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A random ¢, t-hook walk
and
a Sum of Pieri Coefficients

A.M. Garsia *) and M. Haiman )

ABSTRACT.

This work deals with the identity B,(¢.t) = 3°,_,, ¢uv(q,t). Where, B,,(q,t) denotes the biex-
ponent generator of a partition . Thatis, B,(g,t) = 3¢, q¥ '), with a/(s) and I(s) the co-arm and
co-leg of the lattice square s in y1. The coefficients c,,, (g, t) are closely related to certain rational functions
occuring in one of the Pieri rules for the Macdonald polynomials and the symbol v— p is to indicate that
the sum is over partitions v which immediately precede p in the Young lattice. This identity has an indirect
manipulatorial proof involving a number of deep identities established by Macdonald in the original paper
[11]. We show here that it may be given an elementary probabilistic proof by a mechanism which emulates the
Greene-Nijehuis-Wilf proof of the hook formula [9].

Introduction
Given a partition ;. we shall represent it as customary by a Ferrers diagram. We shall use

the French convention here and, given that the parts of y are i1 > py > --+ > g > 0, we let the
corresponding Ferrer’s diagram have y; lattice squares in the i*" row (counting from the bottom
up). We shall also adopt the Macdonald convention of calling the arm, leg, co-arm and co-leg of
a lattice square s the parameters a(s),l(s),a’(s) and I'(s) giving the number of cells of x that are
respectively strictly EAST, NORTH, WEST and SOUTH of s in p. We recall that Macdonald in [11]
defines the symmetric function basis {P,(z;¢,t)}, as the unique family of polynomials satisfying
the following conditions

a) Pa=Sy+) Su&unla:)

pn<A

b) (P, Pugt = 0 for A#p
Where (, )4+ denotes the scalar product of symmetric polynomials defined by setting for the power
basis {p,}

—qgPi . 5
(Poc s Py )a = {ép IL =5 i)ftﬁ(ellfw:isiw = pand

where z, is the integer that makes n!/z, the number of permutations with cycle structure p. Mac-
donald shows that the basis {Qx(x; ¢,t)}, ,dual to {P,(x;q,t)}, with respect to this scalar product,
is given by the formula

Qxr(z;9,t) = da(gt) Pa(z;q,t)
where

dx(g,)

() Work carried out under NSF grant support.
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and
ha(g,t) = [J—g»@&H 0w (g ) = [ —g»@Hn®) 11
SEA SEA
Macdonald sets
Ju(@0,t) = hulg,)Pu(z;9,1) = h(q,0)Qu(x;q,1) 1.2

and then defines his ¢, t-analogues of the Kostka coefficients by means of an expansion that in A-ring
notation may be written as

(259,1) Z SAX (1 —1t)] Kaulg,t) 1.3

This note is concerned with the modified basis { f,,(z; ¢,t)},, defined by setting
Hy(x3q,t) st ) Kl t) 14

where we have set
Knulag,t) = Kyulg, 1/t)t"® L5
with

z lu(*)

sep

To this date it is still an open problem to prove that the K,(q,t) (and the K ,\u(q7 t) as well) are
polynomials with positive integer coefficients. In [2] we have conjectured that f,,(x; ¢, t) is in fact
(for a given p + n) the bivariate Frobenius characteristic of a certain S,,-module H,, yielding a
bigraded version of the left regular representation of S,,. In particular this would imply that the
expression

Fu(Qvt) = Zf)\ k)\u(q,t)
A

should be the Hilbert series of H,,. Here, f) denotes the number of standard tableaux of shape .
Since Macdonald proved that
Ky (L) = fr, 1.6

we see that we must necessarily have

Fu(1,1) = > ff = nl L7

A

According to our conjectures in [2] the polynomial
Opy Hyu (30, 1)

should give the Frobenius characteristic of the action of S,,_; on H,,. Using the fact that the operator
Oy, isin asense (*) dual to multiplication by the elementary symmetric function e;, we can transform

(*) This will be made precise in section 1.
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one of the Pieri rules given by Macdonald in [12] into the expansion of 8,, H u(z; ¢, t) in terms of the
polynomials f,,(z; g, t) whose index v immediately precedes 1 in the Young partial order. More
precisely we obtain

Op Hu(w;0,8) = Z (g t) Hy(x;9,1) 1.8
-
with L (s) (s)+1 (s) _ ¢lu(s)+1
t“siqaﬂs qa},s 7t"s+
ewat) = 1l wo—mon Il mo—mom 9
SER L/ S€CL/w

where R/, (resp. C,,/,) denotes the set of lattice squares of v that are in the same row (resp. same
column) as the square we must remove from  to obtain v. This given, an application of d},"" to
both sides of 1.8 yields the recursion

Flt(qst) = Z Cu"(‘]st) Fu(qrt) ; 1.10

v—p

which together with the initial condition F{;)(¢,t) = 1 permits the computation of extensive tables
of F,(q,t). Of course all the data so obtained not only confirms the polynomiality and positive
integrality of the coefficients of F), (g, t) butexhibits some truly remarkable symmetries under various
transformations of the variables y, ¢ and . The temptation is strong to try and deduce some of these
properties directly from the recursion in 1.10. In particular, we should want to construct pair of
statistics a, (o), B,(0) on permutations o € S,, yielding

Fulg,t) = Y g I
o€Sn

Unfortunately, the complexity of the coefficients ¢, (¢, t) turns this into an arduous task. The present
work results from a systematic effort to understand as much as possible about the mechanism which
results in the polynomiality of F),(g, t) inspite of the intricate rationality of the recursion.

The idea that a “hook walk” of sorts is involved here stems from noticing what takes place
if we successively make the substitutions t—1/¢ then t—¢. To this end, setting

Gu(q) = (Fu((b 1/t> tn(u))ltﬂq

routine manipulations yield that the recursion in .10 becomes

Gul@) = Y Yule) Gula) , 112
i
with o e
1 — ghuls 1= ghuts
'Ylw(q) = H 1— qh.,(s) H 1— qh,,(,;)
SER ./ s€CL/w
where

hu(s) =1u(s) +au(s)+1  and hy(s) =1,(s) +ay(s) +1
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However, now these coefficients v, (¢) may be given a very revealing form. Indeed, since when s
isnotin R, or C,,, we do have

Bu(s) = Lu(s) + au(s) + 1 =1,(s) + a,(s) + 1 = hy(s)

we may write

q 1 e, (0 =)
1—gG) 7 1—g¢q e (1— ¢ ()

SER L/ +Cu/w

where the divisor 1 — ¢ compensates for the fact that ; differs from v by a corner square (of hook
length = 1). Using the notation

- 1—qg"
=1 . m—1
[mlq tq+tg T
we can finally rewrite the recursion in 1.12 in the form
Guld)  _ Gu(a)
Hseu[h/‘(s)]q v—p H‘sEy[hU(s)]q

This means that the expression G ,(q)/ [ I, [hu()]q satisfies the same recursion as the number of
of standard tableau f,. Since the initial condition is G(;) = 1, we deduce that for all partitions 1. we
must have
Gu@) = fu [T1hu()la 114
sep
This identity, which was noticed by Macdonald in [12], points out the order of difficulty of finding
a pair of statistics yielding 1.11. Indeed, once that is done, the specialization that sends F},(q,t) to
G, (q) would deliver a g-analogue of the hook formula.

