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Plethystic Formulas
for
Macdonald g, t-Kostka Coefficients

A. M. Garsia T and G. Tesler {7

ABSTRACT.

This work is concerned with the Macdonald g, t-analogue of the Kostka matrix. This matrix relates
the two parameter Macdonald basis {P,(x;¢,t)} to the modified Schur basis {SA\[X (1 — t)]}. The entries
in this matrix, which have come to be denoted by K , (g,t), have been conjectured by Macdonald to be
polynomials in q,? with positive integral coefficients. Our main main result here is an algorithm for the
construction of explicit formulas for the K ,(g,t). It is shown that this algorithm yields expressions which
are polynomials with integer coefficients. Recent work of J. Remmel shows that the resulting formulas do
also yield positivity of the coefficients for a wide variety of entries in the Macdonald g, -Kostka matrix. We

also obtain in this manner new explicit expressions for the Macdonald polynomials.

Introduction
Given a partition p we shall represent it as customary by a Ferrers diagram. We shall use

the French convention here and, given that the parts of u are p; > pe2 > --- > ug > 0, we let
the corresponding Ferrers diagram have p; lattice squares in the it® row (counting from the bottom
up). We shall also adopt the Macdonald convention of calling the arm, leg, coarm and coleg of a
lattice square s the parameters a,(s),1,(s),a;,(s) and [} (s) giving the number of cells of u that are
respectively strictly EAST, NORTH, WEST and SOUTH of s in u. We recall that Macdonald in [13]
defines the symmetric function basis {P,(z;q,t)}, as the unique family of polynomials satisfying
the following conditions:

a) Px=5x+ Z S €ur(g; t)

p<A

b) (Px, Pu)gs = 0 for X#p,
where {Sx} is the Schur basis and (, ), denotes the scalar product of symmetric polynomials
defined by setting for the power basis {p,}

(Do » Py)as = {z,, I 445 if p) = p@ = p and
0 otherwise

with z, the integer that makes n!/z, the number of permutations with cycle structure p. Macdonald
shows that the basis {Q,(z;q,t)}, , dual to {P,(x;q,t)}, with respect to this scalar product, is
given by the formula

Qx(z;q,t) = di(g,t) Pa(z;q,t) ,

where

d/\(qa t) =

T Work carried with support from NSERC.
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and
haigt) = J[@=g»@&ty 1 mi(gt) = [JQ-g»@TH) . L1

SEA SEA
Macdonald sets
JH($7Q5t) = hu(qat) Pu(x7Q5t) = h:;((bt) Qu(maqat) ) 12

and then defines his g, t-analogues of the Kostka coefficients by means of an expansion that in A-ring
notation may be written as

Tu(@iq,t) = Y SAXA =] Kxulart) - L3
A

This paper is concerned with the modified basis {H},(z;q,t)}, defined by letting

'Z' q7 Z SA Kku q, ) ) 1.4

where we have set
R/\IL (q7 t) = K/\[L (qJ 1/t)tn(“) L5

with

Z Lu(s)

seEp

If s is a cell of u we shall refer to the monomial w(s) = g%t (%) as the weight of s. The sum of
the weights of the cells of p will be denoted by B, (g,t) and will be called the biexponent generator
of u. Note that we have

Z FACKACK Zti—l ;—qﬂi ‘ L6
sEp i>1 -4

If v+ k and n — k > maz(v), the partition of n obtained by prepending a part n — k to v will be
denoted by (n — k,v). Our main result here may be stated as follows.

Theorem 1.1
There is an algorithm which for any given v F k constructs a symmetric polynomial
k., (z; q,t) such that

K(n—k,’y),u(lbt) = kW[BM(qat) ;C],t] ( v ,ul-nZk%—maa:('y) ) . L7

This algorithm yields that the polynomials k., (z) have a Schur function expansion of the form

k :L' Cb z S kp'y C], 1.8

lp|<k

with coefficients k. (¢q,t) Laurent polynomials in g,t with integer coefficients. Moreover, each poly-
nomial k., is uniquely determined by 1.7 and 1.8 .
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Surprisingly this result shows that the coefficients K au(g,t) depend on p in a relatively sim-
ple manner, allowing in particular the encapsulation of a whole family of g, t-Kostka tables into a few
symmetric polynomials. For instance, in view of the identity Ky ,(g,t) = Kx ,(1/g,1 /) gn(s’)
we see that all of the g,t-Kostka tables up to n = 8 can be constructed from the 12 symmetric
polynomials

ko11, K111, k32, koo, ka1, ko1, kin, ke, k3, ko, kg, kg

that are given at the end of the paper. The 40 polynomials needed to compute the ¢, t-Kostka tables
up to n = 12 can be obtained (in MAPLE input format) by anonymous FTP from macaulay.ucsd.edu.

We show in section 1 that the denominators t*¢” that appear in the formulas giving the
Schur expansions of polynomials k, do in fact disappear when any k. is plethystically evaluated at
a biexponent generator. Thus Theorem I.1 in particular implies that the coefficients K anl(g,t) are
polynomials with integer coefficients. We thus obtain part of the Macdonald conjecture concerning
the Ky,(g,t). Our formulas have also been used with some success in [10] to prove positivity of the
coefficients in K an(g, t) for several classes of partitions A.

We recall that in [3] it is conjectured that H,(z;q,t) is (for a given u F n) the bivariate
Frobenius characteristic of a certain S,-module H, yielding a bigraded version of the left regular
representation of S,,. In particular this would imply that the expression

Fu(g.t) = Y H Kt

should be the Hilbert series of H,,. Here, f\ denotes the number of standard tableaux of shape A.
Since Macdonald proved that

K\,(1,1) = fa, 1.9

we see that we must necessarily have

F,(1,1) = Y ff = nl 1.10

A

According to our conjectures in [3] the polynomial

ap1Hu($§q7 t)

should give the Frobenius characteristic of the action of S,_; on H,.

Using the fact that the operator Jp, is the Hall scalar product adjoint to multiplication by
the elementary symmetric function e;, we can transform one of the Pieri rules given by Macdonald
in [13] into the expansion of 8, H,(z;q,t) in terms of the polynomials H,(z;q,t) whose index v
immediately precedes p in the Young partial order. More precisely we obtain

Op Hyu(z39,t) = Z cuv (g, ) 1, (259, 1) L11

v—p
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with
tl#(s) — q‘lu(s)+1 q‘lu(s) — tlu(5)+1

tl,,.(s) _ qau(s)—i-l qau(s) _ tlu(s)—i-l ’ 112

Cuv ((b t) = H

SERL/v s€Cuyv

where R/, (resp. C,/,) denotes the set of lattice squares of v that are in the same row (resp. same
column) as the square we must remove from g to obtain v. This given, an application of 6;‘1’1 to
both sides of I.11 yields the recursion

Fp(‘]at) = Z Cuu(q,t) FI/(Q7t)7 L13

v

which together with the initial condition F{1)(g,t) = 1 permits the computation of extensive tables
of F,(g,t). It was a close study of this recursion, by means of the probabilistic interpretation given in
[8], that led the first named author to discover the existence of plethystic formulas for the Ky, (q,t).

The crucial tool in this discovery was the following basic result

Theorem 1.2
Let T" be the linear operator on symmetric polynomials defined by setting

__1)|A7p| hix—pa[A -1 —g) X —1] 4,

” a-5H1—9 L

TSAX] = e St Y. SolX](
PEXNX/pEV

Then for any symmetric polynomial P[X] and any partition y we have

> cwl(a,t) P[By(g,)] = (TP)[By(q,t)]

v

Remarkably, it can be shown [10] that all the polynomials k, can be constructed by suc-
cessive applications of the operator I' alternated by successive multiplications by the elementary
symmetric function e;. However, this approach leaves the possibility that the coeflicients ¢, , in 1.8
may have denominators with factors of the form (1 —¢")(1 — ¢®). To remove this possibility we are
forced to extend Theorem I.2 to all higher order dual Pieri coefficients. To be precise, for an integer
r>1let t3(") be the operator which is adjoint to multiplication by h,[X/(1 — t)] with respect to
the scalar product

D opa). = Lsign(p)z, TI; A —g#) (1 — 7)) if p() = p®) = p and 115
(p,,( o Pol ) {0 otherwise
and set
O H,(z30,t) = Y Hy(zq,t) Tel)(at) - 116
w/veV,

We have the following extension of Theorem I.2.

(t)Here and after the symbol A/p € V is to represent that \/p is a vertical strip. Likewise
we will write A/p € V, to express that A/p is a vertical r-strip
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Theorem 1.3
For each r > 1, we can construct a linear operator tT', on symmetric polynomials such
that for any symmetric polynomial P[X], we have

Y te(a.t) PB.(¢,1)] = (TT,P)[Bu(a?)] - (Vu) 117
v: u/vEV,

Our construction yields 1T, in the form

T S\(X] = > Sy dpalat) .18
lpI <[+

with the ¢, x(g,t) Laurent polynomials in ¢,t with integer coefficients. Moreover, *T, is uniquely
determined by 1.17 and 1.18.

The contents of this paper are divided into four sections. To make our presentation as
self contained as possible, in section 1, after a brief review of A-ring notation, we derive all of the
identities involving the modified basis {I:I (x5 9,t)}, that are needed in our proofs. These derivations
necessarily have to take for granted identities whose proofs can be found in Chapter VI of the new
edition of Macdonald’s monograph. In section 2 we establish Theorem 1.2 and derive from it some
plethystic formulas for the K au(g,t). We also give there the embryonic form of the algorithm which
eventually yielded Theorem I.1. In this section we follow closely the path which led to the discovery
of formula 1.14 even though a different path is now available by specializing our present proof of
Theorem 1.3 to the case r = 1. The reason for this is that the connections between the identities
in this paper and those obtained in [8] via the ¢,#-hook walk lead to some interesting questions.
Section 3 is dedicated to the proof of Theorem 1.3 and its various ramifications. Finally, in section
4, we put everything together into the proof of Theorem I.1. We terminate this section with some
comments relating the hook-walk paper [8] to the present one and some tables of the polynomials
k,.

Acknowledgement

We want to express our indebtedness here to J. Stembridge who through the creation of the
MAPLE “SF” package has been of immeasurable help to us throughout all our preliminary computer
explorations.

1. Some auxiliary identities.

In this section we need to derive a few identities for the symmetric functions H,(z;q,t).
Our presentation will be greatly simplified if we make use of a formalism which has come to be
referred to as ” A-ring” notation. We give here a brief informal review of the basic constructs. The
reader is referred to [1], [2] and [6] for further examples.

Our main need is to be able to represent in a convenient and helpful way the operation of
substitution of a polynomial @) with integer coefficients into a symmetric function P. To make
sure that we remember what goes in and what stays out we denote here the result of this operation
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by the symbol P[Q]. This operation is restricted to formal series @@ with integer coefficients. Clearly,
we can represent such a @ in the form

Q = Q"-Q,

where

Qt = > 4

zPEME

and MT and M~ are two multisets of monomials. For instance, if
Q = 3ziys + 2x12013 — 222y — Y5

then + 2 2 2
MT = {$1y27 Z1Y2,%1Y2,X1T2T3, $1$2$3}

M~ = {2293, 2293, 43,93, 93) -
When Q~ = 0 then P[Q] has a very natural definition. Indeed, if

Mt = {m1,ma,...,mn}

then P[Q)] is the polynomial obtained by substituting the monomials of M for the variables of P.
More precisely, we first write P as a polynomial in NV variables

P = P(yl;y2,---;yN)

and then let
P[Q] = P(y17y27"'7yN) - 1.1

Yi=—m;
We can easily see from this that if P and @) are both symmetric in the variables x1,z2,..., 2y,
then P[Q] will also be symmetric; moreover, P[Q] will be homogeneous of degree p - ¢ if P and @
themselves are homogeneous of degrees p and ¢ respectively.

Note that when P is the power symmetric function p,, formula 1.1 reduces to

N
pslQ = D (mi)* . 1.2
From this, we easily deduce the two basic properties

(2) ps[Q1+Q2] = ps[Q1]+ps[Q2]
(i) ps[@1Q2] = ps[Q1]ps[Q2] - 1.3

The idea is to use these properties as the starting point for extending the definition of P[Q] to the
general case. In other words we shall simply let our definition be a consequence of the requirement
that 1.3 (i) and (ii) be valid in full generality. In particular, (i) forces

ps[0]=0 and ps[-Q7]=-ps[Q7] .
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Thus we must take
pS[Q+ - Qi] = ps[Q+] _ps[Qi] 1.4

This given, the evaluation of P[Q] can be routinely carried out by expanding P in terms of the
power symmetric function basis and then using 1.4.

It is best to illustrate all this with the examples we need in the sequel. For instance, let us
see what we get if P = h,, and Q = (1 — t)X with X = 21 + 23 + -- - + 2, Now the expansion of
the homogeneous symmetric function h,, in terms of the power basis may be written as

hn = Y Ppl2p 15

pkEn
with
zp, = 1™12Mm23™s  mylmalmg!. .. (if p=1m™2m23ms ) .
Thus, 1.4 gives
m
ps[1-DX] = (1=t a7,
i=1
and we must have
hn[(l_t)X] — ZMH(I_tm) . 1.6
pEn Zp i
Interpreting X/(1 — ¢) as the formal power series
oo
> d'X
i=0
we are, in the same manner, led to the expansion
X1 _ Pp(T1,...,2Tn) 1
hn[ﬁ] = Z . H 1= g7 . 1.7
pkn p i

In our operation we need not restrict P itself to be a polynomial. For instance, it is customary to
let ©2 denote the basic symmetric function kernel

1
Qz1,...,m) = H . 1.8
Note that since we may write

QO = Zhn = z% = eXp(Z%]E);
)

° s>1

a simple calculation based on 1.4 leads to the direct formula

oRt-Q71 = I Lm I a-m . 1.9
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Thus we can easily see that we must havefor X =z + 2o +---+zpm, Y =1 +y2+--- +uyn

M tz;y;
Q1-t)XY] -9 1.10
[( HUHI "

The latter is usually referred to as the Hall-Littlewood kernel.

Allowing both P and () to be formal power series, the Macdonald kernel [13]

Qu(z,y) = [I111 - m’y’q 1.11

ij k>0 1- xzy,q
may simply be written in the form
Qe = Q[=tXY] . 1.12

We should also note that 1.3 (ii) allows us to extend the identity

Q(x,y) = H l—a:zy] Z S)\

to
Y S\PIS\Q]
A

which we shall here and after refer to as the general Cauchy Identity.

In particular, we also have

halPQ] = > Si[P]S)\[Q] -

AFn

This given, our first auxiliary result may be stated as follows.

