus+ - +tm_1 . 3.52

Now we have

6k[l‘0—|—Xm_1—|—l‘m]—6k[i‘0—|—Xm_1—|—Um] _ Z 65[l‘0+l‘m]—65[i‘0+um] e [X ]
M — e M k—s m—1
— xo + xm]_wa — Um 6k—1[Xm—1]
= [lm + 1]t[am + 1](] ek—l[Xm—l] 5
where the second equality is due to the relation zgx,,;, = Toty,.
Similarly we deduce that
€k [jO + X1 + Um] — € [UO + Upmo1 + Um]
M
3.53

ek [Z0 4+ Xim—1] — enuo + Up—1] n er—1[T0+ Xpm-1] — ex—1[uo + Up—1]

- M M tm
Note that the auxiliary monomial Z; we introduced in 3.52 may be viewed as the weight of the cell Ay that
i1s immediately to the left of the diagram of g and is in the same row as the cell A, with weight z,,. Let
ji denote the m — 1-corner partition obtained by removing from g all the rows on or below the cells Ay and
Ay, . After drawing the diagrams of ¢ and f, a minute of reflection should reveal that the monomials

To T Tmo1 ug U1 Um—1
T T T T T i

bl

are none other than the corner weights of the partition .
This given, we can rewrite 3.53 in the form

€k [jO + X1 + Um] — € [UO 4+ Um-1 + Um]

i ¥ B, 1) 4w tE DI BE T (g 1)

In summary we have shown that
BI(q,t) = [l + Uelam + 1)y exo1[Xm1] + ¥ B (g, 1) 4+ up tF=0 B (g1
which proves the positive integrality of Bflk)(q, t) and completes our induction argument.

We shall see in the next section that the positivity of these coefficients expresses a remarkable combi-
natorial and representation theoretical process intimately connected with the SF heuristic..
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4. DISSECTING M, AS AN S,_1-MODULE

We have seen in section 3 that, at least in the case of the partition g = 321, it is possible to use the
bases B1¢2¢ to construct a basis which decomposes Mgs; into a direct sum of six left regular representations
of S5. In summary for each cell (¢, j) € 321 we constructed a basis [5;; as a union of bases B> then the
basis for M3s; was taken to be of the form

Bsn = | Bij(0) 05,00, Asor 4.1

(i,d)€321

Note that our construction yields that the space M;; spanned by the basis B;; is a direct sum of the
Ss-modules M®12¢5 and thus is itself an Ss-module. Using this fact, it is not difficult to derive that our
construction also yields the direct sum decomposition

M321 |55 = @ ﬂipAam(U) M” ’ 4.2
(i,j)6321

where for convenience we have set

Asoi(ij) = 0L 0% Az . 4.3

Te Yo
To be sure, the polynomial Agy1(75) is not one of our A,. Nevertheless it is an S5 alternant and this is all
that is needed for the corresponding flip map to have all of the properties we need. In particular, letting ®;
denote the bigraded Frobenius characteristic of M;;, we can deduce from 4.2 that the bigraded Frobenius
characteristic Csa1(;q,1) satisfies the equation

T
6p10321(l‘;q,t) = Z 321 lq)ij . 4.4

i
(e 1

Since for any partition u we have T, | Cy(z,¢,t) = Cpu(z,q,t), applying | to both sides of 4.4 and multiplying
by 1321 we derive that
Op, O (2;¢,1) = Z Py bt 4.5
(4,§)€321
Looking back at the display of bases B;; given in section 2, and using the notation we introduced in section
3, we can easily deduce that in this case

By = BB + T3121 (21 + 22+ 23)02) + - (2129 + z125 + Tow3) B

by = B 4 T;l (14 22+ 1‘3)@(2)

By = B 4 ﬁ (21 + 22+ 23)02) + Til (2125 + zows) @) 16
q)zo = (I)(S) + T3121 (l‘z + l‘3)q)(2) + ﬁ o3 q)(l)

q)ll = CI)(S) + T3121 xr3 (I)(2)

by = DB

To test the consistency of all our conjectures we should want to verify that substituting these expressions
for the ®;; in 4.5 we do obtain the same final expression for dp, Ca21(2; ¢,t) that can be computed by means
of 3.44. Taking account that in this case we have

xozl/tQa l‘lztz’ l‘zth, x3:q2a

Thoy = 13¢%;
321 5 uo:tz/Qa ulzta Uz =4, U3Iq2/t,

it can be somewhat tediously verified that, in fact, 4.5 and 3.44 do turn out to be in complete agreement.
We shall not do so here since, very shortly, we will prove a general result that includes this verification as
a particular case. The assignment of modules M;; that yields the Frobenius characteristics ®;; can best be
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visualized by representing each M;; by the appropriate union of pieces of the Venn diagram for y = 321 and
placing the corresponding figure in the cell (4, 7). This results in the diagram given below.