The derivation of .14 suggests that the coefficient c,,, (¢) is some sort of ¢, t-analogue of the
ratio h,/h,, where h,, and h,, denote the hook-products for y and v respectively. This given, the
recursion in 1.10 may be viewed as a ¢, t-analogue of the identity

n! = Z Z—”(n—l)!‘
=

Dividing both sides of this identity by n! we get

which is precisely what Greene, Nijenhuis and Wilf prove by means of their random hook-walk.
We shall show here that an appropriate g, t-extension of their argument yields a probabilistic proof
of the identity
1
- - (@) 115
e 2, 0

v—p
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where
Bu(g,t) = > thh)geu 1.16

SEN

The contents of this note are divided into three sections. In the first section we give the
original argument that led us to discover this identity. We also give an alternate proof which
indicates the close relationship that I.15 has to certain special properties of the coefficients K an(a:t)-
In the second section we introduce our g, t-hook walk and show that it yields 1.15 as desired. In the
final section we state a number of closely related identities and suggest possible extensions of the
present work.

1. Manipulations

Our presentation here relies heavily on A-ring notation and we shall begin with a brief
description of this device. The reader is referred to [1] and [8] for further details. If P and Q are a
symmetric polynomials and @ has positive integer coefficients, then by P[Q] we mean the symmetric
polynomial obtained by interpreting @ as a multiset of monomials A and literally substituting the
elements of A for the variables of P. Note that if P = pj, (*) this operation reduces to setting

pel@ = Y o

acA

This given, to compute P[Q)] in full generality we simply expand P in terms of the power basis
Z CpPp »
P

and then set

> IIrelal- 11

This is usually referred to as the plethysm of ) into P. A-Ring notation simply extends plethysm to
the case when @ is allowed to have negative as well as positive integer coefficients. To do this we
simply decompose () as a difference of two multisets Q = A — B then set

pelQ] = Z a* - Z br . 1.2

acA beB

This given, the computation of P[Q] may be again carried out according to formula 1.1. We should
note that the definition in 1.2 is motivated by the requirement that for any two polynomials @; and
Q2 we should have the two basic properties

Pel@1+ Q2] = pe[@1] +pe[@Q2] . Pel@1Q2] = pr[@i]pk(Q2] - 1.3

This definition can clearly be extended to the case when P as well as ) are symmetric formal Laurent
series. The convenience of this notation is mainly due to the fact that, because of the properties in

(*) The k*" power symmetric function
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1.3, many of the manipulations that are natural in the context of substitution are still correct for
A-ring substitutions.

To carry out calculations in Macdonald theory by this device we need to start by giving a
A-ring expression to the Macdonald kernel. To this end we define the basic Cauchy rational function

Q by setti
y setting o
pr/zp = cxp(z ?)7 1.4
P

k>1
where for a partition p = 1%12%2 ... n% we let z, = 1%12%2 ... n* oylay!- - a,!. This given, it is
easy to deduce from 1.1 and 1.3 that for any difference A — B of two Laurent multisets of monomials

we have 1
oAa-B = [] T IHa-». 1.

a€A beB

[S2

In particular, this gives that the Macdonald kernel

1—txy;q"
qf$y HHI—ZLqu

m>0 i
may simply be written as

Qalziy) = QXY =] . 1.6
where we set X = 21 + 22+ -+ and Y = y; + y2 + --- . Then the duality of the two bases

{Pu(x;q,t)}, and {Q,(x; ¢, 1)}, with respect to the scalar product (, ), translates into the identity

QXY L] = Y Pulwiat) Quizsgt) - 17

Using 1.2, this identity may be rewritten as

1 Ju(w;4,t) Ju(y; 0. 1)
WY = 2 ey

Making the A-ring substitutions X—X/(1 —t) and Y—Y/(1 — ¢) then yields that

O] = ¥ Tl 0t L5 a.1]
(1-t)(1—q) - hu(g,t) h:l(q,t)

Setting for convenience
Sl t] = Hu(zigt) 18

we get
Hy(w:9,t) Hu(y; ¢,t)
Q XY _ / / )
[(14)(1711)} Z (g, 1) hit(q.,t)

Note next that from 1.3 we deduce the Schur function expansion

H,(z5q,1 Z Sx(@) Kxulg:t) - 19
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Thus extracting the terms of total degree 2n in the variables z;, y; we derive that

Xy (xv )H (y;9,t)
bl =iig) = ks B D 1.10
== ; hu(a,1) 1, (a,1)

This leads us to our first basic identity.

Theorem 1.1
Vi3 f[ 1q,t
Cn[(l fg(}; )} _ Z (g, )~’ (Y3 ¢, 1) ) 111
2 hu(g.t) (0. )
where we have set
hu(a,t) = JL@@ =@y g = [0 —qn @y 1
sEN SEWN

Proof
From L.4 and .5 we get that

ﬁ#(m;q,t) = H,(z;q,1/t) - 1.13
Note further that the definitions in 1.1 give

hulg 1/1) = (1) hu(g. 1) /00
hu(g. 1/1) = hy(q.t)/t"®

This given, 1.7 follows immediately from 1.6 by replacing ¢ by 1/t and noticing that
hla=oa=g) = V" enla=hi=g)

Corollary 1.1

H,(z;q,t)
en|—5—] = — oy 1.14
Aic=e=nl ; @) 0.0

Proof
We simply evaluate both sides of 1.11 at an alphabet Y containing a single letter y; and note
that we have

en[antizg) = W enlamamg)  and  Hulyiat) = of
Thus 1.14 is obtained by canceling the common factor y}" from both sides of the resulting identity.

The basic result that ties formula 1.8 to the Stanley-Macdonald Pieri rules may be stated as
follows
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Theorem 1.2
For any v+ n — 1 we have

er(@) Hy(wiq,t) = Y Hu(239,t) duw(q,) x(v—p1) 115
pEn
where the symbol x(v—p) Is to indicate that the sum is to be carried out over partitions y which
immediately follow v in the Young lattice, and
ay(s) _ plu(s)+1 Ho(s) — qay(s)+1

_ q
dun(q:t) = H () — flu()+1 1) — qau(+1
SER /L $€CL/ L

1.16

with R/, (resp. C,;,) denoting as before the set of lattice squares of v that are in the same row
(resp. same column) as the square we must remove from p to obtain v.

Proof

This identity is obtained by taking one of the Pieri rules for the basis Py(z;¢,t) given by
Macdonald in [12] and translating it to the present setting by means of 1.2, 1.3, 1.8 and 1.13. The
details of this computation are given in [4] (see Theorem 2.1 there).