Theorem 1.1
The polynomials fIH (z; q,t) form an orthogonal basis with respect to the scalar product in
I.15. More precisely, the following “Cauchy type” identity holds for all n > 1:

H,[X;q,t| H[Y;q,t
enlii—] = > uXia ] BulYia ] 1.13
I ukn hlt (qa t)h;J, (qa t)

Equivalently we must have

&, . ) Eu(q,t)iLL(q,t) if p=v and L
wo v)ix — .
0 otherwise ,
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where

hu(g,t) = (@@ =) and  hi(gt) = J[@E*® —g=®F) 115

sEu sEN

Proof

Note that since the power sum expansion of the kernel on the left of 1.13 may be written in

the form (X] p, [X]
Dp Dp
e sign(p , 1.16
il = 2 ) )

we see from the definition in I.15 that 1.13 and 1.14 are equivalent. So we need only establish 1.13.
Our starting point is the Macdonald “Cauchy formula” (*)

QXYL = D PuX;0,8] QulYsq,1] - 1.17

Using .2 we may rewrite this as

1— _ Ju[Xv Q7t] JH[Yv qat]
WYV = 2 hu(a,t) by (q,t)

Making the plethystic substitutions X —> 7 and Y- X 17—+ We obtain

H,[X;q,t] Hu[Y;q,t]
0 XY — [ p 1.1
[eit=a) = 2 h(g,0) B (0, ) 8

where for convenience we have set
Hu[X;q,] = 5 0.8) = D SAlX] Kau(a,t) - 1.19
A
Now 1.4, 1.5 and 1.19 give that
H,[X;q,t] = H,[X;q1/t]t"" . 1.20

Replacing ¢t by 1/t in 1.18 and using 1.20, we get

IjI#X; ,t I?T#Y; ,t
) [(X;9,t] Hu[Y;4,1]

0 .
[a=70a=0] = 2 woon,(q 178 o R (0, 179)

Now, we can easily verify that

(1)l g+l by (q,1/8) = hu(g,t)  and ") B (g, 1/t) = R, (g, 1) 1.21

(*) [14] (4.13) p. 324



Plethystic Formulas

Thus, equating terms of degree 2n in the X, Y-variables we finally obtain that

n Hy[X;q,t) HuY; g, 1]
hola=a=g] = (-t) Z = = .
ukn h’u ((L t) hu (q7 t)

However, this proves 1.13, since

hla=oa=a] = ()" eala=iii=a) -

The polynomials H,,(z;q,t) have a useful special evaluation, namely

Proposition 1.1

H,1-uqt = H(l — v u) .
sEW
Proof
Rewriting in A-ring notation formula 6.17 page 338 of [14], we get

HsEp(tl _qa U)

1—u. —
Pl=tat] = L, (1 —gettt)
sEp

Multiplying both sides by h,(g,t) and using 1.2 and 1.3 gives

Hyl-uqt] = J[E%qt = J[¢" - w) .

seEp

Replacing ¢ by 1/t and multiplying by #*(#), from 1.20 we get

A —ugd = "W [t -¢"w) = JJa-t"¢" v,

sep sep

as desired.
An immediate consequence of 1.22 is the special case v = 1* of Theorem I.1

Theorem 1.2
For any p F n, we have

f{(n—k,l’“),p(q:t) = ek[Bu_]-] 5

equivalently,

Proof

10

1.22

1.23

1.24

1.25
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Using 1.4, 1.22 may be rewritten as

> S\l—ul Kaulg,t) = JJ1-t"¢" ) . 1.26
A

sEu

However, it is well known and easy to show that

1 _ (w1 -u) fA=(Mn—r1")
Sat—u] = {0 otherwise . L2
Thus 1.26 reduces to

n—1

Z ]-_u K(n rl")u(q7) = H(l_tha u)'

=0 sep

Dividing both sides by 1 — u and changing the sign of u gives

n—1

Z u” f((nfr,v),u(q’ t) = H 1 +1q" u)

=0 (",a")#(0,0)

and 1.24 follows by equating the coefficients of u*.
Note that the A-ring version of the addition formula for e, gives

k
e[X —V] = D e[X] (=) hy_o[Y] . 1.28

§=o0
Thus 1.25 follows from 1.24 by setting X = B,(g,t) and ¥ = 1.

A crucial role in the next section will be played by the linear operator A, defined by setting
for every symmetric polynomial P(x)

Ay P(z) = P[X]—P[X +820910[_>X]|,. . (1) 1.29

This is due to the fact (already noted in [14]) that A; has the basis {H,(z;q,t)}, as its complete
system of eigenfunctions.

More precisely we have

Theorem 1.3
The polynomial H (x5 q,t) is uniquely determined by the two identities
a) Ay Hy(w;0,t) = (1-6)(1—q)Bu(g,t) Hu(;4,t)
b)  Hu(z;¢,1) |s,) = 1-

1.30

(1) Here and after the symbol “|” is to denote the operation of taking a coefficient. In
particular |,. denotes the operation of taking a constant term
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Proof
We follow very closely the proof of 1.30 a) given in [6]. We include this here for sake of
completion. The starting point is a plethystic rewriting of the corresponding Macdonald operator.

We recall that the Macdonald operator D}, acts on polynomials in z1, .. ., x, according to the formula
*)
= tr; —x;
DL p :§:<||7)PX — 1) 1.31
P =1 g T Y S

where X = x1 + 23 + -+ + - Our first step is to show that we can also write

t’n

Dy P@) = o Pla) + o PX + 41 Q=X (t-1)] |- - 1.32

Using the Cauchy kernel Q[X Y] as the the generating function of the Schur basis, formula 1.32 will
necessarily follow if we verify that for an arbitrary alphabet Y we have

t’n

DLOIXY] = - 0IXY] — X + Y] 0 X~ 1)] | -
Or, equivalently that
D! Q[XY] 1 tm
z = — QLY Qz X(t—1)] |20 - 1.

Applying D! to Q[XY] according to the definition 1.31, we get

D! Q[XY] tr; — x;
Q[T ZH ,-—a:]Qq_l)wz ]. 1.34
i=1 j#i

Now, expanding the kernel Q[(¢ — 1)z;Y] into powers of z;, we obtain

Qg—-Dz:Y] = 1 + Y hyllg—1)Y]a?

p2>1

Substituting this in 1.34 and setting for convenience

tr; —x;
Ai(z,t) = [ ﬁ ;
g Tt
we get that
D} Q[XY] - -
97[ S Ai@t) + 3 hlla- Y] S A1) o 1.35
i=1 p>1 i=1
Now from the partial fraction expansion
n n
1—zx; 1 t—1

(*) (3.4) p. 315 of [14]
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and for p > 1:

ZAi(xat) = ol
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7 QX (= 1] ]2

13

where the symbol “|.»” denotes the operation of taking the coefficient of 2? in the preceding expres-
sion. Substituting these two identities in 1.35 we finally obtain that

D, QXY t"—1 hpl(g—1)Y]
Q[‘XEY] ] - t—1 + ; [(qtp ) ] t—1 Q[ZX(t— 1)] |Z1’
- t:—_ll + till Z hp[(?t;)pl)Y] QX (t—1)] |z
p>1
:%;%*‘ﬁg“wiﬂ—nmdﬁ—mm

and this is 1.33.

Recall that in [14] ((5.15) p 3.24) Macdonald proves that

n

(Y t7igh ) PuX;q,1]

i=1

D} P,[X;q,1]

Using 1.32 with P = P,, we may rewrite this as

n

= PulX;qt] + P WX+ 4= ,q,t] QzX(t—-1)]

Ztn i, 4

Multiplying both sides by h,(g,t) and making the replacement X — == 1 -

P,[X;q,1] .

formulas 1.2 and 1.19 give

t" —1)(g—
H,[X;q,t] + t——lH”[X+ M;q,t] Q—2X] | = Ztn g u[X5q,1] .
Changing t into 1/t and multiplying both sides by t»~1+7(#)(1 — t) brings us to
~ ~ n . ~
—t"HL[X;5q,t] + H[X + S g 40[—2X] o = (1 =) Y #7714 ) H,[X;0,4] . 1.37
i=1

Now, assuming u; = 0 for 4 > n, the definition in 1.6 gives that

n n

(1=t)(1—q) Bu(g,t) = (1-t)Y 71 — (1—t) Yt 'gH

=1 =1



Plethystic Formulas 14

or equivalently
n

(1—t) > t7lg" = 1—t" — (1-t)(1-q) Bu(g,t) - 1.38

i=1
Substituting 1.38 into 1.37 gives 1.30 a) with A; given by 1.29. We have thus established that the
H u(z;¢,t) form a complete system of eigenfunctions for the operator A;. Since the polynomials
(1 —t)(1 — q) Bu(g,t) are distinct for ¢ and ¢ generic, we can see that the H,(z;q,t) are uniquely
determined by any one of the coefficients in their Schur function expansion. Now to obtain 1.30
b) we need only observe that 1.4 gives H,(z;q,t)|s, = f((n),p((bt) and 1.24 (for k = 0) gives

IN('(nm(q, t) = 1. This completes our proof.

Our next task is to show that the coeflicients ¢, (g, t) occurring in I.11 are given by I.12.
To do this we need two auxiliary results.

Proposition 1.2

The adjoint of the operator O0p, with respect to the scalar product ( , ). is multiplication
by exlm=pa=g)] -

(1-t)(1-q)

Proof

Note first that the scalar product introduced in I.15 can be rewritten in terms of the cus-
tomary Hall scalar product ( , ). More precisely, for any two homogeneous symmetric polynomials
P, Q of degree n, we have

(PIX], QX)) = (=) (P[X], Q[t - 1)(1 - ¢g)X]) 1.39

Now it is well known and easy to show that 0, is the Hall scalar product adjoint of multiplication
by e;. Thus if P and ) are symmetric and homogeneous of degrees n and n — 1 respectively, we
have (using 1.39 twice)

(=1)"" (9, PIX], QI(t - 1)1 - ) X])
= (=" (P[X], e1 Q¢ = 1)(1 - 9)X]) 1.40
(PIX], erla=i=g ] QIX])-

and this is what we wanted to show.

Proposition 1.3
The coefficients ¢, (g,t) and d,,(g,t) defined by the equations

a) Op Hu(miq,t) = Y culet) Hi(zig,t)

v—rp

b) el(x)I:I,,(m';q,t) = Z I:Iu('mq)t) d,“,(q,t)

pv

1.41

are related by the identity

= v L . 1.42
'
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Taking the x-scalar product of both sides of 1.41 a) with H,(z;¢,t) and using 1.14, we get

(Op Hyu s Hy )

7Lt
cuw huhy,

Similarly, taking the *-scalar product of both sides of 1.41 b) with H,(z;q,t) we get

<}~IN ) elﬁl/ )*

and 1.42 follows from 1.40 since it implies that

(O Hyy Hy)o = (B enlomgimy] By )
Theorem 1.4
ay(s) _ v (s)+1
_ g — i
duu(Q7t) - H ap(s) — Hu(s)+1
SERF/V
tlu(s) — gan(s)+1
aw@t) = 1l Zo—meom
SER, /.

Proof

th(s) _ qau(s)—i-l

selo—{/y ) — g+ 143
q”’u (s) — tlu(3)+1
H qe () — tlu(s)+1 ° 1.44

SEC”/V

It is sufficient to prove 1.43 since 1.44 then follows easily from 1.42.

Our point of departure is the Pieri rule 6.24 (iv) (given in page 340 of [14]), which in the

particular case r = 1 may be written in the form

e1 Py(z:0,t) = Y ¥,,(¢,1) Pu(z;4,1) 1.45
uv
with B (s)
(s) hl,(s
¢L/,,(q, t) = iy 1.46
5eCos hL s) hy(s)
where for a cell s of a partition A we set
ha(s) = (1— @G+ and R (s) (1 —th (&) gaals)tty 1.47
Now using 1.2, we may rewrite 1.45 as
hy (g, ) .
e1 Ju(z;q,t) Z Vi (451) ha(a,0) Ju(z;q,t) . 1.48
p—v 9
Now (taking account of the corner square of u that is not in v) we can easily derive from 1.46 that
hy(q,t) hy(s) (s)
1-1t) ¢, ¢ ~L = 1.49
( ) ¢p/u(qa ) hp(q,t) H (s h, S

SER”/V

SEC“/V
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Calling the right-hand side of this equation ®,/,(g,t) for a moment , we can write

61(-73) Ju(maqat) = 73 (I)/J./V(qat) JH(quat) .
1-1

p—v

Making the plethystic replacement X — %, cancelling from both sides the resulting common factor
1 —t and using 1.19, we derive that

61(3:) H,,(.’L';q,t) = Z (I)N/V(Qat) Hu(m;Qat) .

pv

Making the replacement ¢ — 1/t and using 1.20, we get
er(z) Hy(z;q,t) 7" = > @,,(q,1/t) Hy(w;q,t) t7"1) 1.50
pev
Now note that from 1.47 and 1.49 we get that
1 — g ()¢l (s)+1 1 — the(s) gav(s)+1

@u/u(q,t) = sel;{/u l—qa”(s)tll‘(s)+1 selc_!/u l_tl“(s)qa#(f})-{-l .

This given, straightforward manipulations yield that

qa,,(s) _ th(S)+1 tly(s) _ qa,,(s)+1

— n(w)-n(v) £ 0 - <
®,.,(q,1/t) =t H @) — fa(o)H1 H (o) — gon(o)+1
SERu/V SEC”/U

Substituting this in 1.50 gives 1.43 as desired.

The next two theorems express useful symmetries of the polynomials H u(T5,4,1).
Theorem 1.5
Hu(z;q,t) = "W w H,(2;1/q,1/t) 1.51

Proof
Our point of departure is the first formula in (4.14) (iv) p. 324 of [14], namely
P,(z;1/q,1/t) = P,(x;q,t) . 1.52

Now, from the definitions I.1 we can easily derive that

(="
hu(1/q,1/t) = Whp(q,t)- 1.53

Thus, multiplying both sides of 1.52 by h,(1/g,1/t) and using 1.2, we deduce that

(=0

P parmE Ju(z;9,t) .

Ju(;1/g,1/t) =
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Making the plethystic substitution X —1=— 1 7P 1.19 gives

: _ (= :
Hu(wa 1/q,1/t) = prrarEmE Ju[1—}§/t 1] |54
1 I )
g “Hn@ ) -
Multiplying both sides by q"(”')t"(”) and using 1.20 gives
¢ Hy(w;1/q,t) = wHy(w;q,1) .
Replacing ¢ by 1/t, multiplying by t"(®) and using 1.20 again we get
") Hy(2;1/g,1/t) = w Hu(w50,0)
which is another way of writing 1.51.
Theorem 1.6
Hy(z;t,q) = Hu(x;q,t) 1.55

Proof
We start here with the second “duality” formulain (5.1) p. 327 of [14]. Using A-ring notation,

this may be written as
Pﬂ(xataq) - wQu[Xl t7 7] . 156

Now it is easily verified from the definitions in 1.1 that
hu(t,q) = hy(g,t) - 1.57
Thus, multiplying both sides of 1.56 by h,(t,q) and using 1.2, we get
Ju(zst,q) = wlplxi=t¢,1] -
Making the plethystic substitution X — 3% gives
Julgitd = wlwl5e.t

which may also be written as
Hy(z;t,q) = wHyp(x;9,t) -

But now the identity in 1.54 gives that
Hu(wit,q) = ¢ W% Hy(a;1/q,1/t) -
Replacing g by 1/q, we are finally led to

Hy(z;t,1/q) = ¢ "¢ ) H,(259,1/t)
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which, by means of 1.20, can be immediately transformed into 1.55.

