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A q-ANALOGUE OF THE LAGRANGE INVERSION FORMULA
Adriano M. Garsia

ABSTRACT. A natural problem in the theory of g-series is to
find a g-analogue of the Lagrange inversion formula. A special
case was treated by Carlitz [12]. Andrews [3] and Gessel [18]
have studied what appear to be different versions of the problem.
We study here a third version intimately related to g-analogues of
Jabotinski [23] matrices. We prove an inversion theorem for
these matrices and derive a number of g-analogues of classical
identities, we also show that the problems studied by Andrews
and Gessel and the present one are all equivalent. The methods
we introduce can be used in a more general context. We illustrate
this by deriving some results from the theory of partitions. In
particular we obtain new proofs of some identities of Sylvester
[29], Rogers-Ramanujan [25], Rogers-Selberg [25], [28] and
Bressoud [10].

In the classical Lagrange inversion problem a series
1.1 F(Z) = En?l FnZn, Fl * 0,
is given and a new series
12 f(z) = £ > 12", f] #0,
is to be constructed such that
1.3 F(f(2)) = f(F(2)) = z.
It can be shown that if we set
14 B = Fk(z)izn, oy = fk(z)izn, nk>1,

where | |7 denotes the operation of taking a coefficient, then 1.3 is equivalent to the
z

statement that the matrices
o = llot Il B = 1Bl
are inverses of cach other.

The Lagrange inversion formula is essentially a recipe for constructing the matrix
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« given F(z). There are two versions of the formula which can be stated as follows

LS (@) (@)1, _E_@ch(z)lz_l,

O
(b) @@ 14';(1)1
Z ) Z
These formulas are to hold for an arbitrary formal power series ®(z) = &5+ &z +
d>222 + <. In particular setting &(z) = P we get
L6 = _F(@) =k_1
ank Fn+1(z)|z' a n Fn( )IZ &

It is worthwhile noting that if we extend the definition of ay, | to all pairs of

integers n,k then 1.6 can also be stated in the form
17 a =K )
nk = Pkn

In the present setting we shall work with series F(z) = Flz + F222 + +++ whose
coefficients are given rational functions of a further variable q. Our goal is to find

analogues of formulas 1.3, 1.5, 1.6 when the matrix § = 1B,k |l has entries of the form
1.8 B, = F(z)F(zq)---F(zqk‘1)1Zn

The reason for considering such matrices is that in certain combinatorial models [17]
expressions such as
®(F) = £,50®, F(2)F(zq)**-F(zq™ 1)
appear as natural g-analogues of functional composition.
The first basic question which arises then is whether or not the matrix a = ol
inverse of §= IIBnkII can be associated to some formal power series f(z). The main
result of Section 1 is that in point of fact there is a unique formal power series f(z)

such that

L9 oy = f(2)f(z/q) - f(z/qk"] Moo
In particular f(z) can be constructed by means of any of the two equations below
L10 (a) T 51 F f()f(z/q)---f(z/q" 1) = 2,

(b) =1, F(@F(zq) - -Fza™ 1y = 2.

We shall therefore call here and after f(z) the right inverse of F(z) and F(z) the left
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inverse of f(z).
An important consequence of the above mentioned result is that given a scquence
{®,} the sequence {c,} defined by the equation
0P @/~ f(z/qk 1y = £ e 2"
is the same as that defined by
111 25092 = £, 50, F(DF(zq) -+ *F(zq™ ).
It is customary to write the formal power series F(z) in the form
.12 F(z) = z/R(2), R(z) = Ry + Rjz + R222 +ee0, (Rg # 0).
We shall do so here and note that [.11 can then be written in the form
)
n q-2" .
R(z)R(zq)*-*R(zq™!)

k_
Z1>0Pk2" = Zp>0

Now in [3] Andrews essentially gives a formula for the cn’s in such an expression in
terms of the ®.’s. Thus we see that Andrews indirectly was concerned with the
inversion of the matrix defined by L.8.

In [18] Gessel starts with a given formal power series G(z) = G0+ Gyz+
Gzz2 t+=+ (Gg#0) and considers the task of finding a formal power series f(z)
satisfying the equation

(z) = 29Z 150G, f(@)f(zq) -+ *f(zq™ ).
Let f(z) be the right inverse of F(z). Dividing 1.10(b) by F(z) and using I.12 we
obtain
£ 1> i F(za) -+ F(za™ 1) = R(2);
replacing zq by z we get
£ + pmafF(2) - F(zq™2) = R(z/q) = £, 50R /4" 2"
By the inversion result we see that this is equivalent to

fi — & - . n—l
(z)/2=Z >0 ql,f(z)f(zlq)' f(z/q™ ).

In other words, modulo replacing q by 1/q, the solution f(z) of [.10(b) solves Gessel’s

equation for

G(2) =alR(zq).

Our next result is a g-analogue of formula 1.5(a). Indeed as we shall see a
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surprising number of classical identities can be extended to the present case.
To give some examples we need further notation. For a given formal power series
0(z) = En>00nzn we set
q ‘(il) n
113 (@) 0(2) = Z,>0b,a "2,

(b) 6%(z) = 6(2)0(zq)8(zq>)" -

(Here as well as in some of our later formulas for convergence purposes it will be
necessary to assume that the constant term is equal to one. This involves no loss since
we can always reduce ourselves to that situation.) It is not difficult to see that the
operators roofing and starring defined above act “‘naturally” on the family of formal
power series in z with coefficients rational functions of q. It is convenient along with
the operators in 1.13 to introduce the reciprocal operators obtained by replacing q by
1/q. We shall therefore set

N
114 (a) 0(2)=% n/oenq(z)

(b) *0(z) = 6(2)0(2/q)B(z/q?)"++

It is also convenient to introduce a shorthand notation for the two types of functional

substitution occurring in our formulas. Thus if ®(z) is a formal power series we set
O(f) = £,50P,f(2f(z/q)* - -(z/q™ ),
&(F) = £, 5@, F(2)F(zq)- * *F(zq™ 1.
We shall refer to ®(f) and lI>(I_3) respectively as the formal power series obtained by
1/qg-substitution and g-substitution of f and F into ®.
This notion of substitution leads naturally to an operation which has a certain

analogy with differentiation. This operation is easiest to express by means of the

roofing and starring operations. Namely if F and R are related by 1.12 we set

O — RP*x —
.15 F¥(z)=R (zq)(R*(/ )

(Roofing to be carried out before starring, in the inner expression.) We shall refer to
FO(z) as the g-compositional derivative of F(z). Of course a parallel definition is
obtained upon replacing q by 1/q. In particular, if

L16 f(2) = 2/r(z), ((z) = 1 + 1z + 192 ++ =,



A q-ANALOGUE OF THE LAGRANGE INVERSION FORMULA 209

we set

1
1.17 °f(z) = *(z/ QU IV.
*1(2q)

This given our g-analogue of 1.5(a) can be stated as follows

118 (D  =q" FAd"9P@ |
z F(z)F(zq)* **F(zq") 2

where this is to hold for all formal power series ®(z). Of course an analogous formula
holds upon replacing q by 1/q and reversing the roles of fand F.