Corollary 1.1
With the same conventions as above, and for any ptn
Oy Hyu(a5q,t) = Z (g t) Hy(x;¢,1) 1.17a)
v—p

where the coefficients ¢, (q,t) are as given in 1.9. We also have

I A LA CR))
(g, 1) = C ~ i . 1.17b
WD = T00-0) Rl a0 :
Proof
Note that we also have the expansion
nola (-1
wloiteal = 2 Pl =001 )]

pEn

where k(p) denotes the number of parts of p. Combining with 1.11 we deduce that the two bases
{f{,i(x; q, t)/ﬁ“(q7 )}, and {I:I,‘,(:v:, q, t)/sz((L t)}, are dual with respect to the scalar product ( , ).
defined by setting for the power basis elements

{ 0 if p(l) £ p(2)
2o Ppl(1 = )1 = @) (=1)" 7+ if p) = p?) = p

Now a simple manipulation shows that we have

<pp<'> y Pp2) )

1
(Opy Pp) 5 Do) )i = [(EDIET) (Po) s PLPpe )
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In other words the operator 8,, is the adjoint of multiplication by p; /((1 —¢)(1 — ¢)) with respect to
the scalar product ( , ).. This means that the action of 9,, on the kernel

Cn [%]

as a symmetric function of the z; ’s has the same effect as multiplication of

en—1 [=i=g))
by p1(y)/((1 — t)(1 — g)). Using 1.11, this results in the identity

Zaleu(r(I7)~g(U(17)_ 1 H(’Qv)[
b (q,

= ¢ )1{) v(y30:t)
pEn h,‘,(q, ) ) (1_t)(1_q) vkn—1 hy, ( )h ( ) ’

Since p; and e; are one and the same we can use the Pieri rule in 1.15 and rewrite the right-hand
side of this relation in the form

1 ~
RHS = ————— H (z;¢,t) =—————=— H,(y;q,t) d,(q,t) .
=nt-a 1fq 2 @) ey ; 1) ()

Substituting this in the equation above and equating coefficients of H,,(y; ¢, t) on both sides gives

1 1
= = H (z;q,t) =————=—— du(q,t) .
hu(q,t) bl (a,t) (1*1 1—q) ;M ! hu(q,t) R, (g,t) " (@)

This establishes the recursion in 1.17 a) with

hy(a,t) B!
o) et @O EGD

1=t)(1~q) hy(qg, )h (g,t)
We leave it to the reader to verify that the expression on the right hand side of this formula simplifies
to the right-hand side of formula L.9.

Opy Hu(w 0, 1) =

1.18

Macdonald established the existence of the basis {P(z;¢,t)}x by characterizing it as the
eigensystem of a certain difference operator 9. Our polynomials H,,(x;¢,t) have an analogous
characterization in terms of the difference operator A; which in A-ring notation is given by setting
for any symmetric polynomial P(x)

AP = P — PIX+ 300919 X] |, . 1.19

Here the symbol |.. represents the operation of taking a constant term in a formal Laurent series in
the variable 2.

More precisely it is shown in [5] (Theorem 2.2) that we have
Theorem 1.3

Ay Hy(z39,t) = (1—-8)(1—q) Bulg,t) Hu(z;9,t) 1.20
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Sketch of proof

We first rewrite the Macdonald operator 9; in A-ring notation and compute its effect on
the basis J,(z; ¢,t). Using the relations 1.8 and 1.13 the result is then transformed into an identity
involving H,,(x; ¢, t). This done, formula 1.20 is obtained after a few straightforward manipulations.
This computation is carried out in full detail in [5] (see the proofs of Theorems 2.1 and 2.2 there).

The A-ring formula in 1.19 makes it convenient to compute the action of A; in a number of
special cases. In particular we can easily derive the following result which is basic in the present
treatment.

Proposition 1.1

Ay en,[7(17t§17q>] = e(x) e"’l[i(l—t))il—q)] 1.21

Proof
Note that for any two multisets of monomials A, B we have the addition formula

en[A+B] = > ex[A] eni[B]
k=0

Using this with A = =

=H=g and B = 1/z, from the definition 1.19 we immediately obtain

Ar gy = enlama=g] — 2 erlama=g] en-sll/Z1 Q= %] 2o 1.22
k=0

However, since

1 forn— k=0,
en—k[l/2] = {1/2 forn—k=1,
0 forn—k>2,
1.22 reduces to x < <
JANY Gn[m] = - Cn71[m] Q[*?] ‘z

et [ e1(a)
as desired.

An immediate application of this result is our
1% Proofof  B,(q,t) = X,_, cuwl(a:t)

Using 1.20 and 1.14 we can rewrite the left-hand side of 1.21 as

LIS — Z I:I“(.z';q,t) (1- tZ(l —q) Bu(q,1)
e hu(q,t)h}, (g 1)

On the other hand the right-hand side may be written as

RHS = % a@H,(4et)
vhn—1 hu (g, )R, (g, t)
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Applying 1.15 we can transform this into

RHS = Y Z 1 (@30,1) dw(a,8) x(v—p)
o hy(% Ol (q,t) 4

Equating LH S and RH S we derive the identity

Hyu(x;q,t)(1 — £)(1 — q)Bu(g, 1) 1
= H (z59,t ————— du(q. t)x(v—p) .
% hy(a:t)h, (4. t) Z m;l B (g, )R (g, 8)

Equating coefficients of H,(z; g, t) yields

[ R
i 0" 2 s Y

and our desired identity follows from 1.17 b).

An alternate proof of the identity is based on one of the specializations of P, (z; ¢, t) given
by Macdonald in the original paper [11]. When this result is translated into a specialization of the
polynomial H,,(x; ,t) we obtain an identity which, in A-ring notation can be stated as follows.

Proposition 1.2
=gt = J] (1 —ute@qul) 1.23
SEW

A detailed proof of this result can be found in [5] (Corollary 2.1).

Corollary 1.2
Fork=0,...,n—1 and all 4 = n we have
f(l’“n—k,u(% t) = ek[B/t(q7 t) - 1] 1.24
in particular B
a) Ky, .(q,t) =1
b) {(lkn—lk,p(% t) = Bu(g,t)—1 1.25
¢) Kin (g, t) = (g i)

Proof
The identity in 1.23 combined with the expansion in 1.4 gives

NSt —ul Kaulgt) = J] (1 —uth@qm) 1.26
A

SEN

Now it is easily shown that S)[1 — ] fails to vanish only when X is a hook. More precisely we have

(—u)*(1—wu) if A=1*n—k for some k<n
Syl—u] =

0 otherwise
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Using this in 1.26 and cancelling the factor 1 — u from both sides we get

n—1

S (w)f K@ t) = ] @7 (0 —u it

k=0 sen

where the superscript (°) is to indicate that the product omits the factor corresponding to the corner
cell with a’ = I’ = 0. This given, 1.24 follows by equating coefficients of u*.

We are thus in a position to give our

2" Proofof  Bu(q,t) = X, ., cu(a:t)
Note that 1.4 and a) of 1.24 (with n replaced by n — 1) gives that for any v - n — 1 we have

<I~Ju7 Sn—l) =1

where here the angles ( , ) are to represent the customary Hall inner product of symmetric polyno-
mials. Thus, using I. 8 we may write

Z («’;w((bt) = <8p1ﬁu 5 Snfl> . 1.27

v—p

Now it is well known and easy to show that the adjoint of the operator 9, with respect to the Hall
inner product is multiplication by p;. From this and 1.4 we finally deduce that

Z C;w(‘]vt) = <Hu-, P1Sn-1) = <I:Iu7 Sn+sn—1,1> = R’H,M(q1t)+[~{vﬂr—l,l,ﬂ(qﬁt>

v—p

and our identity follows from 1.25 a) and b).