2. The algorithm

The mechanism that constructs of our plethystic formulas will be better understood if we
follow closely the developments that led us to its discovery. To present it we need some notation.

Since the monomial t"(”)q”(“') will appear quite often in our treatment it will be helpful to
have a special symbol for it. We shall denote it by T},. It will also be convenient to let T),,, = T}, /T, .
Of course when v—p then T}/, is simply the “weight” of the corner cell that we must remove from
u to get v. For any given symmetric polynomial P[X] it will also be convenient to let P* denote
the polynomial

* _ X
P*X] = Plag=a=5] -
This given, the g, t-Kostka coefficients can be computed from the following basic identity.
Proposition 2.1

I‘{—/\u(qat) = <S;’ ) Iz’u >* 2.1

Proof
From the classical Cauchy identity we can easily derive that for any integer n > 1 we have

enlmya—a] = D S\X]Sxlgpa—y] - 2.2
AFn

Now, in view of 1.17, this says that the bases {Sx}xrn and {S}, }a-n are “dual” with respect to the
*-scalar product given by 1.15. Thus 2.1 follows immediately upon *-scalar multiplication by S5, on
both sides of the relation in 1.4, which is

Hy(x34,1) ZSA ) Kulg:1) - 23

As a corollary we obtain the following basic recursion.

Theorem 2.1
For any pair of partitions pFn — 1 and u - n we have

Z Ky u(g,t) = Z e (1) K,y 24

Ap v—p

Proof
Taking the #-scalar product by S}, on both sides of the relation in 1.11 and using 2.1 gives

(O Hy, Sy ) = . cunlet) (Hyy S = Y cunlast) Ko - 2.5

v v

On the other hand, from Proposition 1.2 we derive that
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and 2.4 then follows from 2.1 and the standard Pieri rule

e;‘ S;/ == Z S;il -

A+p

Before going any further we should note that even the trivial case p = (n — 1) of 2.4 yields
something surprising. In this case it reduces to

Kon-tyu + Koy = Y cw Kaonw 2.6

v

and since 1.24 for kK = 0 and k& = 1 gives that for any u and v we have
K(n),u = K—(n—l),u =1 and K(n—l,l),u(‘]: t) = Bu((b t) -1,
we see that 2.6 yields the remarkable fact that

> cuw(a:t) = Bu(a,t) - 2.7

v

Efforts to give a combinatorial proof of this identity led to the discovery in [8] of a ¢, t-analogue of the
hook walk introduced by C. Greene, Nijenhuis and Wilf in ([11],[12]). More remarkably, computer
explorations involving the ¢,#-hook walk led to the conjecture that 2.7 is but a special case of a
general identity asserting that for each integer k > 0, there is a symmetric polynomial g; such that
for any partition y we have

3 ewl@t) T, = gilBu(a.t)] - 03

v—u

It develops that the validity of this conjecture allows us to recursively transform formulas expressing
the K ov(¢,t) as plethysms with B, into formulas expressing the K au (g, t) as plethysms with B,,. To
see how all this comes about it is best to have a close look at some examples. Now the next simplest
case of 2.4 is obtained by choosing p to be a hook shape. This yields a formula for K an(g,t) for p
arbitrary and A an augmented hook. More precisely we get

Proposition 2.2
For any k> 1 and p+ n withn —k —1 > 2 we have

f((n—k—l,2,1"’_1)au(Q7t) = Z cu,,(q,t) ek[Bu_]-] - ek+1[Bp,] - 2.9

v—pu
Proof
Setting p = (n — k — 1,1%) in 2.4 we get

K ktamtiyy + Kngroon, + Kok = D cuw Kpnogo110y,0 -

v
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Using 1.24 we can rewrite this as

f((n—k—1,2,1k—1),p = Z cuv €x[By — 1] — erp1[By —1] — ex[By —1]

v

and this is 2.9 because
ex+1[Bu] = ept1[Bu —1] + ex[B,—1] .

Note next that since we can write

B,-1 = B,—-1-T,,, , 2.10
we have the expansion
k
ex[B, —1] = > er o[By—1](-T,p)" -
s=0
Substituting this into 2.9 we get
5 k
Kinopor200-0u(@t) = —exqi[Bu + D en s[Bu—11(=1)* > culg,t) sy, - 211
s=0 v
Note further, that using 2.8 we can rewrite this in the form
B k
K(n—k—l,z,lk—l),u(fbt) = —ek-i-l[Bu] + Z ek—S[Bu - 1] (_1)3 gs[Bu] . 2.12
s=0

In other words, by means of this mechanism, we can convert our plethystic formula for K ap for Aa
hook into a plethystic formula for A an augmented hook. This is but the embryo of a procedure that
can be used to construct plethystic formulas for all K ap- We can thus see the importance of proving
the existence of a polynomial g5 giving 2.8. Remarkably, we can not only prove that g exists but
we can give it a surprisingly simple explicit formula. Namely,

Theorem 2.2
For all k > 1 we have

1
E k — — — —
= Cuv TN/V (1 t)(l q)tqu hk+1[(1 t)(]. q)B“ ].] . 2.13

In other words, in view of 2.7, we can set

gkl X] = 2.14
hl[X] for k = 0.

To prove 2.13 we need to establish three auxiliary results which should be of independent
interest. To state them we need some notation. Let u have m corners A, Ao, ..., A, labelled as we
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encounter them from left to right. For convenience let us set A; = (a;, 5;) with a; and j; respectively
giving the coleg and coarm of A; in y. Similarly, for i = 1,2,...,m — 1, let B; = (a;+1,0:) denote
the cell of p with coleg ;41 and coarm g;. Finally, set ami1 = 8, = —1 and let B, = (a1,0,),
B,, = (am+1,Bm) denote the cells that are respectively immediately to the left of the highest row
of 4 and immediately below the last column of y. In the figure below we illustrate the case of a
4-corner partition and the location of the cells Ay, A, A3, A4 and B,, By, By, B3, By.

o

N
By A,

O O
B,

As

[ [l
B,

A
oot

Bs

B,-

This given, setting z; = t*¢% and u; = t*+1¢”%, we have the following curious identity.

Proposition 2.3
1
Tzt Tm — U—ur—--—uy = (1-1/t)(1-1/q) Bu(g,t) — — 2.15

Proof
If p has k parts we may rewrite 1.6 in the form

k k
(1-t(1—q) Bulg,t) = (1=8)D) 7' (1—¢") = 1—tF — (1=)) 7 "g" .
i=1 i=1

Dividing bt tq and reorganizing terms gives

k k

1 ; o i1 i

=1/ =1/q) Bu(g,t) = o = —t*"q 7  —t70gM 7t =) #7720t 4 ) g
=2 i=1

k—1
— gyl _plgml Ztifl(qu,-fl _ qmﬂfl) Shlgmel
i=1

Clearly, the only terms that contribute to the sum on the right are those corresponding to the rows
which contain a corner of yu, since for all the other terms we have p; = p;+1. Since the row containing
A; contributes x; — u;_1, rewriting all the other terms in terms of weights, we are reduced to

(1-1/)(1 - 1/q) B,xq,t)—% = v+ Y mow) 4 om

and this is a rearrangement of 2.15.

The next result gives an expression for the coefficient ¢, (g,t) in terms of the weights
L1y L2yes9Lmy Ugy ULy e oy Uy
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Proposition 2.4
If v (for i = 1,..,m) denotes the partition obtained by removing from p the cell A; then

Cupli)y = ! = [T (us = 7i) .
e (1-1/)(1-1/q) = [, , s;éi(ms )

2.16

Proof
For convenience let R; (resp. C;) denote the row (column) of cells of »(*) that are directly
west (south) of A;. Note that since

oy S lu(s) for s € R; iy Jau(s) =1 forseR;
Lo (s) = {lu(s) -1 forseC; and @y (s) = { ay(s) for s € C;

we can rewrite our formula 1.44 in the form

Cp® = H

sER;

t (s) _ ap(s)+1 au(s) —# (s)+1
S e 1% SR 2.17
tl# (s) — qa# (s) <G qa”(s) — tl# (s)
8 i

It is easy to see from this that the horizontal pieces of the boundary of y that lie above R; produce
massive cancellations in the first product in 2.17. Similarly, the vertical pieces of the boundary that
are to the right of C; cause massive cancelations in the second product. To be consistent with our
way of representing the corners A;, it is best to keep using the convention of representing a cell s
by a pair (a, 8) consisting of the coleg and coarm of s with respect to u. This given, to carry out
these cancellations, we only need to compute these products by grouping their factors according to
the following decompositions.

Ri+{A} = > Ri(j) with Ri(j)={(e:,B) : Bj 1 <B<B;},
j=1
Ci +{4:} = Zci(j) with  C;(j) = {(a, B) : aj;1 <a < aj} .

T

<.
Il

Now we see that for j < i

thu(s) — qap(5)+1 poi—ai _ qBr,H+1 s e _ qﬁrﬂjq
self;l(j) A =g ﬁj_lgasm trame —gfhimf g — gl
and for j >4
qa,u(s) — tlu(s)+1 qﬂj R qﬂf b _ jor—aren
861(;[(3') W o ﬂj—lg?Sﬁj PP —taima BB _goi—a;

while

tlp(s) — qap(s)—}-l 1-— qﬁi—ﬁi—l

) g 1-gq ’seci(il;[_{m} @ — e 1—t¢

q (8) _ glu(s)+1 1 — i~ it

1

sER;(1)—{A:}
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Putting all this together, we obtain that

o ﬁ $oi— @ q,@i—ﬁj—l y 1— q,@i—,@i+1 y 1 — $oi—@it1 y 1'_”[ qﬂj—ﬁi it
p®) = ) tai—oi — gBi—p; 1—g 1-—1¢ A gPi—Bi — txi—a;
Jj=1 Jj=i+l

Regrouping the factors we can write

Hj‘:1(taj—ai - qﬂi—,@j—1) H;”:i(qﬁj—ﬁi — i 41)
H;;ll (taj—ai _ qﬁi—ﬁj) H;n:z'-i-l (qﬁj —Bi — tai—aj) )

1= -9 e =

and getting rid of the negative exponents, we finally derive that

Hj’:l(tajqﬁj_l — taiqﬁi) y Hm (taj+1q,6j _ ta,qﬁ,) y 1
1o (b2 qf — toigfi) — IIjliqa (t%9g% — t2ig%) — toigPiglotomi

(1-1 =g cpi =

Rewriting this in terms of the weights z;, u; we get

ey (wjmr — i) T (g — 20) L 1

~ X ———
H;;ll (zj — 73) [Tty (@j—2) @ g7ttt

1= -q) cpn =

which is another way of writing 2.16. This completes our proof.

Proposition 2.5
For any two alphabets X = x1 + 2o+ -+ Ty and U = u, + ug + - - - + Uy, we have

- t R
Z tmhm[X_ =1 + Z 5 0-’L'z uS) % B ut 518
m>0 i=1 Ti HS 1 s;éz(xl - xs) 1—tx; T1T2 - Ty
Proof
Note that since -
—1
S ha[X - U] = [Lom(1 = tus) )10
m>0 Hs:l(]‘ - txs)

we need only determine the unknown coeflicients in the partial fraction decomposition

™oL —tus) & 1
Moo —tus) _ §~ , - 2.2
I, (1 tz,) ; i1 tg, ~ @ T @ 0

Multiplying 2.20 by 1 — tz; and setting ¢t = 1/z; yields that

1 ™ (g —
A = — 1;[8=0(”” us) 2.21

77 [Toe, ,_—,éi(xi - Ts)

Setting t = 0 in 2.20 gives
+ ¢, 2.29

i
=
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while dividing by t and letting t—o0 gives
q = - 2Lt m 2.23

Now substituting 2.21 in 2.20, we obtain

HZZO(I—tus) 14 z"”:Ai tz;
Hs:l (1 - txs) i—1 ]. - t.'L'l

and 2.18 follows from 2.19, 2.21 and 2.23.
Proof of Theorem 2.2
Equating coefficients of t**! in 2.18 gives that for any distinct nonvanishing values of
T1,%2,---,Tm, we have
m - — —_—— >
m g Hs:()(mi _ Us) hk+1[!L‘1 + + T Uy Um] for k>1,

Yo e T el gk 2.24
paw] xiHi:i(xi—ﬂis) Ti+ -+ Ty, — Up— - — Uy + Z:g: for k=0.

Now, combining 2.15 and 2.16 with 2.24 (interpreting the z;, u; as weights of the cells A4;, B;) we
derive that for £ > 1

. e 1 o L@ —us) 4
> Cur (Tup) (1-1/t)(1-1/q) 2 zi [[oz1 (i —25) ™

v—p i=1

1 1
= a=ipa=ig Mo l0-yna-veB - g

and this is easily changed into 2.13.

We should note that from 2.24 we can also obtain another proof of 2.7. In fact, it is easily
derived from our definition of the weights x;, u; that

Ut Um 1
T1T2 - Ty tq
So the case k = 0 of 2.24 gives
Z - 1+ To+F Ty —Uy— UL — = Uy + 1 l,
(1-1/)(1-1/q) (1—1/t)(1 - 1/q) tq

Vi

which reduces to 2.7 by means of 2.15.

An immediate corollary of Theorem 2.2 is an explicit plethystic formula for K (¢, t) when

A is an extended hook.
Theorem 2.3

For any k> 1 and utFn withn —k —1 > 2, we have

f((n—k—1,2,1k—1),p(q7t) = _ek-i-l[Bu]
+ Mﬁelﬁ-l[Bu'i‘%] 2.25
i t+q—1 1—t
oo+l But gt -
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Proof
Using 2.14 in 2.12 gives

f{(n—k—l,Z,lk—l),u(q;t) = —ept1[Bu] +ex[By —1] B, +

k o 2.26
+ Tty O ek olBu — (=1 (900, — L]
s=1

Working on this sum we successively obtain

k+1
— " ersims[By — 1(=1)*R,[1=9U=0p, — 1] =
s=2
k+1
= = Y ern—oBy — e[~ B, + ]
s=2

= — epy1[By—1— %Bu +ig) + ern[By—1] +
+ e[Bu — (=090 B, + L)

Using the final expression in 2.26, our desired formula 2.25 can be derived with a few routine
manipulations.

Remark 2.1
We should note that Theorem 2.3 establishes the particular case v = (2,1%¥~1) of Theorem
I.1. Indeed, formula 2.25 simply asserts that we may take (for any k > 1)

kz’lk—l(x;q,t) = —ek+1(.’ll') + (1—1535% (ek_H [X + %] — ek+1[%X + %] ) 2.27

We should also mention that regardless of the presence of minus signs in 2.27, J. Remmel (see [10])
was able to show that the plethystic evaluation of k, ;x-1(x) at B,(qg,t) always yields a polynomial
in ¢, t with positive integer coefficients for any pu Fn > k + 3.

Remark 2.2
We should note that the only denominators that are introduced by uses of formula 2.13 are
powers of gt. In fact, using the addition formula for hyy1, we may rewrite 2.13 as

S Tl = wepager (el =00 - 0B - h(0-0)(1-0B,) ,

v

and it can be easily seen (by passing to a power sum expansion) that the factor (1 —¢)(1 — ¢) in the
denominator is cancelled out by multiples of it produced by the numerator.