Perhaps we should point out that the operation F = F© is not linear. Nevertheless
FO and ©f do have other properties in common with differentiation in addition to

appearing in a formula such as 1.18. It can be shown of course that as q > 1
FO(z) - F'(2), °f(z) ~ f'(2).

Moreover there is a g-analogue of the chain rule. For instance if F(z) is the ordinary

compositional inverse of f(z) we have
L19 F(2)f(F(z) =1
and indeed we can show that in our case we have
1.20 Fo(z)of(El(z)) =1
where F; is the right inverse of f. Of course, for q=1, F and Fi coincide and 1.20
reduces to 1.19.
There are further familiar formulas as we shall see. However here it is more

appropriate to state some of those which (like 1.15) have no counterpart in the case

q = 1. For instance we have the following remarkable identities

121 g - (HARY@)

N

R*(z)

\

1.22 &(F) = (@@@)
*r(z)

A number of classical identities are special cases of 1.21 and 1.22. For instance, let F(z)
be the limit of the Rogers-Ramanujan continued fraction

F(z)= ——2%
]_%Q__

Clearly F(z) can also be defined by the equation
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1.23 F(z)- F(2)F(zq) = z.
However this simply says that F(z) is the left inverse of
f(z)=12z- 22.
Thus in this case n
‘ (3)+n
1(z) = 1/1-z, *1(z) = £ (D"~
’ 120 (1-q)-++(1-q")

d 1.22 for ®(z) = z gi
an or ®(z) = z gives (_Z)nqn(nﬂ)

F)=z 20 (-9):-(19")
. (-z)“qnh
=0 (1-q)++-(1-q™

This is a well known result [21].
There are further curious identities. For instance Gessel in [18] expresses his

basic result in terms of a formal power series eq(z) which for q = 1 reduces to
1.24 e(2) = 1/1-zR'(f(2)).
It is not difficult to show that this expression is actually equal to
e1(2) = i(2)f"(2).
The situation for q # 1 is entirely analogous. We show in Section 2 that
125 eq(2) = r(z) °f@).

It is clear that very curious things are going on here. It is also apparent that we
have only scratched the tip of an iceberg and that further investigation is required to
see the range of applicability of these methods.

We should perhaps point out that in [17] some of this material is developed
within the context of polynomial differential operators very much in the same spirit
of [15] and [16]. It is shown there that a very natural (from the combinatorial point
of view) g-analogue of the Mullin-Rota theory of polynomials of binomial type is
intimately related to the g-analogue of the Lagrange inversion problem studied here.
In the third section of the paper we show how this work is related to the present
development.

Our starring and roofing operations turn out to be useful in a more general

context. In the last section we illustrate some further uses they can be put to by
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deriving some partition identities. This leads to a new proof of some identities of
Sylvester [29], Rogers-Ramanujan [25], Rogers-Selberg [25], [28], Bressoud [10].

Finally we wish to acknowledge our gratitude to G. Andrews who provided us
with a wealth of information on the subject of g-series both directly by personal
conversation and indirectly by making some of his work available to us. We are also
indebted to J. Remmel who lent an indefatigable car to our endless discussions on the
subject and contributed countless improvements in the presentation of the material.

1. The matrix inversion result. We start with a given formal power series

1.1 F(2)= En>]Fnzn, F;#0,
and let f(z) = Z > fnzn be the formal power series whose cocfficients are recursively
obtained by equating coefficients of z™ in the cquation

1.2 z=F|f(z) + F>f(2)f(z/q) +---.
We set

1.3 By = F(Z)-'-F(zqk'l)lzn, = f(2)- ~-f(z/qk'1)lzn.

This given we have the following result
THEOREM 1.1. The matrices o= llay Il, B = 118l are inverses of each other.
PROOF. For convenience let E= ”Enk“ denote the inverse of the matrix «. Set

also
Bi(®) = 252k B(@) = Z 5 2™k
We are to show that 6~k(z) = Bk(z). To this end note first that by definition we have
Ty 1%uByp =x (n=1).
(Here and in the following if 4 is a statement x(A) is to be taken equal to 1 or O

according as 4 is true or not.) Multiplying by z® and summing we get
1.4 Sy f(2) - fz/a g = 2

Note now that 1.2, given f(z), determines the sequence {Fn} uniquely. Thus 1.4

implies F) = Ek] for all k 2 1. This gives
1.5 B~1(2)=ﬁ1(z).

Replacing z by z/qk in 1.2 we get
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2/qX = F | f(z/q¥) + F,f(z/qF)f(z/gkH D) +-- .
Thus
(2l q®i(2) -+ +1z/a¥ 1) = F £2)* 2/ q}) + Fof(z) - f(z/qKF 1) 4

Equating coefficients of z"" of both sides gives

o1k = O 1 g + Foog g 003
Multiplying by Em nn @nd summing with respect to n,
anm,nan-l,k = qkzh>1 Fpx (m = k+h) = qum-k'
(We make the convention that % ko Bn,k and gn,k are zero when k >n. This is
consistent with our definitions.) Multiplying on the right by ﬁk,s and summing with
respect to k,
Em,sﬂ = anm,nx (n-1=5)= Eka-quEk,S'
In other words we have
Bsr1(2) = F(2)B(az).
Combining this identity with 1.5 we recursively derive
Bi(2) = F(2)F(za)-+-F(za"!) = g () (for k > 1),
This completes the proof of the theorem.
We are now in a position to establish the existence and uniqueness of a formal
power series FO(z) which makes formula 1. 18 true for all ®. Uniqueness is immediate:

Setting ®=1 in .18 we get

1.6 Fo(zq™) | 1=x0=n)
F(z)F(zq)***F(zq™M ?

or equivalently

1.7 FO(z) | 1 =x(0=n).
F(z)F(z/q)*-F(z/q") Z

Replacing F(z) by z/R(z) we can rewrite this equation in the form
1.8 FOR(@R(z/Q) - *R(z/aM] =X (0 =n).
Thus setting FO(z)| n= Fg, formulas 1.6 or 1.7 are equivalent to the equations
z

1.9 F§=1/Ry, FQ = —T{%ZE;IOFEF(z)R(z/q) SR
(o]
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3]
o

This determines FO(z) completely. But we can reverse the argument and obtain

THEOREM 1.2. Let FO(z) be the formal power series whose coefficients are
recursively determined from the equations in 1.9, then for all formal power series $(z)
we have

1.10 ()| = 9" F2zqN)P(z)
" F(z2)F(zq)++-F(zq") 2

PROOF. Theorem 1.1 implies that we have
®(f) = Ty 5cp (P)2K
if and only if
®(2) = Zy 00y (PIF(2)F(2q) -+ -F(zgk 1),
Thus

ces k-1
1.11 anO(an)Cb(Z) I 4 — E]?:OCk(q))anO(an)F(Z)F(Zq) F(Zq )! 1-
F(z)F(zq)* - *F(zq™) 2 F(2)F(zq)-+*F(zq") 2

The summation stops at n here since the remaining terms yield no residue. Now the
coefficient of Ci(®P) can be rewritten as

a"Fozg") | = gngn Fo(z) |-
F(zqX)-+-F(zqM) Z F(z)F(z/q)* - F(z/q"K) Z

However the latter expression, in view of 1.7, is equal to zero for k < n and equal to
one for k = n. Using this fact in 1.11 yields 1.10 as asserted.

Formula 1.15 as well as other identities giving FO will be established in later
sections. It is natural at this point to ask whether or not we can put together
reasonable g-analogues of formulas 1.5(b) and 1.7. There are indications that this may
be possible since some special cases of 1.7 can be extended almost verbatim. We shall
now present these formulas since they give us a rather interesting closed expression for
Fﬁ in terms of f(z). To see how this comes about observe that .7, reversing the roles

of F and f, becomes
Pnk = %O‘-k,-n‘
Thus in particular we have
(DBt 1 =y nt-

However this simply says that
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F@l = @)™ .

An entirely analogous result holds for q # 1.

THEOREM 1.3.
112 FO@) g = /@) fzfa)-++z/a))y.

PROOF. From Theorem 1.1 we deduce that

M =5 f@Df2/Q) 12 ™ et 1-

This gives
|

|1
f(2)f(z/q) -+ *f(z/q¥) 2
_ Zk+l

 H@)fz/q) 12/ q5)

21

k+l),

= Z>kfz/a . 'f(z/qn])ﬁm-}-l,k-{-l Izk

= gD o 1) @) H2 ™K DB e

Using formula 1.10 we can write this in the form
1 | =gtk __a¥Foeg®) s
f(2)f(z/)* - f(z)qK) Z F(2)F(zq) -+ *F(2q%)

k2™ KBt 1] 1

5
- oK FO(5qk)_]
P
k2 k
=q* FO>zq") = FO@)1 -
Z Z
This establishes 1.12.

We terminate this section by relating some of Gessel’s formulas to ours. In the

introduction, using Theorem 1.1, we have shown that the solution f(z) of
Z > Fpf2)f(z/q)-- 'f(Z/qn_l )=z
(when F(z) = z/R(2)) satisfies also the equation
1.13 (z) = 2/q T, 50R /A" f(2)f(z/q) - +f(z/q" ).

Now Gessel (Theorem 6.9 of [18]) shows that there is a formal power series eq(z)

such that the solution f(z) of 1.13 satisfies the following identities
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)

114 @i+ 1(/a" )i = a T R@ - Ra™ i oy

(1
- ¢ Dk Rz o

Thus multiplying by ¥ and summing with respect to k we see that Gessel’s result is
equivalent to the formula

&)

LIS eq(@®(DI n=q > ®@R@ - Rzq™ D)

where ®(z) is an arbitrary formal power series.
Now setting k = 0 in 1.14 we obtain

-

_ 1y - 1
1.16 eq(Z)IZn—q R(z)---R(zq™ )] nc————lo

z F(z)'"F(zqn'l)
Our goal is to give a relation between eq(z) and FO(z). Before we state the result it is
good to examine the situation for q=1. We know from formula 1.5 with &(z)

replaced by el(F(z))tb(z) that
F'(z)e  (F(z))®(z)

1@ =5y

| 1= F'@e(F@)2R@)™
z Z

On the other hand formula 1.15 for q = 1 becomes
el(Z)‘P(f(Z))IZn = ¢(2)(R(Z))"izn.

Comparing these two formulas we get
F'(z)e(F(2)) = 1/R(2) = F(z)/z
and this relation is equivalent to
1.17 F'(f(2))eq(z) = z/f(z2).

In other words

1
F'(f(2))

We shall give g-analogues for both 1.17 and 1.18. The curious fact is that the

1.18 e(2) = z/f(2) = {'(2)1(z).

g-analogue of 1.17 is quire “tangled.” Indeed we have
THEOREM 1.4,
Fi
119 Zy> —(’lyf(z)f(zq)' . -f(zqk)eq(zqk) =z

PROOF. We start by manipulating formula 1.6 as follows
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O
x(0=n)= _F"(zq") | . =E>Fﬁan ! | 1.
F(z2)F(zq)***F(zq™ ? ! k=0 F(z)F(zq)---F(zq™) 2 K

FoqnkRAIR@a):- ‘R(zq"),

= Zx>0 3T ,
¢ 2

n-k

Thus formula 1.14 with n,k replaced by n+1,k+1 gives
X (0= = Zy0FRa ™ eq(f(@)(z/) - (2/a )| ny

F K «
=2 f(Df eoaf
k>0 "k eq(za2)f(zq)*f(zqO) n41

and this is 1.19.

2. Roofing, starring and g-series identities. Here and in the following, by a
g-series we mean a formal power series

2.1 A@) = Z>0A(@)2"
whose coefficients An(q) are rational functions of q. We shall refer to the operation

WA(z) = V2 5 0A L@z = 2 5 0AL(1/q)2"

as the basic involution.

In this section we shall derive a number of identities concerning our g-analogue
of functional composition. Our basic tools will be the roofing and starring operations
given in the introduction. We shall start by establishing a few useful properties of these

operations.