2. The ¢, t-hook walk
We shall start with a brief review of the Greene-Nijenhuis-Wilf proof of the identity

lL 3 % 2.1
D

To simplify our language we need to make some notational conventions. To begin with we shall
hereafter identify a partition p with its Ferrers diagram. We should also recall that the hook of a
cell s of p consists of s together with its arm, whose length we have denoted by a,(s) and its leg
whose length we have denoted by [,,(s). Since we use the French convention of depicting Ferrers
diagrams, the arm of s consists of the cells of ;¢ which are strictly east of s and the leg consists of the
cells of p which are strictly north of s. Likewise the coarm and coleg consist of the cells respectively
strictly west and strictly south. We shall often use the words arm, coarm, leg and coleg to refer to
their respective lengths. We set h,(s) = 1+ a,(s) + 1, (s) and refer to it as the hook length of s in p.
We shall also set, hy, =[], hu(s). When v immediately precedes y (which we have expressed by
writing v— ) it will be convenient to denote by /v the corner cell we must remove from /4 to obtain
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v. A cell s with coarm a’ and coleg I’ will be represented by the pair (¢’ 41,1’ +1). If s = (x,y) and
s’ = (2/,y') we shall write s < s’ if and only if # < 2’ and y < ¥’ and s <= &’ if and only if z < 2’
and y < y' . The collection of cells that are weakly norrh-EasT of s will be denoted by N E(s) and
referred to as the shadow of s. That is

NE(s) = {s : s<=5"}

We shall also express the inequality s < s’ by saying that s is covered by s’. Here the symbols R,,/,,
and C),/, will have the same meaning as in the introduction, but in addition, for a given cell s we
shall denote by R/, (s) and C,,/,, () the cells of R, /,,
that both R/, (s) and C),/, (s) are empty when 11/v is not in the shadow of s. When /v is in the
shadow of s we shall denote by r[s] the element of R

and C,,/, that are strictly norTs-EAsT Of 5. Note

/v U{n/v} thatis directly norra of 5. Likewise

c[s] will denote the element of C,,,, U {y/v} that is directly east of s.
Given p b n, the basic ingredient in [9] is a random walk Z1, Zs, ..., Z,,, ... over the cells
of 11 which is constructed according to the following mechanism.

(1) The initial point Z; = (z1,y1) is obtained by selecting one of the cells of ;1 at random and
with probability 1/n.

(2) After k steps, given that Z;, = s,

(a) the walk stops if s is a corner cell of 1

(b) if sisnot a corner cell, then Zj,; is obtained by selecting at random and with equal
probability ;—t— = 71— one of the cells of the arm or the leg of s in 4.
Greene-Nijenhuis-Wilf establish 2.1 by showing that for any v— the quantity 1 % gives the prob-
ability that the random walk ends at the corner cell yi/v. Denoting by Z.,q the ending position of
the random walk, we may express this by writing

1h
P|Zeng = p/v] = ;h—‘: . 2.2

Clearly, if the random walk starts at the cell s then it can only end on a corner cell that is in the
shadow of s. In fact, the G-N-W proof yields that for s < /v

s = 22221 = hu(r[slnflhu(c[ibflTERIJU(S) o AL Rl
for [s] = /v 1 -
PlZena = v |Z1 =] = chcg(s) }LL((;) 2.3r
and for cls] = u/v
PlZuna = /v |2 = 5] = ngy(s) 2 23¢
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This given, 2.2 follows from the identity

PlZena=pfv] = . PlZ1 =5 P|Zena=p/v|Z1=5] . 2.4
s<=p/v

Remarkably all of this has a complete ¢, t-analog in our setting. As we shall see, our proof of

Bu(g,t) = > cula,t) 2.5

=
brings to light the finer combinatorial mechanism that underlies the G-N-W argument.

In order to use the probabilisticjargon in our argument, it is necessary to view the parameters
¢ and t as positive numbers. In fact, it will be convenient to let 0 < ¢ < 1 and ¢t > 1. However,
the trained combinatorial eye should have no difficulty seeing that this condition is totally artificial.
In fact, it can be completely done without by viewing each random walk as a lattice path and its
probability as the weight of the path. In this setting ¢ and ¢ may be left as they should be, namely two
independent indeterminates. From this point of view our proof may viewed as a modification of
the G-N-W proof obtained by simply changing weights. Nevertheless, the probabilistic jargon is too
convenient to give up at this point and we shall use it at first leaving the combinatorial implications
to our final comments.

Following the G-N-W scheme our random walk may be described as follows.
@—1yy—1

(1) The initial point Z is obtained by selecting the cell (z, ) of yu with probability 45—

(2) After k steps, given that Z;, = s = (z,y),
(a) the walk stops if s is a corner cell of ;
(b) if s is not a corner cell then Z; 11 is obtained by selecting

(i) the cell (z,y + j) of the leg of s with probability ¢/~ %
(ii) the cell (z + i, y) of the arm of s with probability ¢'~! w%
Note that the probability of Zj,1; landing anywhere in the leg of s is given by the sum

bu(s) au(s
i: R i Gl VRS
tl“(s) _ qa”(s) q

thu(s) — 1

= tl“(s) _ qa“(s)

and the the probability of Zj landing anywhere in the arm of s is given by

au(s)
- = tl“(s)(l —q) S 1— qa‘”(S)
gt thu(s) — ganls) thu(s) — gan(s)
and we see that we do have, as necessary
tu(s) — 1 1 — g

+ tlu(S)

g ) _
tlu(s) _ qa“(s) tl”(s) _ qau(s)
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Our plan is to prove 2.5 by establishing that for any v—p
PlZena = p/v] = m C;w(q’ t) . 2.6
It will be convenient to set for any cell s €

gt 1)
and B(s) = T g 2.7

(1 - q)

A = o e

This given, in complete analogy with 2.3 we shall show that
() _ qan(r)+1

P[Zemi = H/V ‘Zl = 5] = A(T[S])B(C[SD H () _ gau(r)+1 H
TER, /., (s) a CGC‘L/,,(S)

qu#(c) _ tlu(c)+1

g (@ — gL 28

The identity in 2.8 as well as 2.5 are almost immediate consequences of two elementary
combinatorial lemmas which are at the root of the G-N-W argument. The first of these is a lattice
path result which is interesting in its own right. Let L(h, k) denote the collection of lattice points

Llhk) = {(i,j) : 1<i<h+1,1<j<k+1}
Let P(h, k) denote the collection of lattice paths in L(h, k) which start at (1,1), end at (b + 1,k + 1)

and proceed by east and ~orrn steps. To be precise, a path © € P(h, k) is given by a sequence of
m = h+ k + 1 lattice points

T = {(ilvil)a(7:2:.72)7~-~$(im7jn1)} 2.9
with
(i1,1) = (1,1)
(is +1,Js)
(is41,Js41) =} or for 1<s<h+k
is, s +1)

(im>jm) = (h+1,k+1)
Giventwosets of weights, {a; ;} i=1.n41 and {b; ;} i-1.»+1 we define the weight of astep (i, j) — (i', 5')
—1.k+1 —1.k+1
by setting ’ J
L) =G+ 1) (MR

ai,j
w[(l])"(ﬂ],)] = . 2.10
bll_] if (l’_]/) — (Lj + 1) (A é‘VTUERPTH

then define the weight w(r] of a path = € P(h, k) to be the product of the weights of each of its steps.
More precisely, if 7 is as given in 2.9 we set

h+k
w[ﬂ'] = H w[(iSajs)*}(ierla]'erl)]
s=1
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Lemma 2.1
Let ay,as,...,ap and by, by, ..., by be fixed indeterminates and k be a fixed parameter. Let
the weights a; ; and b; ; be given by setting

ai+bj ai+bj
o Ly, o= Wt 211
T ik, Y T 1k
with ap4+1 = bg41 = 0. Then
1
wla, .., ap; by, ., by] = E wr] = ——m—— 2.12

ajas---ap byby---b,
reP(hk) 142 h U102 k

Proof
Note that our choice of weights {a; ;}, {b; ;} assures that we have

G b 213
i bi;j
This given, for h = k = 1 we have
1 1 1 1 ay by 1 1
] = —— 4+ —— = (L 4+ L = -
w[al, 1] ay ba b1y a1 ( a1 bi1 ) a1by a1by