The experience that was acquired in the study of the Kostka-Foulkes polynomials K, (t)
(see for instance [9] and [5]) strongly suggests that to obtain a proof of Theorem 2.1 in full generality
we should make use of higher order Pieri rules than the one expressed by 1.41. And this is precisely
what we shall do in the next section. Nevertheless, we have overwhelming evidence that things are
quite different in the ¢, t-case and that in fact, one single Pieri rule should be sufficient. What is
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fundamentally different in the g, ¢ case is that the Macdonald operator, as well as the operator A,
given in 1.29, have distinct eigenvalues for ¢ and ¢ generic. This allows the construction of formulas
for the coefficients K au(g,t) by judiciously combined uses of Theorems 1.3 and 2.2. The point we
try to get across here will be better understood after we examine some further examples.

But before we do that we shall study the nature of the rational expressions for the K (g, 1)
that may be derived from one of the originally available algorithms. To this end let us recall that
Macdonald established the following

Pieri Rule ((6.13) p. 336 of [14] )
Let v and p be partitions and let u = v + 1%, for some integer k > 1. Then we have

ek(ZL')P,,(.Z',q,t) = Pu(.fl',q,t) + E ’lvbl)\/u(qat) P)\(.’E,q,t) )
A<p
A/ VEVY

where the inequality sign “<” in \ < p represents dominance and

(1 _ qu,-—uj tj—i—l)(l _ q)\,'—)\jtj—i-i—l)
P (g, 1) = 11 — — 2.29
oy (L —gnimviti=4)(1 = ghi=hti )
Xj=vi , Aj=vj+1
This rule has two immediate corollaries that are important for us here.
Proposition 2.6
The coefficients {5, (g,t) in the Schur function expansion
Pu(z;q,t) = Y Sa(@) &aulg,t) 2.30
Alp
have rational expressions with denominators containing only factors of the form
(1—-q"t%) (with r+s>1). 2.31

In particular, we may construct rational expressions for the K A1 (¢,t) having in the denominators
only factors of the form

(" —t°) (with r4+s>1) . 2.32
Proof
Note that we may rewrite 2.28 in the form
Pu(z30,t) = ex(@)Po(z50,t) — Y W), (q,t) Pa(w;q,t) - 2.33
)?\/:1/)\6<V‘;c

Thus, having computed all the P, with |v| < |p| and all Py, with A < g, this formula may be
used to compute P,. This gives us a fast algorithm for a recursive construction of the Macdonald
polynomials in any total order that is compatible with degree and dominance. Now, at any given
degree m we must start with g = 1™, and it is shown in [13] that

Pim(59,t) = em(x) .
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This given, we see that successive applications of 2.33 will yield a Jacobi-Trudi-like expansion for
P, of the form

Py(z;9,t) = Z ex () mau(a,t) 2.34
ALu

with the coefficients 7,,(g,t) integral polynomials in ¢,t divided by products of factors as given in
2.31. Thus the assertion concerning the coefficients £x,(g,t) in 2.30 is obtained by replacing the
ex (z)’s in 2.34 by their Schur function expansions.

To transform the Schur function expansion of P,(g,t) into the Schur function expansion of

H,(x;q,t), we need to go through the following sequence of steps:

(1) Pu(z59,t) —  hu(g,t)Pu(z;q,t) = Ju(z;0,1)
(2) Julz;qt) — Tl 0.1 = Hu(z;q1) ,
(3) Hu(z;q,t) — Hyu(z;q,1/t)t"™ = Hy(w;9,1) .

Now starting with denominator factors (1 — ¢"t®) the first step should, if anything, cancel some of
them. The second step could at the worst produce some additional denominator factors (1 — ¢") in
the Schur function expansion of H,(z;q,t). Finally, the last step changes the denominator factors
1 —q"t® into factors of the form #* — ¢" and at the worst could also introduce denominator factors *.
In summary, by this process, the coefficient K au(g,t) in the Schur function expansion of H u(59,1)
may be given a tentative first expression as an integral polynomials in ¢, ¢ divided by products of
factors of the form

tf (with k>1) and (qF—t*) (with r+s>1). 2.35
However, the identity in 1.55 yields that
kz\u (q7 t) = K)\u’ (t7 q) . 2.36

But then, applying our results to Ky, (t,q), we derive from 2.36 that K, (g, t) may also be given a
second expression as an integral polynomial in ¢, ¢ with denominator factors

¢ (with k>1) and (t*—¢*) (with r+s>1). 2.37

Comparing 2.35 and 2.37 we come to the conclusion that the denominator factors ¢* in the first
expression and the denominator factors ¢* in the second expression must cancel out when we reduce
those expressions to their normal form. This leaves as the only possible denominator factors for
R’,\p (g,t) those appearing in the list in 2.32.

The Macdonald Pieri rule yields a Pieri rule for the polynomial H (23 ¢,t) which may be
stated as follows.
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Proposition 2.7
For any k > 0 we have

ml25) HoXq,1 = ) Tda(gt) Ha[X;q,1 2.38
A/vEVR
with -
¥y, (g, 1/t) hy(g,t)
tdy(qt) = L ~/ . 2.39
h)‘((],t)
Proof

Multiplying both sides of 2.28 by h,(g,t) and setting for convenience v} / #(q, t) =1, we can

¢:\/,, (Q7 t)hu(Q7 t)

rewrite 2.28 as

ek[X]JV[X;Q7t] = Z h ( t) JA[X;th] .
A/vEVi g,
Making the plethystic substitution X —>1%t gives
wl ,,(q: t)hV (Q5 t)
el XX 0t = Y Hy\[X;q.1] .
2 h/\ (qa t)
JVEV}

Replacing ¢ by 1/t and multiplying both sides by t*(*) we get
1'[)I)\/u(qa 1/t) hy (q, 1/t) tn(") _

ek[%] ﬁu[X;qat] = Z 5)) H/\[X;qat] .
A/vEV: h)\ (Q7 1/t) tn
Making the replacement ey [T ]—(—t)¥hi[2;] and using the first equality in 1.21 yields

I:I/\[X7q7t] )

~ ,éb;\/y (qa l/t) ill/(qa t)
he X H,[X;q,8] = ~
e I Y e

and this is what we wanted to show.

The basic result which plays a key role in our algorithm for computing the coefficients
K, (g,t) may be stated as follows.

Theorem 2.4
The multiplication of a polynomial H,(z;q,t) by e}(z) may be expressed in the form
er(@)H,(z;q,t) = Y "d¥)(qt) Hu(w;q,1) 2.40
H2rv

where the symbol “u Dy v” is to mean that the sum runs over partitions p whose diagram contains
the diagram of v and differs from it by exactly k cells. Moreover, the coefficients *d,(ﬁ,) (¢,t) may be
computed by successive applications of 2.38 via the formula

ela=ii=g] = 2 hulS) fuliy) - @ 2.41
ukk

(1) As is customary, f, denotes the forgotten basis element corresponding to p
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Finally, denoting by *8*) the adjoint of multiplication by ej, with respect to the *-scalar product,

we have
*5(k) H,(z;q,t) = Z *cﬂfj)(q,t) H,(x;q,1) 2.42
vCirp
with - .
i
k) = 1 }f“if“ ) 2.43
v (1-8(1—q) h,h,
Proof

We need only observe that each time we use 2.38 on a polynomial H,,, we produce polyno-
mials Hy indexed by partitions whose diagram contains the diagram of v. As for 2.43, we can derive
it from 2.41 in exactly the same manner 1.42 was derived from 1.41 a).

Here and after, by an integral polynomial we mean a polynomial with integer coefficients.
The ratio of two integral polynomials in ¢,¢ will be simply referred to as a rational function of
q,t We shall say that a rational function f(g,t) is Laurent if it is given by an integral polynomial
in q,t,1/q,1/t We shall say that f(q,t) is pure-Laurent if it is equal to an integral polynomial
in 1/¢,1/t. A function f,[g,t] will be called m-rational if it evaluates to a rational function of ¢
and t, for each p F n > m. An m-rational function is said to be plethystic if it is of the form
fulg,t] = P[B,(q,t); ¢, t] with P(z;q,t) a symmetric polynomial with coefficients rational functions
of ¢ and ¢. In this case we shall say that P generates f. If the coefficients of P(x;q,t) are Laurent
or pure-Laurent we shall call f,[q,t] = P[B,(q,t);q,t] plethystic Laurent or plethystic pure-Laurent
as the case may be. The collections of m-rational functions will be denoted by R>,.

For f € R>p, and for a given p-n > m +k, set

gu(@t) = Y *dB(g.t) flgt) . 2.44

vCip

It will be convenient to express this relation by writing
g = Cif 2.45

and viewing Cj, as a linear operator mapping R>n, into R>m4k. Of course these operators may
composed in any order, and to express that a certain ¢ € R>g, 4ko+..-+k,. is Obtained by applying
successively Cy,, Cp,,...,Cyp, to a given f € R>p,, we write

g = Cp, - Cp,Cy, [ -
To make explicit the dependence on u, we shall write

9p = Ck,,"‘CkZCklf |[Il] .

The relevancy of this apparatus to the computation of the Kostka-Macdonald coefficients is
due to the fact that each K ap may be simply expressed as a polynomial in the operators Cy, applied
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to the function f = 1. Before we state the precise result, it will be good to look at some particular
cases. To this end, suppose we want K(n_7,372,2),u(q,t) for a given p F n. Our starting point is
formula 2.1, which in this case gives

K(n—6,3,2,1),,u = <S(*n—6,3,2,1)' ) Hu )* - 2.46

Now, expanding S?n—6,3,2,1)' by Jacobi-Trudi, we get

*
n—=6

* — * * k% *2 * * %2 * * %
S(n—6,3,2,1)' = €, €3€3€6] —€,_€3" — €, g€1e;” T €, g€5€
* *2 % * ER * * %2 * * %
—e, 56y e +e, sese;+e, ,e,ef” —e, sese] 2.47

* * _x * * * * % * *
+ €, 5€4€1 — €,_5€5 — €,_4€3€) T €, _3ze3 .

Before we substitute this into 2.46, note that we can write

(ehgeleters Hude = (ehq, "0 0@ oM f,) . 2.48
But
WO, = Y A,
aCip
SO
* * r7 * * (2) 17
0 9 H, = 3 el ) iy |
aCip BCaa
and finally,
*a(3) *xq(2) *xq(1) 11 _ * (1 * (2) * (2) 13
60 D 90, = 3 ) Y e Y @A,
aCip BCaa vCs3B
Substituting this in 2.48 gives
* * % _* r7 * * (2 * (3 * r7
(en—gezeser , Hy ) = Z C,(}(l 0513 Z C(gnz (€n—6, Hy)x -
aCip BCoa vCsp

Now since 7 is necessarily a partition of n — 6, from 1.13 and 1.14 we derive that for any v we have

Thus, in view of the definition of our operators Cy, we may write

* * x _k I * * (2 * (3
<en—6e36261 ’ Hu )* = Z c;(}cz C((xﬁ) . Z Cg,z = C10203 1 |[M] . 2.50
aCip BCaa vCsp

We should note that this identity reveals the non-trivial fact that these operators do commute when
applied to the function that is identically 1.
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Thus, rewriting in this manner each of the terms that result from substituting 2.47 into 2.46
we derive that for any p - n > 9 we have

K 6321)u= [0102(33 —C3C3-C,C,C4+C1 G5
—C1CCy + CyC3 +C1C1Cy
—CiC; +C1Cy — C5 = C,Cs + Gy 1 -

This example should be sufficient to convince the reader that we have the following general result.

Theorem 2.5
Let A = (n — k,v1,7v2,---,%) with v = (71,7Y2,---,7) a partition of k. Then for any
pbEn>k+ vy wehave

K(n—komiyzym)n = [ Z 8ign(0) Cyi40,—2Cqs105—3 " Coptoppy—r—1 ] Ll 2.51

0ESr41

with the convention that Cy, with a negative k is the zero operator and C, is the identity.

Proof
From 2.1 we get

% —_— *
K(n—km,'yz,m,%),u - <S(n—k,71,'yg,...,'yr)’ ) Hu )* .

Thus using the expansion

* — : * * * ooet
S(nfk,'yl,'yz,...,'w)' - § : sign(o) €n—k+o1-16914+02—2672+05-3 €rrtorpr—r—1
0ESrt1

and the definition of the operators *&*) gives

K(nfk

SYLY2 Y )l

2.52

— Z $ign(0){ € _pior—1» *§(nto2=2) xg5(r2+o3=3) . *a(%+w+1—r—1)f[“ Ve )
0ESr4+1

where we should use the convention that *@¥) with k negative is the zero operator and that *d(®)
is the identity. But now 2.52 gives 2.51 since by the same sequence of steps we used to derive 2.49
from 2.48 we obtain that

< e)'”:*k+0'1717 *6(72+0’272) *6(73+0’373) ce *6(’Yr+0r+17r71)ﬂ-u )*

= C’Y2+02—ZC’73+0'3—3 "'C’Yr+0r+1—7“—11|[u] .

Of course the surprising feature of 2.51 is that the parameter n does not occur explicitly on

the right hand side. Thus in the computation of K (n—k the information as to the value

VL5 250005 Yr) s
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of n is carried by the partition p. However, more surprises are in store as we closely examine further
examples.

To begin with note that, since for any p; + p2 +---+ p, =k and g+ n > k we have

CpiCp - Cp, 1 = (ep_iepep, €y s H,). , 2.53

we see that the function
Cp,Cp,---Cp, 1 2.54
does not change as we permute the factors. So there is no loss in restricting (p1, pa,...,pn) to be a

partition. This given, we see that the first six simplest cases are
Ci1, C.Ci1, C:1, C:CiCi 1, C.Ci 1, Cs1. 2.55

We shall dedicate the remaining part of this section to working out these cases in full detail and
induce from our findings the results we need to prove in the rest of this paper.

To begin with, we can deal with C;1, C;C; 1 and C;C;C;1 all at the same time by using
the following general result.