First of all, roofing comes up naturally in our context since we have
n

AQ@) = Z20A2(2/Q)(z/q°)++(z/q™ 1) = En%Anznq_(z) = A).

Similarly
\

A(z) = A.
Furthermore roofing can transform tangled products such as 1.19 into ordinary

products. More precisely we have

PROPOSITION 2.1 If A(z) and B(z) are q-series then

22 (2,50A,2"B(zaM)" = A2)B(2),

Vv A% \
23 (Z,50A,2"B(z/a™)" = A@)B(2).
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PROOF. Using the identity
gy = By + )+ nk

we see that both sides of 2.2 are equal to the expression
htk
-("5™)thk
Zp20Zks0AnBKz e -

Forimula 2.3 is established in a similar way.

NOTE. g-series identities come in pairs (such as 2.2 and 2.3) one derivable from
the other by means of the basic involution. In the following to avoid repetitions we
shall sometimes state only one identity of such a pair.

It is appropriate to re-examine here our starring operations. To this end note that

when Ag = 1 we can write

T P
24 A@)=1+3Z,5 A2 =e p=1¥p2' /P

where {wp} is uniquely determined by {4} and vice versa. Indeed the relations

between these two sequences are given by Newton’s formulas

[y -1 0 --- 0] A, 1 0 ---0
Uy ¥y 2 . 245 A .
V3 ¥y ¥yt : 3A3 A2 Ay -
A =det [+ o Ly A A =det | 2 e e
. . . .. 00 ... e 0
< ntl .. . -1
ﬂn Y s wL BAP Ap - - Al

This given, it is more appropriate to define our starring operation by setting
2.5 0%(z)=e Iq

Lo Y0 —1__zP/p
2.6 *(z)=e P P 1-(1/q)P

We can easily see that these formulas are in formal agreement with .13 and 1.14. The
fact that starring a q-series gives another g-series now follows immediately from
Newton’s formulas, moreover we have the following basic properties:

PROPOSITION 2.2.

2.7 0(z) = A(2)/A(zq) & A(z) = 0%(2),
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2.8 6(z) = A(2)/A(z/q) & A(z) = *0(z),
2.9 *6(z)0%(zq) = 1.

PROOF. The left equality in 2.7 is cquivalent to
zP -gP)zP
ezp>1 Vp(0)zP/p _ engllﬁp(/\)(l q*)z /p_
The uniqueness of the representation 2.4 then gives

Up(A) = (0)/1-qP.
The other assertions can be verified in an entirely analogous manner.

NOTE. In the following we shall need to apply starring and roofing in
succession. In order to avoid excessive uses of parentheses we shall agree, unless
otherwise specified, that starring is to be performed before roofing. This means that

R*(z) = (R*(Z))A. *¥(Z) = (*r(Z))v, ete. ..
We are now in a position to state and prove our identities.
THEOREM 2.1. If f(z) = z/v(z) is the right inverse of F(z) = z/R(z) then for all

formal power series ®(z) we have

10 () = (B(2)R*2)) /R*(2)),

12

211 &(F) = (2(2)*1(2)) [*1(2)).

PROOF. Let us set

4’(0 =2 n;oCnZn.

Then our matrix inversion result gives
% >0 F@F(za) - *F(za™ ) = @(2).

This may be rewritten as

n
0.
Z2q -

Zn>0¢ = &(2).

n n-1
R(z)R(zq)*--R(zq'"™ ")

Multiplying both sides by R*(z) and using 2.7 gives
)
Z>o0chza ~ R*(zq™) = &(z)R*(2).

Roofing both sides of this identity and using 2.2 gives

(202 NR*(2)) = (2(2)R*(2)) .
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But thisis 2.10.

Formula 2.11 may be established in an analogous manner or may be derived from
2.10 by means of the basic involution.

Theorem 2.1 has an important corollary which is perhaps one of the most
unusual formulations of the Lagrange inversion formula.

THEOREM 2.2. If f(z) = z/1(2) is the right inverse of F(z) = z/R(z) then

212 f(2) = 2z R*(z/q)/R*(2)
or equivalently

2.13 *1(z) = R*(2).

PROOF. Formula 2.10 with ®(z) = z gives

3T -9
L G I L (Vi
R*(z) R*(2)

This is 2.12. However we also obtain
r(z) = R*(z)/R*(z/q).

Thus the equivalence of 2.12 and 2.13 follows from 2.8.

NOTE. Arguments similar to those used in our derivation of formula 2.10 have
been used by Hardy and Wright in the derivation of the formula for the
Rogers-Ramanujan continued fraction ([21], §19.15). See also Hodel [22] and
Gessel [18]. However these authors, lacking the matrix inversion result, were not in a
position to realize the full scope of these methods.

In the case q =1 taking the right inverse of a formal power series F(z) twice in
succession brings us back to F(z). Of course this is not the case for q # 1. Nevertheless
there are some rather remarkable identities.

THEOREM 2.3. Let f(z)=12z/r(z) be the right inverse of F(z) =z/R(z) and
Fl(z) = z/Rl (z) be the right inverse of f(z), then

214 *Ry(2) = (1/*1(zfq)) = (1/R*z/q))

PROOF. Since Fy is the right inverse of f formula 2.13 applies with r replaced

by Ry and R by r. In other words we have

*R{(2) = r*(2).
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Formula 2.9 then gives
*Ry(2) = (1/*1(z)a)) -
This establishes the first of the equalities in 2.14 To obtain the other we simply use
2.13 itself.
We are now in a position to derive our formulas for FO(z).
THEOREM 2.4. If F(z) = z/R(z) then
215 FOz) = R¥*Ga)(1/R*z/) " = R*(za)*R} (2) = R*(zq)/R}(zq).

PROOF. Formula 1.10 with ®(z) = 1/R*(z) gives

1 (7) o, mR(2)R(zq)--*R(zq™
1 F |
R*(Dlzn (zq™) “"'IR*(Z) .
(7) FO(zqM) |- (2)+n FO(2)
R*(an+1) Z R*(Zq) Zn.
On the other hand, 2.10 yields
1
‘ﬂ R*(z)’
Combining these last two formulas we get
@ G ‘
R*(zq) z1 R*(z) z1

But this is precisely our first equality in 2.15.

The other equalities follow from 2.14 and 2.9 respectively.

We terminate the section by proving formutlas 1.25 and 1.10. We start with the
formula relating our FO(z) with Gessel’s eq(z).