So we may proceed by induction on m = h + h. Let it be true for m — 1 and for any set of
indeterminates. Since any path in P(h, k) must start with one of the two steps (1,1) — (2,1) or
(1,1) — (1,2) we must have,

1 1
wlar, . apsbr, byl = —— wlag, ., an;bi, . b)) + o wlar, .., an;b, ., byl
a1 b1,1
so by the induction hypothesis,
1 1 1 1
wlay,..,ap;by,.050 = — —m—7—— — 4 — ———————
[ wibu, - bl aj1 az---ap biby---by bi1 aiag---ap by by
a b 1
= ( A + 21 )
ai b1,1 ajag---ap biby---by

1
arag---ap biby - by .

This completes the induction and the proof.

Lemma 2.2
For any indeterminates ai,as, ..., a, and by, ba, ..., b, we have
n n
[J(ai+b) = > biba---bira; ] (ar+bi) + biby-- by 2.14
i=1 i=1 i">i
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Proof

This identity is obtained by expanding the product on the left-hand side and then combining
into the i** summand all the monomials which contain a; and do not contain a1, as, .., a;—1. We may
also prove 2.4 by an obvious induction argument.

To apply these two results to our ¢, t-hook walks we need to introduce further notation. To
begin with it will be convenient to briefly denote a hook walk Z1, Zs, . .., Zcy,q by the symbol HW.
To distinguish between the random variable HW and its values, we need to introduce the notion of
hook path. By this we mean a sequence of cells of

m={s1—83— —Smt1} 2.15
with
Sit1 in the arm or leg of s; for i=1..m
Sm+1 = p/v  for some v—p

For a fixed pair v—y, set u/v = (a/ + 1,1’ + 1). We will find it convenient to represent the
cells s <= p/v by their projections in R,,/, U{u/v} and C,,/, U{p/v}. More precisely we shall write

rls|=r
s=r,c] < and
cs]=c
Now let
R ={ri,r2,....,ra} SR,y and  C' ={c1,c2,...,c1} S Cppp 2.16

Where the elements of R’ are given in the left to right order and those in C” are given in the bottom
to top order. The set of cells s € p such that r[s] € R" U{u/v} and c[s] € C" U {pn/v} will be denoted
by gr[R’, C"] and referred to as the grid determined by the pair R’, C".

Note that when C” is empty then grid[R’, C'] is simply R’ U {u/v} and likewise, when R’ is
empty then grid[R’, C'] reduces to C" U {p1/v}. Now it is easily seen that to each hook path

7={s1=(z1,y1)—=s2 = (T2,¥2)—= ... =5m = (Tn, Ym)—= /v }

we can associate a unique grid gr{r] which may be defined as the smallest grid which contains all
the vertices of 7. To do this we simply set

R' ={reR,), :r=rlr] forsome 1<i<m}
gr[r] = gr[R',C"] with 217
C'={ceRyy :c=cly;] forsome 1<j<m}

Note that if we let n, be the number of cells of ;1 that are between s, and s then the probability
of the transition Z;— Zj11 according to our definition is given by

g™ A(sy)  if sg—sp41 isan EAST step

P[Zk+1:$lc+1 ‘Zk:S}c] = {tnk B(Sk) ifSk—>Sk+1 isa NORTH step
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Let us now define the weight of a hook path 7 (given in 2.15) as the product

m

wlr] = H W[Sk—Sk+1]
k=1

with

1—q
B(sk)
t—1

wsp—sp41] = 2.19

Alsk)  jf Sk—Sk4+1 iSan EAST step

if sy—sp+1 iSa NORTH step

Comparing 2.19 and 2.18 we see that if gr[r] = gr[R’, C’], with R/, C" as given in 2.16, and p/v =

(a’ +1,1' + 1) then the probability of a hook walk to result in 7, given that Z; = s; = [r1, ¢1] may be
written as

P{HW =7|Z =s1] = g ()= [l (en) =10 (1- q)‘R,‘(t — el wlr] . 2.20

This places us in a position to establish our first basic identity.
Theorem 2.1
If R and C" are as given in 2.16 and s1 = [r1,¢1] then

Plgr[HW] =gr[R,C") | Zy =s51] = g7 FbomlC T ap) [ B(@) 221

r"eR’ ceC!
Proof
Since
Plgr[HW] = gr[R,C'] | Zy =51] = > P[HW =7 |Z1 =s1] ,
grlm]=gr[R’,C’]
from 2.20 we get that
PlgrlHW] = gr[R,C') |Z1 = s1] = ¢RI eI (1_g) 171 (3_1)I"] > wlr] .

grlr]=gr[R',C’]
2.22

To evaluate the sum on the right-hand side we need only show that the assignment of weights in
2.19 satisfies the conditions required by lemma 2.1. To this end let s < p/v and set r[s] = r and
c[s] = c (see figure).

Lo

=

oo
I
11

B

| M(s)

r

Y

adﬂ

By —
s c

' a,(s)

|4
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Now a look at the figure above should reveal that the following identities hold true for any triplet

r,c,s with s = [r, [:
lu(s) = lu("') + lu(c) ,
au(s) = au(r) + au(c) .

2.23

For convenience set

1—q g ) t—1

(s)  qu®
1—g g t—1

&= =l—"rs i = =—-
A(r) thu(r) B(e) gl

s = =1-—— s =
& A(s) () g

os]

This given we have

1 g (s) g g© 1—¢,

T+ 126 = 4w = o X @ T+

from which we derive that

€ = &+ e - &+ e
s 9 s 1757‘

1+
This shows that the assignment of weights in 2.19 satisfies the conditions in 2.11 with k = 1
a = &, , by = 1

and &+
Ti Tle;
@ =) = gy, 0 T el = Tg

: i

So lemma 2.1 gives

Z wlr] = !

gr(r)=gr(R",C"] Eri&ry Ery MeyNey ey,

Substituting this into 2.22 and using the relations in 2.24 we finally obtain

h k
Plgr[HW] = gr[R',C") |Z1 = 5, ] = g TD=IR| glu(e)=IC| HA(”) HB(CJ') ,
i=1 j=1

which is another way of writing 2.21.