Upon close examination of the process that led to these choices of the modules M;; for the partition y = 321,
Mark Haiman and Nantel Bergeron put together a scheme for constructing an assignment of modules M;; to
the cells any Ferrer’s diagram. They conjectured that if y¢ is an m-corner partition of n, and the corresponding
bases B;; are made up of unions of the bases B*2"“» then the collection

B, = |J Bi(9).,0,A, . 4.7

Te Yo
(i,5)€n

should turn out to be a basis for M. Moreover, if ®;; denotes the Frobenius characteristic of M;;, then we
should also have that

Op, Culz;q,t) = Z ;5 tig . 4.8

(4,4)€p
This is of course in complete analogy with 4.1 and 4.4. Although we cannot prove any of this at the present
time, we are nevertheless in a position to show that their construction leads to a formula for 8,,C,(z; ¢,1)
which is in full generality consistent with Macdonald theory and the C' = H conjecture. To describe the
Bergeron-Haiman Algorithm, which here and after we shall simply refer as refer as the BH algorithm, we
shall use the same notation we introduced in section 3. The algorithm proceeds one row at the time starting
from the top row. The first step is to assign to each cell of the top row the module M;. Inductively,
the assignements for each row are obtained from the assignments for the previous row by exactly the same
proceedure. There are however two cases. Calling A and B the two successive rows, if they have the same
length then the assignments for B are the same as those for A. If A has length @ and B has length » and
¢c=0b—a>1 then let
Ay Ay, ... A,

be the assignments for the successive cells of row A (from left to right) and set

A forl<s<a,
Al = moM; fors<0, 4.9
{0} fora+1<s<b.

Then, the s cell (from left to right) of row B gets assigned the module

B, = A, V(A/_,NC) 4.10
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where C = M;) if the cell at end of row B is the it" corner cell of u. It is important to note that if
AiDAsD---DA,

then 4.9 gives that
Al DA, DDA, 4.11

and 4.10 yields that
B,2B:2---2B;

Since we start by assigning the same module to all the cells of the first row, we see that this process will
assign to each successive row a decreasing sequence of S,,_;j-modules each of which may be decomposed into
a direct sum of the modules Mf1¢2"¢m

Now, according to formula 4.5, if A is the j'* row of u , the contribution to 61,1?]”(1‘; q,1) coming from
the Frobenius characteristics assigned to the cells of row A will be #/ =1 times the polynomial

Li = FAL + ¢FAs + - + ¢“7'FA, 4.12
while the contribution of row B will be # times the polynomial
Lg = FBi + ¢FBy + --- 4+ ¢ 'FB; . 4.13

We need to know how to compute Lg starting from L4. Note that if M; and My are two S,-submodules
of a given S,,-module M then we necessarily have

F(M;VM,) = FMy + FM, — F (M; AM,)
This given, taking account of the inclusion A,_, D A/, we deduce from 4.10 that
FB, = FA, + F(A,_,nC) — F(A,nC)

Summing from 1 to & and taking account of 4.9 we get

a c b a
Lg = > ¢ 'FA, + D ¢ T'FC + > ¢ (A.nC) = > ¢T'F(ANC)
s=1 s=1 s=c+1 s=1
. 4.14
_ qc_l c_ s—1
= La + q_l}"C—i—(q DY ¢'F(ANC) .

s=1

We have seen in section 3 that the Frobenius characteristic of any direct sum of the modules M1 ¢™ may
be expressed as a polynomial in V applied to ®,. It develops that when we express L4 and Lp in this
manneer the terms corresponding to F (As NncC ) take a particularly simple form. To this end let II4 and
Il denote the unique polynomials of degree < m such that

La=M4(V)®, and Lp=Igs(V)d, 4.15

To compute g from I 4 according to 4.14, we need to make a precise assumption as to which corner cell is
at the end of row B. So let us suppose that it is the 7' corner cell so that B = M. In that case, we see
that the inductive process, expressed by the recursion in 4.10, forces all the modules B; to be direct sums
of the submodules

M= = M, AMJe) A AME

with the exponents ¢; taking the values 1,0 according to the conventions we made at the introduction. This
is because we assign M) to the top row, and in constructing the assignments for the row that contains
the i'" corner we only intersect with M, ). This given the crucial step in solving the recursion in 4.14 is
given by the following result.
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Proposition 4.1 If M is a direct sum of the modules M€z %=1 then its Frobenius characteristic is of
the form