THEOREM 2.5.
2.16 eq(z) = 1(2) °f(z).

PROOF. The idea is to use the roofing operation to untangle formula 1.19. To
do this we first put 1.19 into the proper from by the substitution f(z)=
zR*(z/q)/R*(z) (this is 2.12) obtaining

FR kel (2)+k R*/q) R*@g®D)
* R¥z)  R*(zqM)

k =
0 eq(zq )=z

and this can be rewritten as
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o k (j) Lg(zq )

E > F YA q y .
k=0 Tk R*(2q%) ﬁ*(z/q)

Roofing both sides gives
€q(2) A 1 o~
FO(2)(= =(= )
R*(z ) R*(z/q)

Substituting for FO(z) as given by the first equality in 2.15 and simplifying we get

eq(Z)A 1
®@ TR Ga)

Substituting for R*(z) according to 2.13 gives
(eq(z) A
W B z:\r/(zq)’

Unroofing this identity yields

v I v
2.1 = *r(2)( v = * ( ) .
7 eq(2) = *1(2) *r(zq)) 1(2)*1(z/q) #¥2q)

Now we claim that we have
1
2.18 °f(2) = *r(z/Q)(y,_ ) -
1(zq)

This can be obtained in the same manner as 2.15 or may be derived from 2.15 itself by
successive uses of the basic involution. Substituting 2.18 in 2.17 gives 2.16.
Our next formula is a rather peculiar instance of the chain rule.

THEOREM 2.6. If f is the right inverse of F and F{ is the right inverse of f then
2.19 Fo(z)of(l_:l) =1.
PROOF. There are several avenues to this identity. With the information at hand

the shortest route is again through the identity 1.19. This time we make the

substitution f(z) = z/r(z) and obtain
(w)

z Foq— ky=1.
k=0 ces k ¢ (zq )=
r(z)r(zq)- *1(zq )
Multiplying both sides by r*(z) we get
k
. )
Zy>oFRz Pzq Q r*(lqk+l)e (2q%) = r*(2).

Roofing then gives
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FO(z)(r*(za)eq(2)) = r*(2).
Substituting for cq(z) according to 2.16 this can be rewritten as

220 FOz) @M@
*(z)

However formula 2.10 with ®, f, R replaced by °f, F{, r respectively gives

Of(z2) 1 *(z 3

Of(F ==
r*(z)

Using this in 2.20 gives 2.19 as asserted.

3. Q-binomial type and the roofing operation. In [16] it was shown that the
Mullin-Rota theory of polynomials of binomial type [24], [27], is intimately related
to the Lagrange inversion problem Given the present notion of g-substitution and
following the approach adopted in [15], it is tempting to define as g-analogue of
binomial type (g-binomial type for brief) a polynomial sequence {Pn(x)} whose

exponential generating function is of the form

Phx) _X@ s

3.1 Zpmg Tprz ™

n
=0T i@(z/q)++(z/q

where f(z) = Zn>lfnzn (f) #0) is a given g-series.

It develops [17] that this notion is quite natural combinatorially as well as
analytically. Moreover it is shown in [17] that the methods of [15], [16] and [27]
can be adapted almost verbatim to the study of these sequences. It will be good to
state here some of the basic results. To this end recall that Ly, M, D are operators
which act linearly on polynomials and are defined by setting

3.2 (a) Loxn =x (0 = n) (evaluation at the origin),

(b) Mx™ = q"x"™ (replacing x by qx),
(¢) Dx"=nx™! (differentiation).

This given we have

THEOREM 3.1. {P,(x)} is of q-binomial type if and only if

3.3 (1) P(x) is precisely of degree n

(2) LP(x)=x(0=n)
for some qseries F(z) = 2> Fnzn (Fy # 0)

3.4 (3) MF(D)P,(x) =nP_(x)
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and in this case 3.1 will hold true with {(z) equal to the right inverse of F(z).

Of course we also have a g-analogue of the original definition ot Mullin and Rota
namely:

THEOREM 3.2. {P, (x)} is of g-binomial type if and only if PL(x) is of degree n
and for all x,y

3.5 Py0cty) = Sikg (P (P 4 (x/a9).

We refer the reader to [17] for some of the proofs and further developments.
Our purpose here is to show that there are results for g-binomial type whose beauty
and simplicity have no counterpart in the case q = 1.

The basic additional ingredients here are the roofing operations. More precisely
our developments are based on a remarkable transformational formula which as we
shall see has a wide range of applications.

THEOREM 3.4. Forany two g=series A(z),B(z) we have
Y -(3) n
3.7 A(Z)B(zq)lZn =q “A(z)B(zq )IZn.

PROOF. Note that if h+k = n we have
k- = +k-A.
Thus we get
(n) nk (n)
- “\2
q 2 A(Z)B(an)lzn = Zhtk=nAnBra -

h k
(), (Qrtk
= Zhtk=nAnd “Bya”

~ V

= Zpk=nAnBia®
and this is 3.7.
This identity gives us a relatively simple recipe for putting together q-binomial
sequences.
THEOREM 3.5. Let a(z)= 1+ayz+ az2+e++, f(z) = 1+ 2+ fyz= +++- be
g-series related by the equation

3.8 a(z2)B(zq) = 1.

Set for convenicence
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39 A2) = al2), B(z) = fa).
Then the sequence of polynomials
3.10 P(x) = q_(g) B(g"D)A(D)x"
is of qQ-binomial type. Moreover they satisfy 3 4 and 3.1 with

3.11 (a) F(z)=z”—‘A%§

_ afz/q)
(b) f(z) =1z az) -

PROOF. From 3.8 and 3.9 we get
Z(Z)Ivi(zq) =1.
Thus formula 3.7 gives
A(Z)B(qnz)iZn =x(0=n).
In other words we get
L,A(D)B(q"D)x™ = x (0 = n)

and this gives 3.3(2).

To check 3.4 we note that if F(z) is given by 3.11 then
n

MF(D)P ,(x) = c{(3)MB(an)A(Dq)nx“'1

n
— ¢ VB D)ADIg" I = nP,_1(x)

(perhaps we should note that MD = GDM). Finally formula 2.13 yields that the right
inverse of F(z) = zA(zq)/A(z) is given by f(z) = z/r(z) with
*1(z) = [(A(2)/A(zq))*] = A(z) = a(z).
This implies that f(z) is given by 3.11(b).
Using Theorem 2.4 with R*(z) = A(z) and formulas 3.8 and 3.9 we get that in

this case

~ ~

) = A(zq)B(2)

1
3.12 FO(2) = A ~
(2) (zq)(A(Z/q))

and our inversion formula (1.10) becomes

1
= A(Zq)(a(z/q)

«(h
3.13 (I’(f)] n =q (2)A(an+l )B(an) A(Z) A(Lq). .o A(an) CI)(Z)I N
—z Az Azq®) AGq™!) 7
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n
_n -(5)
- ¢ PBgMA@ ) 1 = Lo®(D)B(q"D)A(D)x
N

_ 1
=L LePDIP ().