Theorem 2.6

If the m-rational function f is plethystic and generated by P|x;q,t] then the m + 1-rational
function ¢ = Cif is also plethystic and is generated by T'P where T is the linear operator on
symmetric polynomials defined by setting

1-t)(1—g)X—1
TP = i P+t P[X—z;q,t]Q[%] I 2.56

In particular, if f is Laurent or pure-Laurent, so is g = Cy f.
Proof
By assumption, we have for every u-n>m+1

gﬂ(q7t) = Z CHV(QJt) fV(Q:t) .

v

Now if f is generated by P(x;q,t) then we may rewrite this in the form

9u(g,t) = Z cuv(q,t) P[By;q,t] . 2.57

v

Thus we need to show that for any P we have

> cuwla,t) P[Busa,t] = Q[Buia.t] (with Q=TP) . 2.58

V=i

However, by linearity, we only need to verify this when P = Sy with A arbitrary. But since we can
write

S)‘[B”] = S)‘[BN_TH/V] = Z SP[BH](_TM/V)M/M:
A/ pEV
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setting P = S, in the left hand side of 2.58 gives

LHS(258)= Y cu(at) S\[Buigtl = Y SB(-)M Y cu(a,t) T .

v A/ peV V=i

Grouping terms according to the size of A\/p and using 2.7 and 2.13, we get

L5235 = S5 Y owt X 0N X SIB]) X w T

|

v k>1 A/ pEV3 v—p
1
= S8 B+ 3 O X SIB)mealMB, - 1]
k>1 A eV

where for convenience we have set

M=(1-1/H(1-1/q) .
Thus 2.58 will be established if we show that
1
S)\[X] el[X] + M Z (—1)k< Z SP[X])h]H_l[MX - ]./tq] = IS, .
k>1 A/ pEVy
Note that from the expansion
SIX —2l= 3 S,[X] (=) ¥
A/ pEV

we get that
(D% D7 S[X] = SaX 2] |
X PEVR
Substituting this into the left hand side of 2.60 gives
LHS(2.60) = Sx[X] ex[X]+ 47 > SalX — 2] |0 heya[MX —1/tq]
k>1
= SaX] ex[X]+ & 37 SAlX — 2] hygr [P |
E>1
= Sa[X] er[X] + HSa[X —2] D by [MEZL |
k>1

However, we may write

thﬂ[%l/tﬂ = Q[M] — 1 — Me[X]-1/iq

z z ?
k>1

and we finally derive that

z

LHS(2.60) = Sx[X] e1[X] + L SA[X — 2] (Q[M] 1 w) 1 .

= Sa[X] e1[X]+ 17 SAlX — 2] Q¥ |0 — Sy [X]ea[X] + 5 SALX]

= X+ HSIX — 2] QA

33

2.59

2.60

2.61



Plethystic Formulas 34

Now we can easily see (recalling 2.59) that this is another way of writing the right-hand side of
2.56 with P = Sy. This proves 2.60 and completes the proof of 2.56. We should note that these
manipulations show that the operator I may also be written in the form

TP = PXle[X]+ ) PIX -2 | gopya=prg e (A - 1)1 —g) X —1] . 2.62
k>1
This follows by substituting 2.61 into 2.60 and extracting the factor 1/tq out of hx41[MX — 1/tq].
This given, we see from the observations made in Remark 2.2 that the only additional denominator
factors introduced by an application of ' are powers of ¢qt. This establishes our assertions concerning
the plethystic nature of g = C; f.

Formula 2.62 is perhaps the easiest to program using Stembridge’s “SF” MAPLE package.
If we do so, three successive applications of I yield that C;1 , C;C;1 and C;C;C;1 are plethystic
and respectively represented by the following three symmetric polynomials.

Hl = Fl =€
1 1 1
Iy, =TT1=—e1 — — €} +b—
11 tq (] tq 61 + tq €2
1 b—1+2tg , bb—1+tq) 2.63
H]_]_]_ =TIIT1 = Wel - t3q3 €1 t3q3 €2
b—1+tqg 5 b —1+(1—tg)tq (b —1)[3]:[3]
t3q3 e — t3q3 ejex + T €3 ,

where for convenience we have set b= (1 +t)(1+¢q), [3]; =1+t +t% and [3], =1+ ¢ + ¢*

Of course this process can be continued to obtain pure-Laurent plethystic formulas for any
desired C¥1. However, to obtain a similar result for

Cy1 |M = Z *cfﬁ,) (g,t) and Cs1 |[u] = Z *cl(f;,) (g,t) 2.64
vCaop vCsp
we need altogether another ingredient. Of course, the most natural thing to do is to obtain for
each operator Cy, a result analogous to the one we obtained for C; (as expressed by Theorem 2.6).
Now the difficulties encountered by the first author in carrying this out in the early stages of the
investigation led to the discovery that every one of the m-rational functions Cp, Cp, - - - C,, 1 can be
expressed by alternating applications of C; with multiplication by the symmetric polynomial e;[X].
It develops that the additional ingredient that makes this possible is the operator A; itself. We can
understand how this comes about by working on C,1 and C31.
Let us begin by noting that formula 1.29 gives

Arefer, ; = efer; — (e +3)(en s + 1en o)Q—2X] |z
= ejeny — (eleny + €iteny + jeny + men p)Q—2X] [
= efeie) o, + eien_, — exer o .

Expanding the last expression in terms of the e* basis we finally obtain

gAiefen_ = efeny + (L+t+qg)efeien , — (1+8)(1+4q)esen s ,
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where for convenience we have set M = (1 —t)(1 — ¢). We next take the *-scalar product of both
sides H,[X;q,1] for a given u F n, getting

arlAveie s Hy)e = (efeny, Hu
+(L+t4q) (eieien o, )
— (141 +q) (esen s, Hy)u -
Now the “Cauchy” formula in 1.13 together with 1.30 a) imply that the operator A; is self-adjoint
with respect to the x-scalar product. Combining this fact with 1.30 a) and 2.53, we can convert this
identity into the following equation:
Bu(g;t) Cillyy = Cilljy
+ (1 +t+q) C.Cy1 |y
—(1+t)(14+q) Caly -

Solving for C21 |f,) yields

1
1+t)1+4q)

In view of our results concerning C;1 and C1C;1, we see that this identity shows that C,1 is

C> 1y (A=B)Cilly + A+t+q) CiCilly ) -

plethystic and is represented by the symmetric polynomial
1
(1+1)(1+4q)

To discover the true nature of this polynomial we need only use the formulas given in 2.63. This
gives (recalling that b = (1 +t)(1 + q))

TL[X; ¢, ¢] ((1—61) Tl + (1+t+q) I‘Fl) .

1 1 1 1
m = — (1= 141 ~e — —e2+b—
2 EDEY) (( ef)er + (1+t+9q) (tq €1 1 e+ t 62)>
1 l+t+gq ) l+t+gq 1+t+q) )
. — 1+ —"T3) _ e12(14+ T2 SR 7y
gy (@ 0 e (e ) B,

er ﬁ 4 1+t4+¢ .

tq tq tq

and we have witnessed the surprising disappearance of the denominator factor (1+%)(1+¢), yielding
that Cs 1 is pure-Laurent. Moreover, we can also apply Theorem 2.6 and deduce that C;Cs 1 is
plethystic pure-Laurent and represented by the symmetric polynomial

e e? 1+t+
II,, = F(—l - 1 + 7q€2) .
tq tq tq

Carrying out this computation using the SF MAPLE package yields

1 (tg+b-1) , bOb-1)

I, = W €1 — t3q3 e+ t3q3 €2

b—1 , B> —tgh—1 (t + q)[3]:[3lq
B €= B erez + o Bp e

2.65
+
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To complete our exploration, we are left with the computation of Cs 1. In this case we begin with

Aret’en_y =ef’en_y — (] + 1) (eh_y + Lef_s) Q[—2X] |z
=et’el_,— (e’ +2L el + %) e 02X |0 — (e + 2L €] + L )el_3Q[—2X] |

n—3

= (2efer—es) e’ o + (ei’er —2eter+e3)el 4 .
Expanding the last expression in terms of the e* basis, we obtain

A1 elen o= (2+1t+q) e’en_o —besen s
+ (b+t+qg+t?+¢) eler
— (3b—1+tq® +2t° +2¢° + t*q) ejedel_,
+ Ble[3]q 3653 -

Taking the %-scalar product of both sides with H, » With p F n and using the %-self-adjointness of A;
together with 1.30 a) we get the equation

B,C1Cy 1|[y] = ((2+t+q)0101 1-bCs1
+ (b+t+qg+t*+4¢%) CiCiCy 1
— (3b—14tg* +2t* +2¢* +t%¢) C1C2 1
+ B3l Cs 1) i -

2.66

This shows that Cs 1 is plethystic and that it is represented by the symmetric polynomial

1
II; = BREP ((61 —2 —t—q)IIy; + bIT,

—(b+t+q+t*+¢)Mipy
+(3b—1+1tg+ 2% + 242 + t2q)1'[12)

Substituting into this the expressions that we have already obtained for I, IT5,II;1; and IT;5 gives
that

e b—1 , bt+gq)
II; = 2 B e+ B33 €2
t+q 5 2b-1)+t2+¢>—1tq
+ B €1~ B €162
b2 — b(1 + tq) — tq(1 — tq) + 2 + ¢°
+ 3.3 €3 ,
t°q

and we see that the denominator [3];[3], has again disappeared, yielding once again that our desired
m-rational function is not only plethystic but pure-Laurent as well. This circumstance has repeated
itself on all the data we have been able to obtain. We are thus led to the following:
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Pure Laurent Conjecture
For each v F k we have two symmetric polynomials I1,(z;q,t) and k(z;q,t) of degree < k
in x with pure-Laurent coefficients such that for any u+n > k we have

(ef‘ye;_k > Hu )* = H'y[qu’t] 5 2.67
while for p+ n and n > k + max(y) we have

Ko koyu(@:t) = ky[Busq,t] . 2.68

We should begin by noting that the polynomials k. [z;¢,t], as we have seen, may be easily
obtained from the II,’s via the relation in 2.51. So we need only be concerned about the IT’s.
Now it is shown in [10] that the calculations given above can be extended to a general algorithm
for constructing all the polynomials IL,. However, this algorithm, as we have already seen in the
examples above, produces denominator factors of the form 1 —¢" and 1 — ¢*, and we have not been
able to explain through this approach why these factors disappear when we pass to normal forms.
In this paper we have been able to get around this problem by proving a variant of Theorem 2.1 that
applies to all the operators C. The precise nature of the results we have have obtained is given
in the last section. Here it is sufficient to say that we have come pretty close to proving the above
conjecture in that we have shown it to be true if pure-Laurent is simply replaced by Laurent.

Although the algorithm given in the last section differs considerably from the one we have
sketched above, we can show that it yields exactly the same polynomials. This is a consequence of
the following basic fact.

Theorem 2.7
Let P(x;q,t) be a symmetric polynomial of degree d in x with coefficients rational functions
of q and t. Then the equalities

P[Bu(g,t),q,t] = 0 (V|ul<d) 2.69

force P to vanish identically.

Proof
For any partition g = (ug > po2 > -+ > pg > 0) set

d
Du(g,t) = Y " g . 2.70
i=1
Note that from 1.6 we derive that
_4d _4d—1
Bu(‘]at) = (1_1t)(t1_q) - 11t_q Du(‘]a l/t) .

Thus, from 2.69 we derive that the polynomial

_4d _d—1
Q[Yaqat] = P[(]_,lt)(tl,q) - llt,q Y7Q5t]
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satisfies the equalities

Q[Du(g,1/t);9,8] = 0 (Vigl<d). D 2.71
Since @ is also symmetric and of degree d in y it has an expansion of the form

Qyse,t) = Y maly) ealg,t)

[A[<d

with coefficients ¢y (q,t) rational functions of ¢ and ¢. This given, the equalities in 2.71 will force @
and P as well to be zero if we can show the nonsingularity of the matrix

| mAlDp(g, /O] a1, jul<d - 2.72

Now the nonsingularity of the matrix

| mA[D(q, )] Al ul<da 2.73

can be established by means of an argument used by Macdonald in an analogous situation (see [14]
p. 334). We sketch it here for sake of completion. The first step is to recognize that the term of
highest ¢-degree in mx[D,(g,1/t] is

#{:8) q(u«\) ,
where for convenience we have set

0=(d-1,d—2,...,1,0) and (a,b) = aiby + azbs + -+ -+ agby -

Thus it is sufficient to show that

det || ¢ |l\x,ju1<a # O - 2.74
Now, it develops that given any collection of integral vectors v*), v ... v(™) the highest degree
term in the polynomial
det || q<v(i),v(j))||l<”<m = Z sign(o) q(v("l),v(”)+<v(°z),u(2))+...+(U(om),v(m))
0ESm

is given by the term corresponding to ¢ = id, namely

q(v(l),v(l))4—(v(2),v(2))4—~~4—(v(”“),v(”“))

This is because the strict inequality (see [14] Ex. 1 p. 341)

(WM, oMY 4 (@ @Y po (W) (MY S (o) MY (y(72) )y g (ylom) ()Y

M We tacitly assume here that the partitions |u| < d are expressed as vectors with d greater or
equal to zero components.
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valid for o # id shows that all the other terms in the expansion of this determinant produce lesser
powers of ¢q. In particular this shows that the determinant in 2.74 cannot vanish identically. This
establishes the nonsingularity of the matrix in 2.73 as well as that in 2.72, completing the proof.

The following corollary will be needed in the sequel.

Theorem 2.8
If R(x;q,t) is a symmetric polynomial in x with coefficients rational functions of q and t
and for all but a finite number of . we have

R[Bu(qat)aqat] = 05 275

then R vanishes identically.

Proof
Choose m large enough to assure that 2.75 holds true for all |u| > m. Note that we must

then have
em[Bu(g,t)]R[Bu(g,t),q,t] = 0 (V) 2.76

This is because en,[B,(g,t)] = 0 when |u| < m and R[B,(q,t),q,t] = 0 when |u| > m. Thus the
hypotheses of Theorem 2.7 are satisfied for

P(z;q,t) = em(z)R(z;9,1)

and with d = m + degree R. This gives that P and therefore also R must vanish identically as
asserted.

Remark 2.3

We should point out that the assumption that R(z;q,t) be a polynomial is essential for
uniqueness. In fact, the function e;[X] Q[—X] is not identically 0, and has infinite degree, but it
does vanish at all X = B,,. To see this, note that if 4 = () then By = 0 so e1[By] = 0, while if y is
any other partition, then Q[—B,] = [[,,(1 - g”t"') is 0 because the bottom leftmost cell of p has
a=10=0.

3. Plethystic formulas for higher order Pieri coefficients. .
This section is dedicated to the proof of Theorem 1.3. To this end, our first goal will be the
establishment of higher order analogues of Theorems 2.2 and 2.6. We recall that we defined *9(")

to be the adjoint of multiplication by h, [%t] with respect to the scalar product { , ),, that is, the

operator 19" for which
(n [P, @) = (P, "Q) . 3.1
We have also set for a given partition p

PO (ig,t) = Y0 tei(e,t) Hu(zigt) - 52
u/veV,
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We have to work here with sums of the form

gu(‘]at) = Z +C‘(Z'V)(q,t) fV(QJt) .

v:ip/veV,

To be consistent with the notation introduced in the last section, and to take account of the fact

that we are working with the coeflicients +c,(f,,), we should be writing this as

9= +CT‘f or Iu = +CTf|[u] .

However, we shall systematically only work with plethystic functions

fulg,t) = P[Bu(q,t);4,1] ,

with P a symmetric polynomial with coefficients Laurent in ¢,¢, and it is more convenient to view
*+C, as a linear operator acting on P rather than on f. Therefore we shall write instead

gu(g,t) = TC, Py

as a short hand for

v:ip/veEV,

Now in complete analogy with our derivation of Theorem I.1 from Theorem 2.2, we can reduce the
computations of these sums to sums of the form

gu(@t)= Y T(q,t) P[Bu(g,t);a:t] 3.4
v:p/veEV,
where we have set
Bu/u(qat) = Bu(qat)_BV(qat) . 3.5

This given, we shall write 3.4 as
gu(q,t) = +CT P |[H] R 3.6

and consider *C, as a linear operator acting on symmetric polynomials and yielding m-rational
functions.