FM = II(V)®,
with TI(z) a polynomial divisible by H]»>Z»(1 — 2/T}) and the Frobenius characteristic of M A My Is given
by the formula -

F(MAM,») = V)3, 4.16
with ()
1 —_— . 4.1

Proof. Clearly it is sufficient to prove the assertion for M = M %2""¢-1_ But in this case we have

1 1 1
M5152"'51—1 — @ @ @ M5152"'51—1771771+1"'77m

7;=0n;41=0 7:41=0

Thus, from 3.1 and 3.17 we derive that

1 1 1
F Meee6io1 — Z Z Z

771210 Ni+1=0 ni+1=0 j=1 J=t 4.18
YN l-; B \v4

= (%) "H0-7) =
j=1 4 j=i J

This proves the divisibility by H]»>Z»(1 — z/T;). Now, since
MEr€2 €1 A M(a,) — M-l

in the same manner we obtain that

F (Moo A M) = (E(%)l-%)(—;)l* (-7
() T0-5)/0-5)) o

Jj= J=

Comparing with 4.18 we see that 4.16 with 4.17 does hold in this case. This completes our proof.

If M is a direct sum of the modules M ¢ by a slight abuse of notation, we let Ip(z) denote
the unique polynomial of degree < m such that F M = Im(V)®,. This given, Proposition 1.1 has the
following beautiful corollary.

Proposition 4.2  If B is the row that contains the i'" corner of u then

m

¢° —z/T; ¢- -1 z
I =1 1—— 4.19
p(:) = Ta() T + q_lj_g#< 7
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Proposition F' rom 4.14 and 4.15 we derive that

e a

~1
Mp(V)®, = H4(V)d, + qq S le(V)® + (¢ 1) > ¢ laac(V)P, 4.20

o i=1

Since by assumption C = M, formula 3.19 a) gives
- z
Me(z) = J] (- =)
J=15#4

Recalling that the BH algorithm constructs As as a direct sum of the modules M1 “i=1 we can apply
Proposition 4.1 and obtain that

1
HASOC(Z) = HAS(Z) m .
Thus 4.20 yields
-1 “ z -1 - se
a(e) = W) + S0 T -2 + L (L)
i=1,j#% J b=

and 4.19 follows because from 4.12 we get that
Yot AL (z) = Tla(z) -
i=1

Note that, since the the BH algorithm keeps the same cell assignments when the row length doesn’t
change, the polynomial I14(z) will be the same as that constructed from the row that contains the (7 — 1)**
corner cell. Recalling our definitions of corner weights given in 3.13 and 3.38, we see that the monomial ¢°
appearing in 4.19 is none other than the ratio #;/u;_1. Moreover, since Thus if we change our notation and
denote I14 by II;_1 and IIg by II;, the recursion in 4.19 becomes

zifui1 — 2/ T; zifui—1 — 1 z
11, = II;_ 1— =) .
J=15#4
Recalling that we have T, /T; = z;, we may rewrite this as
2 1—wuj_q2/T, 1 r—u 19
11, = II;_ 1—a; 2/T,) . 4.21
(2) 1(2) i1 1 —xz; 2/T, * w1 q—1 H ( w7/ u)
J=1,j#1
To solve this recursion, it is convenient to work with the expressions
Hi z T,
Li(z2) m<—“) (for i=1...m ), 4.22
H]’:l (1 - Z)
so that 4.21 reduces to
i 1—u I @ — 1
Ti(2) = Ti_i(z) — il it . 423
Ui l1—m;z Ui—1 ¢g—1 1—w;z

Standard methods of the theory of difference equations yield that the solution of this recurrence may be
expressed in the form

Ii(z) = aTW(2) + I'P(2) . 4.24
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where Fgl)(z) and ng)(z) are respectively solutions of the homogeneous and non-homogeneous equations,
and a 1s a constant that is the determined by the initial conditions. Now, it is easily verified that we can
take

i 1—u;_ 1—u, 1
POy = o Lowice Lowe ey L
Ui 1 U, 1—x;z 1— 212 1—¢q
Substituting this in 4.24 gives that
1 1 —u,z 1
r = — . 4.25
1(2) auo 1—x2 + 1—gq

Now since the BH algorithm assigns M) to every cell of the top row, and

m

FM,o = [[(1=V/T)2,

ji=2
we must have

M(z) = (1+q+¢*+-+4¢*) H(l_ij/Tu) ,
ji=2

where a; is the coarm of the 1%¢ corner cell and therefore a; + 1 is the length of the top row. Thus, since
gt =21 /u, , 4.22 gives

r(z) = 1 ue— 2 1 496
e = Uy l—gq 1l—z1z '
Equating the righthand sides of 4.25 and 4.26 and solving for a gives
1
a = ——
l—g¢
Using this in 4.24 we finally obtain that
1 xr; 1 1—wu;_qz 1 —uy,z 1
Iy = -—— — = . 4.27
(2) 1—q ui_q u, 1—a;z 1—x12 1—¢q

Note that from our notation t it follows that there are exactly I; — ;11 rows that have the same length
as that which contains the i*" corner cell. Thus, under the BH algorithm, each of these rows contributes to
the right hand side of 4.4 a term of the form ¢*II;(V)®, with ;11 < s <.