Remark 2.1
We should note that 2.21 is the ¢, t-analogue of the G-N-W identity
1 1
. — B S
PlgrHW] =gr[R,C"| Z1=51] = ][] o 11 o1 2.25
r"eR’ e’

Since in the G-N-W case the assignment of weight in 2.19 reduces to

1

wlsg—spy1] = m
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and the relations in 2.23 give
hu(s) =1 = hu(r)—1 + hu(e)—1,
we see that 2.25 is another instance of 2.12 with

a; = h,,,(?“,,)—l s b]' = h/l(0j>—1 and aij = b‘L] = h}},([riyc‘]‘])_l

Let us set for any partition y and any s €

ﬁL(S) _ tl”(s) _ qau(s)+1 , ;Lu(s) _ qa“(s) _ tl“(s)+1 .
Note that for any r € R, we have
(1 = q) () — gau(r)+1 b, (r)
CHAD St St T EmO g T 2.26
Similarly, for any ¢ € C,,;, we have
@Ot @ On ()
EHBO St T s T m e m T T e 2.27
v

We can thus state the following beautiful corollary of Theorem 2.1:
Theorem 2.2
For any s < u/v

Pl Zea=pfv|Zi=s] = AGs) B(s)) [[ (a+A@) ][] ¢+B). 228

r€R, /., (s) c€Cyyu(s)
Or, which is the same
hiu(r) hy(c)
Pllaa=plviZ=s] = vl Bel) T zo= I 3. 228
v c€Cuyu(s) Y

T‘ERH/V(S)

Proof
The first equality follows immediately by summing 2.22 over all subsets R’ C R,,/, (s) and
all ¢’ C C,,/,(s) and the second follows from the first because of 2.26 and 2.27.

The identities in 2.26 and 2.27 allow us to rewrite the coefficient ¢,,,, (¢, t) in a rather revealing
form.

Proposition 2.1
Let r1,72,...74a: be the elements of R, in the left to right order and cy,ca,...cy be the
elements of C,;,, in the bottom to top order. Then

cunlg,t) = (ZqHA(m) [](@+B()) + t’) 2.29
i=1 .

3>

[I(a+A@)) + q“’) <_2:t"*13(cj)

i’ >0
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Proof
Using 2.26 we may write

() ,
II o II (a+4c)

rER, r i=1
Using Lemma 2.2 with a; = A(r;) and b; = q gives

H ;’;(T) _ Zqi—lA(”) H(q + A(r,;r)) + qu/

rER,,, L (r) i>i

Similarly the relations in 2.27 and lemma 2.2 with a; = B(c;) and b; = t give

N v . ’
11 ha(©) - _ St B(e) [[ (@ + Bley) + ¢
j=1

c€Cpyy v(€) 3>

>

Multiplying these two identities and using the definition 1.9 of ¢, (¢, ) gives 2.29 as desired.

This identity may be converted into the following hook walk interpretation for the ¢, (¢, t)

Theorem 2.3

aulat) = > ¢ P[Zy=pjv|Zi=5] . 2.30
sK=p/v

In particular we derive that

Z CHV(q)t) = BH(QJ) .

v—p

Proof
Note that Theorem 2.2 gives

o

p
SN W AE)B(ey) [ (a+AG) T (¢ + Bley)) =

o o> 3>
a U
= 3 > P Zena = /v | Z1 = [riyc5) ] 2.31
i=1 j=1
= Y NP Zaa=p/v|Zi=5] .
s<p/v

Similarly we derive that

o
Zq“ltl/A(m) H (q + A(r,r)) = Z q'l/mtl,(r) P[ Zend = /v | Zy = r] 2.31r
i=1

i">i rER,y
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and

v
Zq”’,tjle(cj) H(c+ B(cjr)) = Z q¥ @' Pl Zena=p/v|Zi=c] . 2.31c

j=1 i">i c€Clu/u
Which are our ¢, t-analogues of 2.3, 2.3r and 2.3¢. Since
Pl Zena=p/v|Zi=p/v] = 1,

expanding the left-hand side of 2.29 and using 2.31, 3.31r and 3.31c yields 2.30 precisely as asserted.
The last assertion follows immediately from 2.30 and and the fact that for any s € ¢ we must have

Z P[Zmd:u/u} = 1.

v—p

The identity in 2.30 may be given a suggestive reformulation which brings to light a number
of remarkable properties of the coefficients ¢, (¢, t). To see this let ¢, be a function of the partitions
v—p. Multiplying 2.30 by ¢,, and summing over all v—p we get

T @0 90) = 3 OO S )P Zuna — il | 21 5] | 2.32

v— SeEp V=

Now if (by a slight abuse of notation) we set ¢(Zcnq) = ¢(v) when Z.,q = p1/v, then we can write

Z ¢(V)P[Zmd =u/v|Z, = 5] = E[ O Zena) | Z1 = s] . 2.33
jfiy=s
Where the right-hand side may be referred to as the conditional expectation of ¢(Ze,q) given that
Zy = s. Combining 2.32 and 2.33 we obtain the following corollary of Theorem 2.3.

Theorem 2.4
For any function ¢ of the partitions v—u we have

S @ty o) = > ¢S B[ ¢(Zena) | Z1 = 5] 2.34

v—p SEQ

In particular, letting ¢(v) = F,(q,t), from 1.10 we derive that

Fu(g,t) = Z q“,(s)tl,(s) E[Fzmd(q7 t)| Z, = s} . 2.35

SEu

Remark 2.2

Although the recursion in 2.35 was derived from 1.10, it should be considered as an inter-
esting alternate to 1.10. In fact, by iterating the latter we end up expressing F}, as a sum of certain
rational functions Ry(g,t) indexed by standard tableaux T" of shape p. In contrast, iterating on
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2.35, and suitably grouping the terms thus obtained, we obtain a formula for F,, as a sum of cer-
tain rational functions R,(g,t) indexed by permutations ¢ € S,. We should mention that mapLe
computations lead us to conjecture that the expression E[ Fz,, ,(q,t) | Z1 = s ], is actually, for all
s € , a polynomial in ¢, ¢ with integer coefficients. If this is true then it must have a representation
theoretical interpretation regarding the action of S,,_; on the bigraded modules H,, studied in [6].
Such an interpretation in turn could be used to prove this conjecture as well as the polynomiality
of the solution of the recursion in 1.10. We hope to return to these questions in later work.

Formula 2.35 may yet be rewritten in a compacted form using certain constancy properties
of the expression in 2.33. This follows from a g, t-analogue of another result of G-N-W. To state it
we need some notation. Let y be a partition with m corners, and let (a}, 1) for i = 1..m be the coarm
and coleg of the corners of y in the left-to-right order. For any pair i, j € [1,m] set

Aij = {sep:aj_y<d(s)<a; ; U, <l(s)<l}, 2.36
where for convenience we set a, = l,,41 = —1. In words 4;_ ;, is the subset of 1 consisting of the
cells which have in their shadow only the corner cells with coordinates

(af+1,1L+1) for i, <i<j, .

Now in complete analogy with a result (and its proof) given by G-N-W in [9] we have
Theorem 2.5
For any v—p and any s <= v/ we have

P[Zend:,u/z/\les] = P[Zend:y/y\ler[sH X P[Zend:,u/u\lec[s]] . 237

In particular, if pn has m corners and the A, ; (for i,j € [1,m]) are as given in 2.36, then the
conditional probability
P[Zend:ﬂ/y‘zl :S}
remains constant as s varies in Ay ;
Proof
By specializing 2.28a to the case when s = r[s] = r we obtain
Pl Zena=plv|Zi=71] = Ar) H (g+ A(r") 2.38
" E€R, (1)

Similarly, when s = ¢[s] = ¢ we get

P[Zmd:;l,/ll\Zl :(:} = B(e) H (t+ B(c)) . 2.39

c'€Cpyu(s)
This given, the identity in 2.37 is simply another way of writing 2.28a. Now let again r1,72, ...,y
be the elements of R,,/, in the left to right order and ¢i, ¢y, ..., c; be the elements of C,,/, as they

they are read from bottom to top. Set

P = P[Zend:,u/l/‘zlz"'i} B Qj = P[Zrind:ﬁ‘/ylzlzcj}
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Note that if, for convenience, we set A(r;) = A; and B(c;) = B; then from 2.38 we get the recursion

A
P = 1 — (q+ Aiy1) Pip1
i+1
or better
Ly - 4 iyp
Az i Ai+1 i+1
Note that if a(r;) = a then a(r;11) = a — 1 and thus when I(r; 1) = l(r;) = [ this recursion reduces
to 1 ! 1
th—q® tt—q
4 p o= (L 1) P
tl(lfq) i (t‘(lfq)qu ) i+1
which gives
P = Py .