Comparing 3.4 with the sum appearing in 2.13, we see that 7,,,, = B,;, for r = 1 and,
taking an arbitrary k** power of T, /v, is the one-variable case of plethystic evaluation of an arbitrary
symmetric polynomial P at B,/,. Adopting the usual convention of denoting the Kostka-Foulkes
polynomials by K, (), our basic result concerning the sums in 3.3 may be stated as follows:

Theorem 3.1
Let T, be the linear operator on symmetric polynomials defined by setting for the Schur
function basis

T8, = t(g)Z(—qtl_r)‘p/MZSn[(l—q_l)X-i-q_l[r]t]Zva(t_l)K;j(t_l). 3.7

pip/AEV K:|k|=|p] v yl=lel
I(p)<r I(y)<r
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Then for any symmetric polynomial P = P(x;q,t) we have

>t q,t) PBu(a,t);q,t] = (T, P)[B,] . 3.8
v:p/veEV,

We should note that if I(\) < r, then IS, is in general a nonhomogeneous symmetric polynomial
of degree |\ + r, and if I(\) > r, then 'Sy = 0.

The proof of this theorem will be the culmination of a sequence of results, some of which
have rather intricate proofs. In order not to get mired into technicalities and lose sight of the line of
reasoning we have arranged our presentation so that results of independent interest come first and
difficult but purely auxiliary identities come last. But before proceeding with our arguments it will
be good to prove two immediate and most important consequences of Theorem 3.1.

Theorem 3.2
Let T, be the linear operator defined by setting

TS = Y (—)FISy, T8, . 3.9
PCA

Then, on the validity of Theorem 3.1, for any symmetric polynomial P = P(x;q,t) we have

> *WPB,] = (T, P)[B,] , 3.10
v:ip/veEVs

and the polynomial Q = T, P is the unique finite degree symmetric function satisfying Q[B,] =
*C,.P

[u]”
Proof
By linearity, we need only verify 3.10 for P = S). This given, we have
JrCTS>\|[N] = Z +ch’;,)S,\[B,,] = Z +C;(4TV)S/\ [Bu - Bu/V]

v:ip/vEV, vip/veEV,

= Z +c/(~trv) Z Sx/o[BulSy[—Byyv]
vip/veV, PCA

= Z(_l)lpls)\/p[‘BN] Z +c/(,LT;/)SP' I:B}l//l/] = Z(_l)lpls)\/p[BP«] . +CTSP' [u] -
pCA v:p/veV,: pCA

Thus from 3.8 we deduce that

S)\|[I‘] = Z(_l)‘pls)\/P[X]fTSP'[X] ‘X ’

PCA *

and this is 3.10 for P = S,. Finally, the uniqueness follows from Theorem 2.7.

Likewise, on the validity of Theorem 3.1 we derive
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Theorem 3.3

If P[X] is a symmetric polynomial in X and a Laurent polynomial in q and t, then so
are T',P[X] and ‘T, P[X]. In other words, the operators *C, and *C, send plethystic Laurent
m-rational functions into plethystic Laurent (m + r)-rational functions.

Proof

The only denominators introduced by 3.7 are powers of ¢ and ¢ (noting that K (t) is a uni-
triangular matrix of polynomials, see [14] (II1.6, p. 243 ), and 3.9 does not introduce any further
denominators. Linearly extending these to all symmetric functions introduces no further denomina-
tors.

We should note that, once we have established Theorem 3.1, by substituting 3.7 into 3.9 we
obtain an explicit albeit intricate formula for the coefficients ¢,1(g,t) in I1.18. In particular we see
that Theorem 3.3 together with Theorem 2.7 would then complete the proof of Theorem 1.3.

The point of departure in the proof of Theorem 3.1 is a plethystic formula for the coefficients
+c§f,,). To state it we need to introduce some notation. Let n be a fixed nonnegative integer.
Throughout this section, we will consider partitions p of length at most n; many of the formulas
derived will be expressed in terms of the auxiliary parameter n, but they are stabilized so that their
values are actually independent of n, provided the partitions involved have length at most n.

Although ultimately we are to determine symmetric functions plethystically at B, = B, (g, t),
some expressions will more naturally be expressed in terms of the generator of the weights of the
ends of the first n rows of y, namely

n
Zow = D @
i=1

The relation of this to B, may be stated as follows.
Lemma 3.1
For all n > I(p), we have Z,,,, = (1 —q )B, + ¢ * >t 1.

Proof
As long as n > I(u),

n n

. L . Lz |
B, = Yt 14q+-tgiT) = Y=
i=1 i=1 q
q n 1 n 1 q_l n
_ i—1 pi—1 _ -1 _ _ i—1
B q_lzt q q_lzt B 1_q—1val4 1_q—1zt ’
i=1 i=1 i=1

and solving for Z,, , yields the stated result.

We therefore define
Zn=(1—q¢ )X +qg ') ! 3.11
=1
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for arbitrary X. Plethystic expressions in terms of either X or Z, can always be transformed to
expressions in terms of the other by means of this equation, and when X = B, with I(u) < n, we
may interpret Z, as the n letter alphabet z; + - - - + 2, where z; = g#—1¢—1,

It will be convenient to specify vertical strips u/v by the set of rows of x4 from which the
final square is removed to obtain v, that is,

L = {i:m>vi} .
With this notation, the biexponent generator of a vertical strip is

Bu/l/(qat) = Z Zi .

z'EI,_L/,,

We'll consider arbitrary subsets I of {1,...,n}, not all of which correspond to vertical strips, and
their complements I¢ = {1,...,n} \ I. Using Macdonald’s notation, for any y = (y1,...,yn) and
any r-subset I , we define
Aty = 0 ] LV —;
ierjer YT Y

Y = Zyz

iel

and set

We have the following basic formula.

Theorem 3.4
Let pu/v be a vertical strip and let I = I,,;,. Then for all n. > I(u1), we have (on specializing
Zn t0 Zpny)
) = Ap(Zn;t)Q—qt' " Z1] . 3.12

v

The proof of 3.12 involves manipulating identities given by Macdonald in [14] and since it
is quite intricate we postpone it to the end of the section.

Remark 3.1
We should note that the expression in 3.12 is actually independent of n as long as n > I(u).
This follows from the n-free expression for +c,(f,,) given in 3.19 (below), but can also be seen directly.

In fact, since I(p) < n + 1, we have n + 1 ¢ I and 2,41 = ¢ *t". Thus

AI(Zn; t) el 2i — Zn41 el 1-— Zi/zn+1 Zn+l Q[—qtl_nZ[]

So the independence follows.
This theorem motivates us to define

e = Ap(Z; ) —qt' " 2]
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for any subset I of {1,...,n}. The following fact, already noticed by Macdonald in [14] (Ch. VIL.6
p. 332), will considerably simplify the evaluation of some of our sums.

Lemma 3.2

Let n and u be given, withn > I(u). If I C {1,...,n} is not of the form I,,;, for any vertical
strip u/v, then +c§” =0.
Proof

For such a subset I, there is ¢ € I with ¢ + 1 & I such that p; = piyr1. Thus, t2; = z;41.
Since the product expansion of Ar(Z,;t) contains the factor ¢ z; — z;41 = 0, the result follows.

In view of 3.12 the next step in proving Theorem 3.1 is to determine how to perform
summations involving Ar(Z,;t). To this end, we have the proposition given below, which should
also be of independent interest.

Let us recall that in [14] (Ch. VI.3) Macdonald defines an operator that in plethystic notation
may be written

Di(q,)) P[X] = ) Ar(#;t)P[X + (¢ - 1)X1] ,
|I|=r

where X is an n letter alphabet and for any r-subset I of {1,...,n}, we set X; = >, ;z;. A
generating function for these operators is

Dn(u;q,t) = Y " Dj(g,t) ,
k=0

where we have used u in place of Macdonald’s X because we use X to denote our alphabet. He
shows [VI.4, p. 324] that for I[(\) < n, we have

n

Dn(u7q3t)P)\(x7qat) = H(1+Uq)‘ltnil) P/\($7qat) .

i=1

By taking the coefficient of u” on both sides, we obtain

Dy (a,t)Pa(z50,t) = e[, ¢t Pa(z;q,t) . 3.13
This given, we have

Proposition 3.1 For all r,n, A with r <n,

D Al(m;t) P [X 0,671 = +(5)+(n—r)t(y) ["‘l(’\)] P\[X;0,t71] . 3.14
T=r r=1A) ],

Furthermore, this sum is 0 when r < [(X). The same holds when P} is replaced by @ or Jx on both
sides of the equation.
Proof

By 1.2 it suffices to prove the result for Py, as @x and Jy are each scalar multiples of Pj.
When n < I(A), also r < I(A), so that Py is evaluated at fewer than I()\) variables on both sides of
3.12. Thus both sides of the equation are 0.
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So take n > I(X). If r < I(X), then Py\[X,;0,¢ 1] = 0 for every term in the summation,
and again the summation is 0. The right hand side of the equation is also 0 if we observe the usual
convention that the ¢-binomial coefficient is 0 when its upper number is nonnegative and its lower
number is negative.

Finally, take I(\) < r < n. Then, using 3.13, we have

e [V T PAX; g, t] = DL(g,)PA[X;q,] = > An(mt)PAIX + (¢ — )X,
|I|=r

Set ¢ = 0 to obtain

er [E?:l(/\)-i-l t"_i]PA[X;O;t] = Y A@t)PAX - X5;0,8] = > Ar(z;t)PA[Xre;0,8]
|I|=r |I|=r

Replacing ¢t by t~!, and noting that
Ar(z;tl) = =) A (z;t) ,
we derive that

er[E?:z(A)Hti_"]PA[X;O,t_l] = ) Ag(m;t )Py [X1e;0,67Y]
| I|=r

n 3.15
= ¢+ () D Are(;t)PA[X; 0,671
[I|=r
Replace I by I¢ and then r by n —r to obtain
enr [ S P06 = G Y Ar@n) P [Xr0,671 3.16
|I|=r
Now the well known identities
ek I:Z:l:_(]l ti] = t(’;) [n] and ek I:E:L;OI tii] = t(’;)_k(”_l) |:TL:| 3.17
kl, k|,

give
n i—n _ n—Il(A)—1 ,_;
en—r[Ei:z(A)Ht ] = en—r[zizo() t ]
— (") (=) (i) 1) [” - l(/\)]
¢

n—r

— (") ==t -1) [n— 583] '

Substituting this into 3.16, we obtain

("37) == (n=t0)=0 [P = IN] p 1 0 411 = =) ST A (o VP X 0. 11
t ’f‘—l()\) . /\[ 707t ] t |I|Z:T [(Ji,t) /\[ Iyoat :| ’
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and collecting and simplifying the powers of ¢ yields

3 4@ P [X50,671] = (BTt ["—I(A)

= i) P

_ ) [:: ll((;))] P[X;0,671] |

as desired.

Remark 3.2
For sake of completeness, we should add that the identity in 3.15 is shown as follows.

—1 L .
Ar(z;tY) = +(5) H N ]

T; — X
iel,jgr = J

= O] i —

T;— X,

iel,jgr =" J

= t—(g)—T("_T)_(n;T)AIC(m;t)
= t—(g)AIc(x;t)

=0
sequences 0 <41 < --- < ip <n —1withi; +---+4p =m. Let \; =4; — (j — 1). Then this is the

number of sequences 0 < Ay < A <+ < Ay <n—kwith \j+---+ X = m—Ele(i—l) =m- (129)’
that is, the number of partitions of m' = m — (’2“) into at most k parts, each of which is at most
— k. Tt is well-known [15] (pp. 29-30, Prop. 1.3.19) that the coefficient of t™ in 7] , is the number

of partitions of m' into at most k parts with sizes at most n — k; multiplying this by () yields the

As for the identities in 3.17 we note that in ey [Z" 't ] the coefficient of ¢™ is the number of

first equation in 3.17.
The second equation in 3.17 follows from the first because the argument of e in the second
is a fraction ¢t~ ("~1) of the argument in the first, and e, is homogeneous of degree k.

We are now ready to perform the sums needed to prove Theorem 3.1. We do this by
computing the action of TC, on Schur functions, and then extend it to all symmetric functions by
linearity. The following result determines a generating function for this action.

Theorem 3.5
Let r < n. For all partitions p with l(u) < n,

Z TCLSAXT |, Sal(1 =Y

i-n l
ZQ’Y[ — ltt ;0 ]t(n () [r—l((z))] Pfy[zn,u;o,t_l] )

3.18

Proof
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We may rewrite the sum on the left hand side of 3.18 in the form

> FC.8\[X] | ML=t Y] = +C,O[(1 -t 1)XY] W >
A

with the convention that the operator TC, acts on Q[(l -t HX Y] as a symmetric function in the
x-variables. This given, by Lemma 3.2, we have (with Z, = Z, ,)

C,Pl, = Y P = Y Pz
vip/veEV, |I|=r

whenever n > r and I(u) < n. So we evaluate the summation using this alternate form.

T -tHXY]| = Y o - )z
1|=r
= > Al(Zn;t)—qt' " Z)Q[(1 - ™) Z,Y]
|Il=r
= Y AZuno[ -7 (v - £5)]
| I|=r

Now we use the Hall-Littlewood Cauchy formula Q[(l —t7)XY] = 3, Q,[Y;0,1/t]P,[X;0,1/1]
with X replaced by Zr and Y replaced by ¥ — 1 1= obtalmng

+CTQ[(I_t_l)XY”[u] = Z A1(Zn; ) ZQ’Y[ - 1 i—=1;0 _I]P'r [ZI;O,t_l]
|I|=r
:ZQ’Y[ _ltl’ ]ZAIth [Z1;0,t71] .
|I|=r

The identity in 3.14 gives

-t XY, = D[V - 0, T)’(”VH()[T:llgﬂ Py[Zn;0,t71]

which is what we wanted to prove.