In summary the BH algorithm yields that

Spy Hy(w;q,1) = Z it (1+t+'~~+tl’_l’+1_1) I;(V)®,

i=1

m 4.28
1
— ﬁ t1+ll+1 ( 1— tll—ll+1) Hi(V)%
i=1
Note that since t'*'m = 2., /u,, and ¢'i=l+i = z; /u; we may rewrite 4.28 as
~ 1 " Tm Tig1 xr;
Oy Hu(x:q, 1) = —— S 2m (1——)HiV<I> : 4.29
py Hu(5q,1) 1—t,1um Wit U V)@,

1=

 Recall that the exponent [; in x; = t'i¢% gives the coleg of the i'" corner cell
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Now, 4.27 gives that

(- Dot B () =

Uj41 Ug
_ _me...x”l (1_ﬂ) i 8 1—ui_1z.”1—uoz 4.30
= um Uiy w; /Ui U, 1—ux;z 1—x2
"z x x
m i+1 g
by I (g
Um o Uig u;

Calling, for a moment, S; and Sz the first and second sums on the righthand side, and recalling from 3.45
that zox1 - T = Uptty - - - Uy, We ay write

U i\ 1—ui- 1 —u
5, — _Zz_(l_i) U1z UpZ

— Uz 1— 22 1—x2
_ i u; 1—u;_qz 1—u,z " r, 1—u;_q1z 1 —uy,z
o = o 1— 22 1— 212 = o 1— 22 1—x12
1 i (1 —wuz) (1 —upz) n (1= wjm12) (1 — up2)
O x,z = (I—wiz) (1 —212) — (1—wi—12)-- (1= 212)

1 1—uy, (1 —u,
_ (1= umz) (1 —upz) C (- ue)
2oz | (L= amz) -+ (1 —u12)

m m
_ Tm Tit1 Tm i
Sz = Zu_u— B Zu_u_
i=1 ™ itl i=1 ™ E
_ Tm T U _ (1 —uoz) — (1 —w,2)
U, Uy x, ok

Using these expressions for S; and Sz in 4.30 gives

i B L B e e e SR (RO

Thus from 4.22 we get (recalling that z, = 1/qt)

Z:;z_:zi (1-3)me) = (1_1/t)1(1_1/q)%{n(1—um%> B Ho(l—mTiﬂ}

So that 4.29 becomes

O Halwia,t) = <1—1/t>1<1—1/q>%{g(1‘“i ) - [ I

which is in complete agreement with 3.43. It is indeed remarkable that these two quite distinct paths lead
exactly to the same formula. In fact, in this section we have basically deduced it only from the combinatorics
of the BH algorithm. On the other hand, in section 3. we made heavy use of Science Fiction identities as
well as various identities of the theory of Macdonald polynomials. This yields simultaneous support to the
BH algorithm, the SF heuristic and the C' = H conjecture. Since it all fits together so well, it is difficult to
believe that 1t results from purely accidental circumsances.
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Needeless to say, the BH algorithm applied to any of the special cases we have studied in this paper
does produce a basis for the corresponding module M,,. It may be also successfully applied to some infinite
family of partitions. As an instance in point we shall treat the case of 2-corner partitions. So let p have [,
rows of length a and {; rows of length b with ¢ = b—a > 0. Let ¢ be a partition of n+1 and « and 5 denote
the two partitions of n obtained by removing one of the two corners of y. More precisely, we set o = a'e~1b%
and 3 = a'«b"»~1. Moreover, let us decompose the diagram of y into 4 parts as follows:

For ¢ > a l l l
<7”< +a
ver = {9 TSI S
0<r<l
s = {9 (220
0<r<l
MID = (r,s) : a_<5<z}
0<r<l
ovt = {(r,s)' c_<5<ll;
and
For c<a
L <r<ly+1,
ver = {9 TSI S
0<r<l
s = {re s (T 10
0<r<l
MID = <(r,s) : c_<5<2}
0<r<l
oUuT = {(r,s): a_<5<ll;

Now let Baup be a basis for M, V Mg, let Baqnp be a basis for My, A Mg and let B | 5 denote a collection
whose flip with respect to Ag forms a basis for the submodule ML A Mj. This given, we have the following
result.