Setting (D) = e¥YD yields

£,
ey-Jzn —F‘!Pn(y)

and this establishes that these polynomials are indeed given by 3.1. Thus the proof of
the theorem is now complete.

REMARK 3.1. The g-binomial formula 3.5 can be established directly from 3.1
in the same spirit as is done in [15]. The derivation is based on a g-analogue of the

“Cauchy formula” valid for any pair of formal power series &,¥
314 VD), = g0 L V)

Setting ®(z) = e*?, W(z) = e¥Z and using 3.1 gives 3.5 as asserted.

We terminate this section by deriving Carlitz’ original example from the present
theory. To begin with note that if we use F(z) = z/(1-z), f(z) = z/(1+z) as inverse pairs
and apply the classical Lagrange inversion formulas (1.5(a) and (b)) we obtain the

expansions

- z n(l-t)n_1
315 @) 90 = 2o SR el

- z yn 1 (1-0)1'(1)
(b) ®(2) 2n>0(_1;) N |t_1-

Carlitz in [12] gives essentially a q-analogue of 3.15(b) namely

_ n | (-0 --(1-tq™])
3.16 P(z) = En>0 (]_Z)“Z.(I-an_[) l-q“ tn Aq)(t)lt_l

where A is the g-difference operator

AD(1) = 1{0(0) - B(tq)].

Let us then use our results with F(z) = z/(1-z). In the notation of Theorem 3.5

this corresponds to the choice

( Z)“q(g)
A =(1-D)* =32 59 ————
) = (1-q)+++(1-q™M)

Thus
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a(z) = Alz) = n>0_i_;—1/(lz)”
(1-g)--+(1-q™

This gives
B(zq) = f(zq) = [(1-2)*] = 1/(1-2)*.
Formula 3.13 becomes
- ( ) 22
o(f) = g? 2l g =g P (1) (12" @)l
z (1-2q™ y* z
We thus obtain the expansion

(')) (1-t) >+ +(1-tq"

B =T ‘—t_nﬂ—“p“)'t-l'

By the matrix inversion result this can be rewritten as

n (1-t) -+ (1-tq"">

- : Vep(
D(z) = 2> z T @(tnt_].

(1-2)+++(1-2q" )

To see that this is Carlitz’ formula we need only observe that

. n-2 n-1
(1-tX1-tq)+--(1-tq )<I)(t)| —l—dJ(tq)A(] 4)-+(1-tq )t
th

tn+l l_qn

tyeoe(] a1
EEIGELNIET LU YWY
]-qn t t

The latter equality follows from the fact that the g-difference of a formal Laurent

series has no residue.

4. Further applications. Expressing classical g-series identities in terms of the

roofing and starring operations sometimes leads to surprising new viewpoints. We shall

illustrate this fact by deriving a selection of results from the theory of partitions.

For the sake of completeness we shall assume as little as possible. This will give us

an opportunity to present our methods in the simplest setting.

(a) The exponential series. For beginners in the theory of g-series the identity

)

N AN, 2 _
41 T —E Tz Da” =1
(1-q)--+(1-q7) (1-q)=-+(1-q")
may appear surprising. However if we set
n

C(Z) = En>0 _—Z__
(1-q)+--(1-qM
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and note that
4.2 e(z) = e(zq) + ze(z)

then unroofing we get
Y \ \ \%
e(z) = e(zq) + ze(zq) = (1+z)e(zq).

Formula 2.7 then yields the identities
\%
4.4 c¢(z) = 1/(1-2)*, e(z) = (1+2)*
from which we conclude that
v B
e(z)e(-z) = 1.
We might also observe that
(_Z)n (g) _ (Z )n
Z0>0 7(1” =250 _q—n_
(1-q)=-+(1-q™) (I-q)-++(1-97)

The explanation for this lies in formula 2.9. Indeed the latter gives

(zyp=_L =y 1
e T

(b) The binomial identities. We have

45— =2 oMK,
(1-z)+++(1-2q")
4.6 (142)-(1+ N-1 _EN N (])l) n
6 (I4z)-=+(1+zq™ ) =X ol la ~ 27,
where
[N]!

N = ! = - s - n
[n] [n]'[N-]l]“[n] (lq) (lq )
By writing

1 - 1k 1

(1-2)+++(1-2g%) [kKIT (1-2)

we can easily derive 4.5. This is difficult to beat. However, once 4.5 is given, 4.6

follows immediately. Indeed formula 3.7 (combined with the identities in 4.4) yields

oy i = M)
i (l—qu)* Zn (1+ZqN-n+l)* Zn
— q(!l]) 1 (l_ZqN-l]+])*]
(1-z)* Al
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(¢) The Cauchy identity. It can be shown by combinatorial methods (see [7])

that

2

n<-n,n

4.7 EI’I>0 q Z 1 = Hn]>o 1 .
(1-q)++=(1-")(1-z)(1-2zq) - - *(1-zq" ") 1-zg™

This formula can be obtained as a particular case of our matrix inversion result.
However an even more general principle is involved here. The idea is to rewrite 4.7 in

the form

2

n—-n_n

4.8 En>0 q Z i
(1-g)--+(1-q™)

and view the latter as a ““tangled” product. When we untangle it by means of 2.2 we

(12gM* =1,

simply get 4.1. Indeed, roofing 4.8 gives
n

Ts0—9720  [(1-2)*] =1=1.

T (1-q)+++(1-qM)

The general principle referred to above is that a variety of g-series identities owe
their intricacy to the fact that they are tangled versions of simpler ones. Establishing
them in their tangled form can be somewhat mysterious but once untangled by means
of roofing (or unroofing) they turn out to be consequences of more elementary
series-product identities.

Our next examples should better illustrate this point.

(d) The Sylvester identity.

(1-2) - +(1zq™ 1) _

49 I (_Z)nqn(3n-1)/2(1_zq2n)
n=0 (1-q)+-+(1-q™

1, >0(1-2g™).