In other words

Ury) =Uriy1) — P[ Zena = pfv | 21 = n] = P[ Zend = 1V | Z1 = rig1 ] 2.40
Similarly we show that

a(cj) = a(cjy1) — P[ Zena = pfv | Z1 = ¢ } = P[ Zena = /v | Z1 = ¢j41 } 2.41

Since when s varies in a subset A;; both I(r[s]) and a(c[s]) remain constant, our last assertion is an
immediate consequence of 2.40, 2.41 and the factorization in 2.37.

3. Further ¢, t-analogues

In their second paper [10], Green, Nijenhuis and Wilf show that their hook walk mechanism
can be used to give a probabilist proof of the so called upper recursion for the number of standard
tableaux. This an identity due to A. Young [16], which is obtained by summing f,, over partitions
which immediately follow a fixed partition v. More precisely, for a given v - n — 1 we have

nfy = > fu- 3.1

pe—v

This identity, was used by Rutherford [15] to give a proof of the Young’s formula

n! = z fj 3.2

pEn

We show in this section that the Theory of Macdonald polynomials produces several g, t-analogues
of 3.1 and 3.2. All this suggests that the ¢, t-hook walk mechanism should have an extension that
yields proofs of these further identities.

Our first three ¢, t-analogues may be stated as follows:
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Proposition 3.1
For every v+ mn — 1 we have

(J,) 1= Z duu(Qvt)

=
b) 1 = Z du,/(q,t) Tu/v 3.3
=
o nE(gt) = Y Fulg.t) dulgt)
v

where the coefficients d,,, (q,t) are as given in 1.16 and T,,;,, = t"q* withr,, s, the coleg and coarm
of the corner cell p/v.

Proof
Plethystically substituting 1 — u into both sides of 1.15 we obtain

(1—w) B[l —u;q,t] = Z Hu[1—u;q,1] du(g,t) -
v
Using 1.23 this may be rewritten as

=u) [T =utv@qn@)y = S T] (1= ut™g®)) dyy(q,1) -

sev v sEp

Cancelling the common factor [],,, (1 — u t%()¢%(9)) yields

SEV

(1-u) = Z ¢! *UT;L/'/) dul/(’l:t> 5

pe—v

from which we derive 3.3 a) & b) by equating coefficients of u” and u'. Note next that applying 97,
to both sides of 1.15 and using the relation

o Hy(w;q,1) = Fu(q,t) 3.4
we get
oy, (er(@) Ho(wiq,t)) = > Fula,t) du(,t) - 3.5
ot

However, Leibnitz formula and 3.4 (with x replaced by v) yield that
Oy, (el (z) H,(z:q, t)) =n (Op‘ e (z)) (6;"‘_1[:[,,(33; q, t)) = nF,(q,t)) .
Combining this with 3.5 gives 3.3 ¢) as desired.

It develops that 3.3 a), b) & c) are but three different variants of the upper recursion. To see
this note that, dividing both sides of 3.1 by nf, , the resulting identity may be rewritten in the form

1= > h/hy . 3.6

v
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On the other hand, from the definition 1.16, we can deduce (as we did for c,,) that making the
replacement ¢ — 1/¢ and then letting ¢ = 1 reduces d,,, to the ratio b, /h,. Thus we see that the
same replacements reduce 3.3 a) & b) to 3.6 and 3.1 ¢) to

h
—1)! = |z
n(n—1) Z n >
p—v
which is yet another way of writing 3.6.
The same reasoning shows that the following identities are variants of 3.2.

Proposition 3.2

1 _ Fula,)
S (e P R wPw ARy
n _ Fu(g,t)Byu(q,1)
DT T 2 ke >
n! o Ff(q,t)
K e T Ny e

Proof
Note that the power sum expansion of en[MW] can be written as

e [ X ] _ l p{”(x)
nli=ni-9! = 31 (1—t)"(1—q)"

+ R
where the remainder R contains no terms in which p, (z) is raised to the n'*
be obtained by applying 9y, to both sides of 1.14.

Note next that if we use 1.14 and 1.20 we can rewrite 1.21 in the form

Ve X _ (1 -~ 9)Bulg, ) Hu(x: 9, 1)
e1(7) en[a=Ha=g] ;1 (@, DR (0.0 :

power. Thus 3.7 a) can

Applying 9", toboth sides and using the Leibnitz rule on the left-hand side gives 3.7 b) upon division
by (1-#)(1 —q).
Finally 3.7 c) is obtained by applying the operator 9, 1, (,, to 1.11 and using the fact that
the only term which contributes to the left-hand side of the resulting identity is
1 pi()pi(y)
nl (1 —t)"(1—q)"

Remark 3.1
We should point out that Rutherford in [15] derives 3.1 by a multiple use of the lower
recursion

o= > f 3.8

v—pu
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This done he derives 3.2 from 3.1 and 3.8 by an induction argument based on the following steps

(n+1)n! = qu(’ﬂJrl)fu =

pukn
=D f ) h 3.9
pkEn Ae—p
= > AY f= > R
Abn+l p—A Ant1

Now it develops that we have several ¢, t-analogues of this derivation. For instance 3.7 c) follows
from 3.3 ¢), 1.18, and 1.10, and by induction according to the following sequence of steps.

(n+1)n! :Z Fu(q.t (n+1)F,(q,t) _
(L= 1=+t L= b (g, t)hy(g,1) (1=1)(1—g)
_ Flu(g,t) F(gt) dau(g:t)
,; g, OB, 1) é (1—t)(1—q) 3.10
= _ Bat , r _ R
2 Tl 2, e e = 3

Curiously, if we apply the same reasonning to 3.7 a) or b) we are led to a whole family of identities
interpolating between 3.7 a) and 3.7 ¢). To be precise let Bffc)(q, t) (for k > 1) be the rational (?)
function defined by the recursion

BP(g,t) = Y culet) BE D (g,1) (with BO(gt)=1) 311

v—p

Then, starting from 3.7 a), after k iterations of the same sequence of steps we carried out in 3.10, we
end up with the following further variant of the upper recursion

n(n 1) (n—k+1) _ §~ Falat) Bt .
R N R

Note that we have
BL])(q,t) = Bu(¢q,t) and BL”_”(q,t) = Fu(q,1t)

Thus 3.12 reduces to 3.7b) for k = 1 and to 3.7 c) for k = n — 1.