We are finally in a position to give our
Proof of Theorem 3.1

We have

+(~3TQ[(1—t—1)XY]|[M] = *C, ZsA ISAl(L =t Y],

> +crsx[ 1, - Sa@ =t Y]
A
Comparing this with the expansion of +(~3 (1 -t 1)XY] in 3.13, we see that we must expand

the Hall-Littlewood functions @), [Y - ﬁ, 0,t~ ] in the basis {S,[(1 —t71)Y]}. We first use the
transition matrix

QALX;0,4] = ) Kua(8)Sul(1 — )X]

n
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given in [14] (p. 241), which also may be derived by setting ¢ = 0 in 1.3, and then we expand the
Schur function of a sum:

Qv[Y—l 0, ] = ¥ K,W(fl)sp[a—rl) (Y—%)]

plpl=lvl

= Z Kﬂ'y(til)sp [(1 —t Y qtlin]
plpl=lvl

= D En(t) ) S —tHY]S, [t ]
p:lel=Ivl ACp

= Y K, D S -tTH)Y](—gtt )
p:lel=lv A:p/XEV

because for the single letter qt'~", the skew Schur function S,/x\[—qt'™"] = (=1)/?/2S, /\ [gt! "] is
0 if p' /X is not a horizontal strip, and is (—qt'~™)!?/Al if it is a horizontal strip. Plug this into 3.18
and take the coefficient of S\[(1 —¢~!)Y] to obtain

- =) -
+C S,\ — gtt™" \P/MK Lt ) t(n=m)l(7) [n :| P [Zn ;0,1 1:| .
Z pl %elv r—= l(’Y) t ! "

We now reduce this to a finite sum. We may restrict the sum over 7 to () < r because [’: f((;’g] =0
when [(y) > r. We may restrict the sum over p to p that dominates v, because K, (') =0 when
p does not dominate «; then I(p) < I(y) < r. Thus p/A is a vertical strip of length at most r, and
so there are only finitely many p possible, each with only finitely many 7 below it in the dominance

order.

s, = 10 Y (et Y K, e r)zm[ 1(7)] P, [Z i 0,¢°1]
" pip/AEV 7 lvl=lel r=1(7)
L(p)<r 1(y)<r

We now eliminate n and turn this into a plethystic formula. All occurrences of n can
be reduced to occurrences of u = t", as follows. Rewrite t'=" = t/u, t("="H) = (ut=7)!0),
Zpp=01—-qgHX + -1 Jiop at X =By, and

n—1 rlgnl g e
|:,,. _ l:| = H tr—l _ tz’ = H tr—l _ ti )
t i=0 i=0

The Z,, substitution is valid when X = B,, for all partitions p and all n > I(p), while the binomial
substitution is valid for all n > r. These substitutions give us a nonhomogeneous symmetric function
in X of degree at most |A| +r that is also a Laurent polynomial in u, so we could write "'GTS )‘|[u] =
2 jij<nr @i [ByJu® for some M and some symmetric functions a;[X]. For any specific choice X = B,

we may set u = t" for any n > [(u) without affecting the value of +(~L‘TS)\|[#]. Since v may take on
infinitely many different values without affecting the evaluation of this Laurent polynomial, for each
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i # 0 we must have a;[B,] = 0 for all y; thus, the functions a;[X] with ¢ # 0 are identically 0 by
Theorem 2.7. So we may choose u = " regardless of whether r > I(u) holds, and thus obtain that

+67‘SA|[N] = t(;) Z (_qtl—T)lp/Al Z Kp’y(t_l)P'y I:Zr”u;oytil]
p;(p/)>~<eV 1;(I'Y)\:Ip|
pI<r Y

holds for all partitions p. By using 3.11, the right side is explicitly a plethystic formula in X, which
we may denote (I',S3)[X]. By Theorem 2.7, it is the unique finite degree symmetric function with
the property that (I:TS,\)[B,L] = +6TS"|[;L]'

We now manipulate it into a different form. Plug in the transition matrix expressing the
Hall-Littlewood functions in terms of the Schur functions [14] (IIL.6 p. 239)

Py[Z;0,t71) = > KLNtT)Sk[Z]
k:|K|=]7]
to obtain
LSy = t0) 3 (gt A N K, Y KR (E)SHZ)
pip/AEV v :l(y)<r k| Kk|=]7]
(p)<r Iv1=lel
=t S (gt )N S Sz] Y KR
pip/XEV k:|K|=|p]| v :l(y)<r
I(p)<r [v[=lel

which establishes formula 3.7. To prove the last assertion in Theorem 3.1, we note that in the sum
+C’S’\|{M]’ the Schur function Sy is evaluated at the r-letter alphabet B, /,, so if r < I(}), every
term of the sum is 0.

We are left with the final task of verifying our basic formula 3.12. In preparing for this, our
first step is to relate the +cff,,)’s to the coefficients +d,(f.,) given by 2.38, namely

m[E] X = X X
w

By taking the inner product of both sides with some particular H 1, We obtain

() )

+ . -
- ()
on the one hand, and

on the other; using <I;TN , Hu> = E”EL, we conclude

+ - +
dr) = ). 3.19
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Next plug in the value of *d{}) given by 2.39,

R

g, ) hu(g, )R (gt . (q,t
+C§[3 = ¢L/u(q7t71)" (q7 ) ”H(q )”u(q ) = w:L/y(qftil)' ~P«(q ) )
so that, by 1.21,
h,(g,t™")
+.(r) _ n(p)—n(v -1 pu\4>
) = Wy (g,t ) R 3.20

We will also need the following auxiliary identity:

Lemma 3.3

(See [14], pp. 337-338.)

B(gt) = O=(1-g )™ (T (@ = 1) + (7 = 1) Diguejena 8] . 321

Proof
We have

B (g,t) = 1—qu@H(®)) = -3 _ g+l | 3.22
w sEu

sEu

We will evaluate
S = (1 — q_l) anﬂ(5)+1tl#(3) .

seEu

The columns of length j are those numbered pj41 + 1, i1 + 2,..., u;. The contribution to S of
the cells in row ¢ that are in columns of length j, for each j >4, is

(1 _ q—l)(qm—u;‘+1 et qui—uj-i-l)tj—i — (qui—uj+1 _ qui—uj)tj—i ,

and there are no cells in row ¢ in columns of length smaller than i. The total contribution of row i
to S is obtained by summing over j:

n

Z (q#i—uj+1 _ qm—uj) A - iqﬂi_Uj-H i Xn: qui—ujtj—i
j=i j=i

j=i
n+1 n
= z quwtjflfi_zqurwtjfi )
j=it+1 j=i

Separate out term j =n + 1 in the first sum and j = ¢ in the second:

n
— qui—un+1tn+1—1—i _ qm—mti—i + Z (qm—ujtj—l—i _ qui—ujtj—i)
j=i+1

n
= quitn—i —1+ (t—l _ 1) Z qurujtj—z' ]
j=i+1
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Finally, sum this over all ¢ to obtain

n

S = (1- q—l) anu(s)+1tlu(s) — Z (quitn—i _ 1) + (t—l _ 1) Z ghiHiti—t

SER i=1 1<i<j<n
Plug this into 3.22 to obtain 3.21.

We are now in position to give our

Proof of Theorem 3.4
We start with rewriting h,(g,t~")/h;,(g,t™") using 3.21:

h,(g,t7)

Let I = I,,, and break this up according to which 4,5 are in I, using v; = p; if ¢ ¢ I or p; — 1 if
i € I. In the first sum, terms with ¢ ¢ I contribute nothing, and in the second sum, terms with 4
and j both in I or both not in I contribute nothing.

. [ q“i — q“i71 - qlli*ﬂj — qﬂiilfl‘j . qui_uj — qll’i_p'j'i'l .
- Q_Z 1—g! = (t=1) Z 1—g! t”+z 1—q 1! e
| el i<j i<j
ieT igT
JeI jer
- Ol= uniti—n —(t-1) (Z g =3 — Z qui—uj+1ti—j)]
L el i<j i<j
iel igl
J¢I jeI

. 1— gti—Hi $i—i+1 1—qg”i ¥ ti—J
—_ _ MHigt—n | |
- Q[ EiEI q t :| IGII 1— ql‘i_ﬂj tz—] g[ 1— qI/,'—l/]' t’i—j—‘,—l 3.23
K3 1
igl jel
1<j 1<j
Now we rewrite 2.29 in terms of I and ¢! as
g = [ Ao g so
we = T = g |
el
i<

Plug 3.24 and 3.23 into 3.20, noting that the products with v cancel, to obtain

1 — ghi—Higimi—1

1-— ql—bi—ﬂjti*j ) H

1— gti—Hi ti—i+1

0 = Q= T, gt 00 I

1-— qlh' —Hji—]
g1 i€l
JeI JeI
i<j 1<]

Express this in terms of zp = g+ ~1¢k—1:
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_ Q[_ Ez’elqtl n, tn(u) n(v) H 1 —2i/(t2) . H 1—tzi/z

il 1—2/z; ir 1—2;/z;
JeI J¢L
i<j i<
tz; ; tz; — 25
= Q[—gtl—" Y _tn(p)fn(u) + 1 j — i . i j
a7 Tier IR
iZI iZI i€l
jeI jeI JEI
i<j i<j 1<J

Swap i and j in the second product and then combine it with the third:

tz;i—Z2;
= Qf—qgtl-nZ,] . ) —n) 1 i J
[ 1 I] ) H . ) H Ri— %j
igl,jel,i<j iel,jgI
= Q-qt'"Z;] "W Tt G A Zast)
igl,jel i<j

Finally, we obtain
+ (T) = Q[—qtlfnZ]] AI(Zn; t)tn(u)in(u)i(g)iK

;U/ )

where K is the number of pairs (4,5) with ¢ ¢ I and j € I and 1 <i < j < n. However,

K= S 1= Y1- % 1:2@'—1)—(2)

igI,jel i<y jel,i<j jeliel i< jer

while
n(w) —nv) = Y G-Dp—v) = Y (G—1)

i>1 jer

so that n(u) — n(v) — (5) — K = 0. This completes the proof of Theorem 3.4.

A visual display of what we have shown in this section should be helpful at this point.

Lemma 3.1 B

" 4] o
Theorem 3.1 | Tﬁg&r;rr‘ﬁ :3331 Proof of Theorem 3.1

8
Theorem 3.2 || Lemma 3.2 |E|

9 Proposition 3.1 |E|
Theorem 3.3 | Remark 3.2 Lemma 3.3

s 2|

Theorem 1.3 Theorem 3.5 Proof of Theorem 3.4

In the diagram above we have arranged the results obtained into three columns. The order of
presentation may be obtained by reading from left to right and down each column. The logical
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sequence of implications which culminates with the proof of Theorem 3.1 and ultimately leads to
the proof of Theorem 1.3 may be visualized by following the numbers in the small boxes.

4. Laurent nature of k,(z;¢,t) and polynomiality of Kku (g,1) -

In this section we shall use the tools developed in sections 2 and 3 to establish the results
announced in the introduction. To begin with we should point out that our proof of Theorem 2.6,
in particular formula 2.60, shows that the operators I' in 1.14 and 2.56 are one and the same. Thus
Theorem 1.2 is just another way of stating Theorem 2.6. Since we have seen in section 3 that
Theorem 1.3 is a corollary of Theorem 3.1, the next result that remains to be shown is Theorem I.1.
Now we have seen in section 2 (formula 2.51) that the coefficients Ky, (q,t) are relatively simple
linear combinations of the m-rational functions

Cp.Cpy++-Cp, 1) = (en_pepep,-€p I:Iu e - 4.1

Thus we can obtain Theorem 1.1 by deriving from the results of section 3 that all of these functions
are plethystic and that they are represented by symmetric polynomials with Laurent coefficients.

Before we can proceed, we need to introduce some notation and make some preliminary
observations. For convenience let us set, for any symmetric polynomial P,

PHX] = P[] .

Note that from the definition in 3.1 we get, for any v+ k and any uFn > k

(er_pht ht ---hf;r CH)) = (e o) +9(12) ... +g(rm) H,). .

Y1772 n—=k

Thus the same steps that gave us 2.50 and Theorem 3.2 yield us the identity

(ep_pht bt ---nt [ H,), = TC,, 1C,---TC, 1] - 4.2
More precisely, we have the following auxiliary result.
Proposition 4.1
For any p+ k and any n > k, the m-rational function
(en whfhh - nt | Hy,). 4.3
is always plethystic and is uniquely represented by the polynomial
T, (2;9,t) = T, T, -1, 1. 4.4
Moreover, 11 ,(z; q,t) has a Schur function expansion of the form
ML (z3q,t) = Y Sa(@) Yar(g.t) , 4.5

A<k
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with coefficients *a,(g,t) Laurent polynomials in ¢ and t.

Proof
The plethystic nature of these functions is an immediate consequence of 4.2. In fact, suc-
cessive applications of Theorem 3.2, yield that

(en_ght bl ---mb  Hy) = 'L [Bu(a,t); q,t] (V pkn>k). 4.6

pP1"p2
This, together with Theorem 2.7, also implies that *TL,(z;g,t) is unique. The Laurent nature of
the *a,,(q,t) follows from Theorem 3.3.

Lemma 4.1

For any given vector v = (y1,%a,-.-,7-) oOf positive integers adding up to k we have the
expansion
ey, (@)el, (z) - Z thy(2) fory(a,t) 4.7
ok
where the coefficients f,(q,t) are rational functions of ¢ and t whose denominator factors are all
of the form
(1—q" (with i>1) 4.8
Proof

Expanding each of the factors in the left hand side of 4.7 by means of the the “dual” Cauchy
formula in 2.41, namely the identity
X X
em[m=gi=g] = 2 Ml Al

AFm
we obtain 4.7 with the coefficients f,.(g,t) products of of forgotten basis elements plethystically
evaluated at 1/(1 —g). The statement concerning their denominators is easily derived by expanding
each fx(z) in terms the Schur and using one of the standard formulas giving S [ﬁ]

This places us in a position to derive the basic result of this paper.
Theorem 4.1

For a partition v = (y1,72,---,%) F k set

H’Y(xatbt) = Z +Hp($;q7t) fp,’)’(q,t) ) 49
ptk

where the coefficients f, ,(q,t) are the same as those in 4.7. Then we necessarily have

(eh_perer e, Hy)e = IL[Bu(g,t);q,t] (VpuFn>k), 4.10

Y1772 Ir

and (surprisingly) I, (x;q,t) also has a Schur function expansion of the form

H IE q7 Z S)\ a)\’Y q, ) 4.11
A<k

with coefficients ax,(q,t) Laurent polynomials in g and t. Again, we should add that IL,(z;q,t) is
the unique polynomial satisfying 4.10.
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Proof
From 4.7 we derive that

(en k€ mes s Hude = Y (enythy(@), Hu)e frn(art)

pHk
and 4.6 yields that
<€:7k€:1€:2 e ‘ei‘;r ) E[u )* = Z +Hp [Bu(qat) aqat:l fP,’Y(Qat) . 4.12
pEk

This gives 4.10. Our proof would be complete if it wasn’t for the fact that the coefficients f, ,(q,t)
have denominators. However, we are in a better position here than we where in section 2 where we
could not explain the disappearance of the denominators in the final expressions we obtained for Il
and IT3. This is due to the fact that the factors in 4.8 involve only the variable ¢q. To see how this
comes about, note that from the definition in I.15 we can see that the %-scalar product is symmetric
in ¢ and ¢. The same is also true for all the polynomials eX, (z). Now, 4.10 with p replaced by u'
gives

IL, [Bu(q,t) 5q,t] = (e;_pel el e,

ﬁu’ M -

However, the stated symmetries together with 1.55 yield that interchanging ¢ and t results in the
identity
H’Y [BH' (tJ CI) ;ta q] = < e;klfkej;le:g o ej;r ’ Hu )*

and thus, using 4.10 again, we derive that

H’Y[BN'(th);taq] = H’Y[Bu(qat)7qat] . 413

Now, it is easily verified that for any partition u we have B, (t,q) = By(g,t) . Thus 4.13 may also
be written in the form

I, [B,(g,t) ;t,q] = TL,[Bu(g,t);q,t] -

Since this is to hold true for every u - n > k, we are in a position to use Theorem 2.8 and reach the
final conclusion that
H,Y[X;t,q] = HW[X;q,t] .