Theorem 4.1 If the n! conjecture holds true for o and 3 and the intersection of the two modules M, and
Mg has dimension n!/2 then dimM, has (n + 1)! dimensions and a basis for M, is given by the collection

Bo = > {005,050 }bEB 4.31
(r,s)ep ne

with the following choices:

B, =Ba for (r,s) e UPR ,
By = Baug for (r,s) € INS and By =By.Lng for (r,s) € OUT
while for (r,s) € MID

Brs =

)

{BB when ¢ > a

Bas when ¢c<a
Proof. 1t i1s not difficult to see that the BH algorithm yields precisely the choices indicated above except
that for (r,s) € OUT it gives B, ; = Banp. Of course if we assume the validity of the SF heuristic then

a choice is guaranteed to exist for a Banp whose flip with respect to Ag is in fact a basis for Mf; N Mg.
However, in the two corner case, we need not assume anything more than dimM, N Mg = n!/2. Since a
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simple count shows that, with these choices, B, has (n+ 1)! elements, we need only show that for any choices
of b, , € L[B, ;] we cannot have

ST b (0,05, Ay = 0 4.32
(TVS)EM
without b, , = 0 identically for all (r, s) € . Proceeding as we did in the several examples we have previously

considered, we can derive n+ 1 equations from 4.32 by equating to zero the coefficients of x:f_l_lyff_l_l for each
(70, 85) € pt. These equations are all of the form

Z b(rlvsl)(a)Drl‘l'roysl‘l'so =0 4.33
(r',s))en
(r'+ro,8'+s50)EN
where D, ; denotes a suitable multiple of the cofactor of the monomial z} , ¥;,; in the matrix whose
determinant gives A,. For convenience let us write (v, s') < (r,s) if and only if (+',s") # (r,s) and ' < r
and s’ < s.

Now, a close examination of few special cases reveals that the equations in 4.33 may be successively
solved to yield one of the following four types of conditions

(1) For a b, , with (r,s) € INS: (after showing that b, ,» = 0 for all (+/,5") < (r,s))
by s(0)An =0 and b, ,(0)As =0 4.34
(2) For a b, , with (r,s) € MID: (after showing that b, ,» = 0 for all (+/,5") < (r,s))
bys (DA =0 ifec>a
4.35
bys ()AL =0 ifec<a
(3) For some b, , with (r,s) € UPR: (after showing that b, ,» = 0 for all (+/,5") < (r,s))
by s (0)As =0 4.36

(4) Alternatively, for a pair by, s, by, s, With (r1,s1) € UPR and (rq, s2) € OUT
(after showing that b, ,» = 0 for all (#',s') < (r1,s1) and for all (+';s") < (2, s2))

brl,sl(a)Aa + br2752(8)A@ =0 . 4.37

Now in any of the cases (1), (2), and (3) the condition forces b, , = 0. For instance in case (1), the
choice B,, = Baup yields that b., € M, V Mg and at the same time the condition in 4.34 yields that

by s € (Ma V M@)J—. Thus b, , must be orthogonal to itself and therefore it must identically vanish. The
conclusion in the other two cases are similarly obtained since the corresponding choice of B, ; combined with
4.35 or 4.36, as the case may be, forces b, , to be orthogonal to itself and therefore equal to zero. In case
(4), since B,, s, = Ba, the polynomial b,, ,,(0)A, may turn out be an arbitrary element of M,. So the
only way to force b,, 5, to vanish is to assure that 4.37 forces b,, ;,(0)A, = 0, and that will certainly be
forced by 4.37 if b,, 5,(8)Ag € ML. Now the latter is guaranteed by our choice of B = B p forall
(r9,82) € OUT. This completes our proof.

72,52

We should note that the role played by the condition dim (M., A Mg) = n!/2 in the above proof is
simply to assure that the orthogonal complement of M, AMpg in Mg has also dimension n!/2 and this is the
additional condition that needs to be satisfied so that in the final count B, has exactly (n + 1)! elements.

There are a number of other identities and conjectures that may be derived from the SF heuristics, these
will be included in a forthcoming joint work with N. Bergeron, M. Haiman. and G. Tessler [3] where many
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of the identities derived here are shown to have a remarkably suggestive combinatorial interpretation. We
should also refer the reader to the work of C. Chang [2] where Theorem 4.1 is used to give a unified proof
of the n! conjecture for hook, two-row and two-column shapes.
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