Remark 3.2

Rutherford’s proof of the upper recursion may be viewed as a precursor of the Robinson-
Schensted correspondence. Indeed itis precisely by bijectivatingRutherford’s argument that MacLar-
nan in [13] was led to the construction of his several variations of the correspondence. This given
we get the feeling, specially from the steps in 3.10, that the solution of some of the combinatorial
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problems concerning the conjectured Hilbert series F),(q, t) as well as the coefficients K Au(g,t) may
depend on the discovery of a pi-depending or p-weighted form of Jeu de Taquin.

Another problem which is suggested by these ¢, t-analogies is the construction of a -
dependent version of the bijective proof of the hook formula given by Pak and Stoyanovskii in [14].
Their bijection would then be the special case ;1 = 1™. The desired p-dependent bijection should
combinatorially unravel the rationality of the recursion

Fu(at) = Y cunla,t) Fula.t)
H—p

which as we have seen is an amalgamated form of the hook formula.

It is interesting to see what becomes of our ¢, t-hook walk under the specializations ¢ = 0
and ¢ = 1. Itdevelops that the identities we can derive from it tie-in very well with the representation
theoretical results obtained in [7] and [6].

For convenience let P[]7 ;q,t] denote the probability that the hook walk takes a NORTH
step from a cell s to a cell j rows above and likewise let P[ , —; ; ¢, t] denote the probability of an
EAST step from s to a cell i columns to the right. We recall that in the general case we have

=g (t - 1)
thu(s) — gan(s)

¢t -¢q)

() — g 3.13

a) P[1i:q,1 = R
For a given cell s € julet ¢(s) denote the corner cell of 1 that is in the shadow of s and has least coleg
and let v(s) be the partition obtained by removing ¢(s) fom p. This given we have
Proposition 3.3

For g = 0 as well as for t = 1 the hook-walk starting from any cell s proceeds by EAST steps
straight to the east boundary of p (unless it is already there at the start) then climbs by NORTH
steps to the corner cell ¢(s)
Proof

Note first that in the general case when the walk reaches a cell s on east boundary of y it
must climb with NORTH steps with probability given by 3.13 a) for a,(s) = 0. That is

. (- 1)
J . —
P[Ts 54, t] T Tdas) _q1

This will be so even when ¢ = 0. When ¢ = 1 the probability of a NORTH step reduces to

vl —1) 1
e =1 T 1)

On the other hand, when the walk is at a cell s with a,(s) > 0 from 3.13 a) we get in either case
limg—o P11 ;q,t] = limy_y P[12;q,t] = 0 .
while 3.13 b) for a,(s) > 0 gives

¢ '(l-q)
1— qau(s)

0 ifi>1

limg—o Pl s —j ;4,1 :{ 1 i1

and  limy_y Py —j;q,t] =
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Thus in either case the walk moves only by EAST steps whenever it can and when it can no more
it goes by NORTH steps. This establishes our assertion.

Let now 1 be a k-corner partition and let ¢; = (ay, 3;) for i = 1, .., k be its corner cells listed
according to decreasing colegs (that is from left to right in the french way of depicting partitions).
Let v( denote the partition obtained by removing c; from y. Note that by our previous notation
we can also represent ¢; by u/v(®. If v is a predecessor of ;1 and v = v(?) then we let S|y, v] denote
the collection of cells of 1 which are covered by ¢; and (if i < k) not covered by ¢; 1. Set

Bu(ag.t) = D ¢ 3.14
s€S[p,v]

Finally let «, and f3, respectively denote the coarm and coleg of the cell 11/v and let 7, be the length
of the vertical step of the boundary of j that lies directly below the corner cell 11/v. Note that when
v=v® wedohavea, =a; — 13, =3 —1and

o Bi—Pi ifi<k
Y=\ B ifi=rk

This given, Proposition 3.3 has the following immediate corollary.

Theorem 3.1
In the limiting cases ¢ = 0 and t = 1 the conjectured Hilbert series F,(q,t) reduces to the
polynomials determined by the following recursions

a) Fu0,t) = Y F,(0,) (% + 7 4. 44t

v—u

b Fulg,1) = > Fle1) wl+g+a++¢™)

v—p

3.15

Proof
From Proposition 3.3 we derive that starting from a cell s the hook walk with probability
1, in either case, terminates at the cell ¢(s). Thus the conditional expectation E[Fy,, ,(q,t) | Z1 = s |
occurring in 2.35 reduces to F,(4)(0,t) or F,(4)(g,1) as the case may be. Thus from 2.35 we derive
that
a) Fu(0,t) = > F(0,%) Bul0,1]

v—p

D) Fua) = Y F(¢.1)Bule1]

v—p

3.16

Now it is easy to see from the definition 3.14 that

w0l = (P P ety
Y (l+q+@+ -+ .

a) B,
b) B/iu[qv 1]

Substituting this into 3.16 gives 3.15 as desired.
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It is interesting to see how these identities reflect the results in [7] and [6] concerning the
Sp-modules R, and H,, respectively studied there. To begin with it was shown in [6] that the y-
degree 0 portion of H,, is isomorphic to R,, and moreover we show there that the graded Frobenius
characteristic of that portion of H,, is indeed given by the polymial f,,(z;,0,1). In particular we
can deduce from all this that F},(0,¢) is in fact the Hilbert polynomial of R,,. The curious thing is
that the hook-walk for ¢ = 1 is identical with the algorithm shown in [7] (*) to yield the standard
monomial basis of the ring R,, considered as a quotient of the polynomial ring Q[z1,...,z,] by a
certain canonical ideal J,. The latter algorithm results in [7] from studying what happens to the
Sn-module R, under restriction to S,,_1. This brings us to the problem of understanding in which
way restriction in [7] corresponds to the specific hook walk we encounter here. We believe that such
an understanding might lead to unraveling how restricting H,, to S,,_; is related to our general
¢, t-hook walk and ultimately to the recursion in 2.35.

The situation for ¢ = 1 is equally intriguing. Using some of the identities proved by
Macdonald in [11], it is shown in [4] (**) that for u = (p1, pt2, . - - , i) we have

k
I:I“(X;q, 1) = H( (q>ﬂzh#1[ﬁ]) 3.17

i=1

where for an integer m > 0 we set (¢)m = (1 — ¢)(1 — ¢?)--- (1 — ¢™). Applying the operator 97, to
both sides of this identity and using the Leibnitz formula we obtain that

n!

Fula,1) pialpo! - !

(]! lpalg! - - [pan]! 3.18
where as customary, for an integer m > 0, we set [m],! =[], (1+ ¢+ -+ ¢*~'). We should note
that in [6] we do prove that the right hand side of 3.17 gives the y-graded Frobenius characteristic
of our module H,,. Thus in particular we do know that the right hand side of 3.18 is the Hilbert
polynomial of H,, when the z-grading of H,, is not taken into account. And of course, in perfect
agreement with all of this, we can easily verify that the polynomial in 3.18 does satisfy the recursion
in3.16 b). This brings again to the conclusion that somehow, restriction of H,, to S,,_; (as a y-graded
S,-module), must be performable by some algebraic mechanism that closely reflects the type of hook
walk we obtain here for ¢ = 1. In conclusion, we see that there are several promising avenues to
pursue in trying to extend or sharpen the results obtained here, most particularly in the direction of
proving the polynomiality of the conjectured Hilbert series F},(q, t). We hope to return to this and
related question in some later work.

(*) See eq. 1.2 there.
(**) See Chapter IV Theorem 3.9
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