Obtained combinatorially by Sylvester [29], it implies the famed Pentagonal
Theorem of Euler (see [7] for a very interesting historical and mathematical analysis
of its impact on the theory of partitions). [t was given a somewhat mysterious analytic
proof by Cayley [13].

It develops here that roofing untangles it into a simple consequence of the

binomial identities. To see this we first write it in the form

n 3+n )
410 50079 7 (lzq*M_L__=1.
(1-q)---(1-q™) (1-zq™)*

Calling for a moment ¢(z) the left hand side of 4.10, roofing gives
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(5rtn v o7 (7)+ n vy =~
n_-Z n
(z) = 25924 IR N P G ]z
P Ly, 7 T (g gy TF
TR a2
[(-20)*) G- 11 207)*]" e
Thus from 3.7 and 4.5 we obtain (forn=1)
()A S - nt+lyx _ _
QPO = e g e = (T - O =0

(e) The Rogers-Ramanujan identity.
(1) «( l-zqn'l)

411 3 o n-1)NZ2Ngn(5n-D/2(|_z4>n)
n=0 (L) ~~(1q™

7

I'l'l>0(l Zq n)Zn%Ln
(1-q)--+(1-g™)

Both Rogers and Ramanujan give separate proofs of this identity in [25] and
derive from it the famed Rogers-Ramanujanidentities.To this date the treatment of
4.11 given in [25] in spite of many claims to the contrary (see for instance [14])
remains the simplest and most elementary. Nevertheless the roofing operation adds a
new twist to the study of 4.11.

First of all our setting here suggests that we are to replace q by q2 in 4.11 and
rewrite it in the form

7(~n)+2(n+l
412 3 (1) 2 ) A

n=A

(1-zq

(1-q%)-- (l-q‘“)Hm>o(1-zq2“+2‘")

4.2
l'lgﬂn

=z"n?o Zf) A
(1-%)+++(1-¢2™)

Denoting for a moment the left hand side of this relation by ¢(z)=Z,,>q tann

we get 2t T
(10" g™ 2 0y ‘
=[Z
\P(Z) [ n=0 ¢! -q~ ).-.(l q-'n) Iln>0(l 7Q'm)
( l)n __n ﬁ(l]+1)+‘>n Y ~
> 9 | g

) . o]
(1-97)=+(1-q™™) My>p(1-za=™)
that is

~

~ \V vV ~
4.13 o(z) = T'(2)A(z) - I'(zq)zA(2)
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where for convenience we have set
n,2n z(ntl)
5 -1 = - B
M2) =XZh>0 Qg_q__ N> (1-z7q

= 2m)
(1-q=)=++(1-q="

I
1-zq

A(z)=Z .
(2) m=0 2m

We can thus apply 3.7 and obtain
4.14 ¢, = A@I@zq™ ) - 28@ T (zqM) .
z

Clearly to show 4.12 we need only verify the recursion
_ g4n-2
Yn = 1-q3" Yn-1°

for n 2 1. We shall do this by showing that the identities

4.16 (a) I'(z) = (1-22q3)I(zq),

(b) Aza?) = (1-2)A(2),
lead to the recursion
a e, =+ a2 .
To this end observe first that, using 4.16(a) and (b), we can write 4.14 in the form
#n = B@PEAN1270*N )] = AzaP)(za™ - 220> A@(za") .

This gives (using 4.16(a),(b))

417 g2 = A2)I(zq™2) - z2A<z)r(zq“)IZn
= A@)(1-222" )P(zq™ 1) + 2[ Azq?) - A(2)] Lea™i,
= AT (zq™ ) - M@ (2N,
+ Azq)N(zq" - 20”2 A@T ") g

I
=epta “n-1
as desired.
(f) The Rogers-Selberg identitics.

In the same paper [25] quoted above, Rogers actually derives 4.11 as a special
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case of a whole family of identities. Somewhat later the same identities were
established by Selberg in [28]. They acquired special attention since Andrews [2]
discovered the remarkable fact that they can be used to derive the more recent
partition identities of Basil Gordon [19], [20].
Changing only slightly from the notation of Rogers in [25] we set V ;=0 and for
i=1,.k |
2,..ntl, . . ; oY eeof1ogal
Vi(2) = Vi(z.9) = En%(-zk)nqk“ +(% )-m(1_21q2n1) (1-2)---(1-zq" )
n
(1-q)--+(1-q™)
The identities in question are then
Vis1@)-Vi(z) .
T = 2V (ea).

Rogers establishes them in a few lines starting from scratch. This given the only real
question remaining is what causes the existence of such identities.
Taking all this into account it should be of interest to see what roofing brings us

in this case. The natural thing to do in our context is to set

k
i(2) S
I, >0f I-zgKm)
In other words +1
kT yrkn(1-iy+2(K) L
4.18 spi(z) = En>0 Z ]Z q - (l_zlqblnk).
(1-g™)---(1-q rl)Hm>0(l-zqknﬂ(m)

The Rogers-Selberg identities can thus be written in the form
4.19 ¢4 () = () + zisok_i(zqk)-

Now setting
k("

_,kyn 2
N(z) = Z>q ”(Zk)q—kn = > (1-2KqK™),
(1-g™)=-+(1-q™™)
Ay =T ~n—
@) =lm>o 1_qum

roofing 4.18 yields
A \ VAN \Y4 A
4.20 gpi(z) = F(Zq]'l)A(z) -T(zg)[z'A(2)].
Our aim is to show that the identities

421 (a) T = (1-2X¢5)P(zq),



232 ADRIANO M. GARSIA
(b) (1-2)A(z) = A(zq®),
lead to 4.19 coefficientwise, that is
— k-
4.22 &pi+](Z)|Zn = gOi(Z)lZn + wk_i(zq )lzn_i.
To this end, observe first that 3.7 applied to 4.20 gives
(2] g = A@)(zq™) - ziA(z)F(zqn)\Zn.
Thus, using 4.21(a) and (b), we get

041D = A@PE™ - A@PeaM
= A (1-2KgKM D Pzq™) + 21 A(zgK) - A@)I T(zaMi
yA
= AT (zq") - A (2gM)1
. Z

+ A(zgK)M(zq™) - qk(n_i)zk-iA(z)F(zqn’i)'z“’i

= 0@ o+ ey o)) g

and this is 4.22.

(g) An identity of Bressoud.

It may happen that we start with an identity and after subjecting it to successive
roofing or unroofing we may end up with an equivalent identity which may look
deceivingly different from the original one. As an example in point we shall show that
the Rogers-Ramanujan identity 4.11 and the identity
(-z)nqn2(1-22)- oo( 1_Z2qn-1 )( Lnq) =

(1-q)++(1-g™
given by Bressoud in [10] (Lemma 7) are equivalent.

To bring 4.23 into proper from we replace q by q2 and divide it by

71n+1)

423 %50 M ~o(1-2a™(1229°

T, >0(1-22q>™). This gives

2
(2)"q"" (1-29°") =T, >0 ,
(1_q2). ..(1_q2n)nm>0(1_22q2n+2m) 1+Zq2m

424 3 -0

Now let y(z) for a moment denote the left hand side of 4.24 and ¢(z) denote the
left hand side of 4.12. We claim that
4.25 W(z) =* 2(2).
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To see this note first that as in the case of 4.12 we get
~ v ~ v A
W2) =T'1(2)A(2) - T} (za)[241(2)]

where now

[(2)= Hm>1(l-zq2m),

— 1
Aqy(z) =11 —_—
1 =0
m 1_22q2m

Thus 3.7 again gives
4.26 ¥, =2, (zq" D) - 281 @ (2a")] g

Comparing with 4.14 we can see that the roles of I',A are interchanged from one
identity to the other. This observation leads naturally to a proof of 4.25.

Indeed starting from 4.14 we get
on =" IMP@AE/QY) - M@ AGIAMT

Thus

205

427 Yop=a " P @)™ - AT@E A)aM] |y

However we see by 2.9 that

0@) = Mz (12702 ™ = L =A@,
Mpso1-z7a°™

Y A@ = Mpymg—L = T (2™ = 1y @),
]_Z/q‘.m

and thus 4.27 is none other than
n
Yo, = q-z(z)wn
which is another way of writing 4.25.
It might be good to point out that aside from the similarity between 4.14 and
4.26 the present theory suggests the relation 4.25 from the simple fact that it does
hold trivially for the right hand sides of 4.12 and 4.24. Indeed we have

5
1y Q202D

) = .
(1-q3)+(1-2M)  (1-q2)-++(1-q>™)

In [10} Bressoud labels 4.23 an asymmetric triple product identity. From the
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present point of view it may be more appropriate to label it a dual Rogers-Ramanujan
identity. This given it is tempting to apply the above procedure to construct dual
Rogers-Selberg identities. Indeed this can be done with only minor modifications.
More precisely the idea is to start with the ;’s as given by 4.18 and set

4.28 i) = g(zla .
Then we get the following result.

THEOREM 4.1. The qg-series

k(™ Hn(1-ie203

N S
429 Y(2) = T mp— 29 (12'g=™) (y( = 0)
(l-qk)' “( l-qkn)ﬂm>0( l_qukn+km)

are related by the following recursions
4.30 Yi41(20) = Yi(2) + 219y (2).

PROOF. We recall that the ¢;’s as defined by 4.18 have coefficients given by the

equations
431 ¢l o= A(z)D(zq™) - ziA(z)l"(zqn)lzn
where

4.32 T(z) = M~ (1-zKqkm),

A =T~ l-qukm-
Now, we can rewrite 4.31 in the form

20| n = a" "N AN - 2 AN @) |y
Thus

4.33 bgi(2) = M (MH{A2a " HIN@) - (VAN 2" W@ |

Now 4.28 yields that

WD =] g g(2) Ln=a""V i@l g
Comparing with 4.33 we obtain

434 Yi(@)! o= IT@(A)N2a™) - UM @A) g

which, as we see, is of the same form as 4.31.
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Formulas 4.32 and 2.9 then give

@) = Mz (12/qk™) = T g L
1-zXgXm

km).

UA(Z) = Hm>0 = Hl‘[‘l?l(l_Zq

l-z/qkm

Substituting this in 4.34 and reversing the steps that led to 4.31 from 4.18, yiclds that
the Y;’s defined by 4.28 have precisely the expressions given in 4.29.

To obtain the recursions 4.30 we apply the same procedure to 4.19. Indeed
roofing 4.19 twice yields

i

?) k-2i)

2 2 22
vir1(@) = pi(2) +2'q <oy i(zq

thus
40141(2) = boi(2) + g Diyg 2q?HK),
Replacing z by z/qi'] this can be rewritten in the form
(boie D(zaa) = (Boz/a™!) + Z0gy Dz/gk Dy,
However, in view of 4.28, this is simply 4.30.

Andrews informs us that the series given in 4.29 can be obtained from formula
2.1 of [9] by a suitable specialization of the parameters. However, the recursions in
4.30 and the close connection of Theorem 4.1 to the Rogers-Selberg identities appear
to be new.

All the identities we have studied here have the remarkable feature that their
validity is a more or less direct consequence of the elementary series product identity
of Euler. The reader may find that quite many identities in the theory of g-series are
simply ‘“‘tangle” products of various versions of the Euler Identity. Of course some of
them lie deeper than others although on the surface they may look of equal
complexity. The present point of view suggests that a crude measure of complexity for
a given g-series identity may be defined in terms of how far removed it is (in terms of
roofing steps) from a simple series-product identity, the identities of the k+15 level
being tangle products of an Euler identity with an identity of the kN fevel. This would
put examples (a) and (b) at the oth level, Cauchy and Sylvester at the ISt,

Rogers-Ramanujan at the 2nd together with Bressoud’s and the Rogers-Selberg,
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together with their dual at the k™ fevel. That is one way of interpreting Andrews’
multiple series identities (see {4] formulas 7.38 and 7.39 page 112).
The reader may verify for himself that the following identities of Rogers [26]

(see also [5] formulas 3.21 and 3.22) are only of the first level of complexity.

o) o}
n-=.n n-,n P
En>0q—zn = 25>0 qq—qunm%(quzm‘hm")
(1-q)+-=(1-q") (1-g=)---(1-g=")
o) B
4n~-,2n n-.n
s q z > zZ nm>0(l_zq2m+2n+l ).

n=0 = <=0
(1_q4)...(]_q4n) (1_q2)...(l_q2n)
The same holds true for the identity given by Andrews in [6],

o)
5 q2n"-n(]_2q2n+zq3n)zn - 1
(1-q) -+ *(1-qM)(1-z) =+ *(1-zq°™) 1-zq™M

Indeed the latter affords a proof entirely analogous to that we gave the Sylvester
identity.
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