This in particular implies that we must have
axy(g:1) = ax(tq) 4.14

for all the coefficients ay,(g,t) occurring in 4.11.

Let us take assessment of what we have put together. On the one hand, computing II,, from
4.9 and 4.4 we derive from Proposition 4.1 and Lemma 4.1 that each ay,(g,t) may be expressed as
a rational function in ¢,¢ whose denominator has only factors of the form

1—¢' (withi>1) and ¢ ,¢ (withr,s>1).



Plethystic Formulas 56

On the other hand, interchanging ¢ and ¢ in this first expression and using 4.14 we obtain a second
expression which exhibits ax,(g, t) as a a rational function in ¢, t whose denominator has only factors
of the form

1—t' (withi>1) and ¢",t° (with r,s>1).

These two facts force us to the conclusion that the factors 1 — ¢* in the first expression and the
factors 1 — ¢! in the second expression must disappear upon reducing these two expressions to their
normal form. This leaves powers of ¢t and ¢ as the only possible denominator factors and establishes
the Laurent nature of each coefficient ay,(g,t). Since the uniqueness part can again be obtained
from Theorem 2.8, our proof is now complete.

Let us now extend the definition of the polynomials IL,(x;q,t) to polynomials IT,(z;q,t)
indexed by an arbitrary sequence of integers p = (p1,p2,...,pr) by setting IL,(z;q,t) = IL,(x;q,t)
if the non-vanishing components of p can be rearranged to a partition v and setting IT,(z;q,t) =
0 otherwise. This given, we can derive the following final conclusions regarding the coeflicients
K-Au (g,1)-

Theorem 4.2
For a partition v = (1,72, .- -,7%) F k set

k’Y('Z.7 q, t) = Z S’Lgn(a—) H(’Y1+0’2—2 , Yo+o03—3, ..., ’yr+07«+1—7'—1) (.Z', q, t) - 415
0ESr41

Then for A = (n — k,v1,72,...,7%-) and n — k > ~, we have
Kxu(a:t) = ko[ Bu(a,t) 50,t] (V pkn>k+m) . 4.16
Moreover, the polynomials k., (z; q,t) have Schur function expansions of the form

k,(z;q,t) = Z Sx(z) kay(g,1) 4.17
A<k

with ky,(g,t) Laurent polynomials and symmetric in q and t. Finally, when we carry out the
plethystic evaluation in 4.16, we obtain an expression for K Au(q,t) @s a polynomial with integer
coefficients with t-degree bounded by n(u) and g-degree bounded by n(u')

Proof

The identity in 4.15 is an immediate consequence of 2.51 and our convention about the
polynomials IT,. The Laurent nature and symmetry of the kjy,(g,t) follows from 4.15 and the
corresponding properties of the coefficients ax,(g,t) in 4.11. As for the remaining assertions we can
reason as follows. We have now two distinct ways to compute the K au(g,t). We can obtain them
by applying the crude algorithm sketched in the proof of Proposition 2.6 and derive that they can
be given a first rational expression with denominator factors all of the form

(" —1t%) (with r+s>1) .
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On the other hand we can use 4.16 and derive that they can be given a second rational expression
with denominator factors all of the form

qt° ( with r,s>0) .

The equality of these two expressions forces the conclusion that the factors q" — ¢t° in the first
expression and the factors ¢"t® in the second must disappear when we bring those expressions to
their normal form. This proves the polynomiality of the K}, (g,t). The degree bounds are forced by
the identity in 1.51. Indeed, by equating coeflicients of Sy there we obtain the equality

Kau(g,t) = t"Wgn) Ky, (1/q,1/t)

which shows that whatever polynomial Ky, (g,t) might be, Ky,(g,t) itself being a polynomial must
be of degree at most n(u) in ¢ and n(p') in ¢. This completes our proof.

Corollary 4.1

The original Kostka-Macdonald coefficients Ky, (g,t) are polynomials in g and t with integer
coefficients, of degree at most n(u) in t and n(u') in g.
Proof

For our present purposes, we may write the defining equality 1.5 in the form

Ku(a,t) = Kaulg,1/1) t*® 4.18
and our assertions are easily seen to follow from what we have just finished proving for the K (g, t)-

Remark 4.1
It might be good to have in one single place the succession of formulas which, together
with formula 4.15, constitute our algorithm for computing the polynomials k. (g,t). The list is as
follows.
(1) The definition of T, in 3.7:

T,5h = @Y (=gt )N IS [ (1= g )X + a7 [ | Y K (K
pip/AEV K |K|=|p| v yl=lel
I(p)<r 1(y)<r

(2) The definition of *T', in 3.9:

TS = D (-)PISy, - T,Sy

pCA
3 Formula 44, ivin, 11,:
g g P

I, (2;9,t) = T, T, 1T, 1.
(4) Finally formula 4.9, which gives us IL,(z;q,t):

qu: meq7)fp,’)’(q7)7

ptk
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and formula 4.7, which gives us the coeflicients f, (g, t):

&, (@)es, (@) ey, (@) = D (@) foalat) -

pEk

This algorithm has been implemented in MAPLE using Stembridge’s “SF” package. The
code itself and tables of the 40 polynomials k, needed to compute the K Ap Up to partitions of
n < 12 may be obtained via anonymous FTP from macaulay.ucsd.edu. To give an idea what
these polynomials look like, we have attached at the end of the paper, a table of 12 that allow
the computation of certain finite families of K ap- It may also be used to compute the polynomials
K>,(g,t) by means of 4.18. This table, used in conjunction with the formula

Kau(@:t) = kgng, ) [Bu(@:t)igt] = "W gk 5y [Bu(1/g,1/t);1/¢,1/1]

is all that is needed to compute all the K A1 (¢, t) up to n = 8. Recalling that we have set k,[X;¢,t] =
>, kv (q,t)S,[X], the Laurent polynomial k., (g, t) is given as a matrix, with rows ¢ =0,-1,-2,...
downward from the top and columns j = 0, —1,—2,... leftward from the right. The entry in row ¢,
column j, is the coefficient of ¢'t7. A negative coefficient —m is denoted m.

We should mention that Theorem 2.2, and in particular the identity

3w Th, = i t)(ll— g el =00 - 9B~ 1] 4.19

v—u

were discovered within the probabilistic setting of the ¢, t-hook walk introduced in [10]. Although we
have essentially given here two different proofs of 4.19, we believe that some aspects of the original
proof should be of interest. In fact, there are a number of interesting questions that arise in this
connection which should lead to further work. To proceed we need to state some of the identities
proved in [10].

First of all we recall that the g,¢-hook walk defined in [10] is simply a weighted version
of the random walk discovered by Greene-Nijenhuis-Wilf [11]. Given p F n, a sequence of random
variables Z1, Zs, ..., Z, ... is constructed where the value of each Z; is a cell of the diagram of p
and given that Z; = s then Z;;, is randomly chosen to be one the other cells of the “hook” of s in
u. More precisely, if Z;, 1 = s’ then s’ is directly EAST or directly NORTH of s. Moreover, if there
are i > 0 cells of u between s and s’ then the transition probability is given by

i (1)

' -
q m when s’ is rasT of s y

!
P[Zipr = 5'|Z;i = 3] =
i qa"(s)(t—l) h s f
to—=+5 whens'is NortHOf § .
t'r —q%r

The walk is started by choosing Z; = s with probability

#,(5) gal, (3)

Plav=s = 50D
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The walk ends when it reaches one of the corners of u. We shall then write Ze,q = p/v (for a v—u)
when the walk ends at the cell we must remove from p to get v.

It is clear from the definition that a walk which starts at a cell s must end at a corner
p/v that is weakly NORTH-EAST of s. Recalling the definition of R,,, and C,/, made in the
introduction, we shall denote here by R,/,(s) and C,/,(s) respectively the collection of cells of
R,, and C,, that are strictly NORTH-EAST of s. We also let r[s] and c[s] denote the two cells of
R,,, U{p/v} and C,/, U {u/v} that are respectively directly NORTH and directly EAST of 5. Of
course, unless the starting cell s is already one of the corners, at least one of R, (s) and C,,/,(s)
will not be empty and one of r[s] and c[s] will not be u/v.

Now, it is shown in [10] (Theorem 2.2) that the conditional probability of the walk ending
at u/v when it starts at s may be computed from the following identity:

P(Zena=plv|Zi=5] = Als) Blels) ][] 27(:; II () 4.20
TE€ER, u(s) Y

where the functions A(r), B(c) are defined by setting

1 if r is a corner, 1 if ¢ is a corner,
Alr) =9 oy herw and  B(c) = { e,y -
tll‘("')—q“# () otherwise, tl”(c)—qaﬂ_(c) otherwise .

It is also shown in [10] (Theorem 2.3) that the coefficients ¢, (g,t) may be expressed in the form
cl@t) = D @O P[Zua=pfv|Zi=s], 4.21
sL=p/v
where the symbol s «= u/v means that u/v is weakly NORTH-EAST of s.
In this vein, we can give a probabilistic interpretation to any of our sums

Z cuu(%t) fulg,t) .

v

To be precise, (by a slight abuse of notation) we can set fz_ , = f,(q,t) when Z.,q = p/v and

end

consider it a random variable. This given, we can write

Z fV(Q7t)P[Zend:M/U|Z1:S] = E[fZend|Zl:S] ’ (h

v

and use 4.21 to obtain that

Yo cwl@t) fulgt) = D OO E[f7,, |7 =5] . 4.22

v—pu sEW

(1) We read this as the “conditional expectation of fz_ , given that Z; = s.”
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Two particular cases of this formula are worth noting here. The first is obtained by setting f = 1.

S ewlat) = Y ¢ = Bu(qg1),

v SEW

This gives

which yields a probabilistic proof of 2.7. The other case is when f, is taken to be the “Hilbert
series” F),(g,t). This permits us to rewrite the recursion I.13 in the form

Fu(q,t) — Z qa'(s)tl'(s) E[ernd(q,t) | 7, = S] .
sEW

Now data obtained at the time of the writing of [10] revealed that the expression
E[Fz.,.(¢:1) | Z1 = 5] , 4.23

computed using 4.20 and available tables of the F,(q,t), always yields a polynomial in ¢,¢ with
integer coefficients. It was then conjectured there that this should be true in full generality. The
efforts to prove this conjecture led to a close study of the expression in 4.20 and its rewriting in
terms of weights of corner cells of the partition u. More precisely, using the same notation as in
section 2, we can state the following result.

Theorem 4.3
If A;, Aivq,..., A; are the corners of p that are weakly NORTH-EAST of s, then for any
i <r < j we have

1 ' 1
PlZena = ArZ1 =s] = t*¢% — J["""— [ (@ —u) . 4.24
Ty . Ty o ,
i<r'<j i<r'<j—1
Proof
Starting with 4.20 and carrying out cancellations and manipulations entirely analogous to

those carried out in the proof of 2.16, we obtain 4.24 without additional difficulties. We can omit
the details.

=T

Recalling the definition of T}/, given at the start of section 2, and setting Tz,,,, /v
when Z.,q = p/v, we derive from 4.24 the following analogue of 2.13.
Theorem 4.5
Under the same hypotheses as above, for any k > 1 we have
E[ Tgend |Z1=5] = ta"qﬂjhk_l[wi + i+ T — U — Ui — o — U1 4.25

Proof
From 4.24 we get that

J
. 8. _ ] 1
BTS2 =s] = i Yt IO ] -
r=i

Ly — Lpr
i<r'<j T T i< <j—1
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and 4.25 follows by equating coefficients of *~! in the partial fraction expansion

Hz’SrSj—l(l_tur) _ i H (r’#r)# H (zr — up) !

(1 —tx — 1—tz,
HZSTS]( "') r=i i<p'<j T r’ i<r'<j—1 T

Formula 4.25 has the following remarkable corollary:

Theorem 4.6

Suppose that f is plethystic Laurent and that f,(q,t) always evaluates to a polynomial with
integer coefficients; then likewise for any s € u, the conditional expectation E[fz, , | Z1 = s] always
evaluates to a polynomial with integer coefficients.

Proof
Let f be represented by the polynomial P[z;q,t] with Schur function expansion

P(z;q,t) = Y exlg,t) Sale) -

IA|<d

Then for any v—pu we can write

fl/(qat) = P[BV(qat)aqat] = P[Bu - Tu/u;qat] = Z C)\(q,t) S)\[BM - Tp/u]

IX<d
d
=Y a@t) Y -k Tl’f/,,( 3 S,,[Bu]) .
IAI<d k=0 A/ pEVi,
We thus can write
d
Elfral Zi=s] = Y aat) Y (D EITE | Zi=s]1( > S[BJ) . 42
IA|<d k=0 X/ pEVi

Since by hypothesis the coefficients ¢y (g,t) are Laurent, we deduce from the polynomiality of the
right hand side of 4.25 that the expression in 4.26 has only denominator factors of the form tig’.
On the other hand we can compute E[fz

end

| Z1 = s] directly from the formula

E[fzendlzlzs] = Z fV(Q7t)P[Zend:M/V|Z1:S] s 4.27

v

with the conditional probability P[Zenq = p/v | Z1 = s ] as given by 4.20. But now we can see, from
the form of 4.20 and the assumed polynomiality of f,(g,t), that the computation of E[fz_ , | Z1 = s ]
via this route yields a rational expression with denominator factors all of the form ¢* — ¢/. We can
thus conclude, as we have done many times before, that when the two rational expressions given
by 4.26 and 4.27 are reduced to normal form, all the denominators must necessarily cancel. This
completes our proof.
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Remark 4.2
Since, by definition, we have

Fu(g.t) = > h Kot 4.28
A

we see that one of the consequences of Theorem 4.2 is that F,(g,t) is a polynomial with integer
coefficients. Moreover, 4.16 gives us that for each integer n, we can construct a polynomial ®,,(z;q,t)
whose Schur function expansion has Laurent coefficients and is such that

Fu(qat) = q)n[Bu(qat)Q(Lt] ( V pkn ) . 4.29
Thus we can apply Theorem 4.6 and conclude that the conditional expectation
E[ FZe'nd (Q7 t) | Zl =S ]

is always a polynomial with integer coefficients. Thus what was observed in [10] from numerical
data does hold true in full generality.

We should mention that our data also shows that the polynomials E[Fz,, ,(q,t)|Z1 = s]
may have some negative coefficients. Yet, the weighted sum

Fug,t) = > ¢ B[ Fr,u(a.0)| 20 = 5] 4.30
seEp
always turns out to yield a polynomial with positive coefficients, consistent with the Macdonald
conjecture that the K, (g,t) themselves have positive coefficients. Another puzzling problem is to
understand how the recursion in 4.27 is related to the bigraded S,-modules studied in [7]. Such an
understanding might suggest an approach to establishing the positive integrality of the polynomials
F,(g,t). In this connection we must point out that Theorem 2.6 and the recursion

Fu(@,t) = ) cuw(et) Fulet)

v

yield that the polynomial @, (z;q,t) giving 4.29 may be computed from the formula

®,(r;¢,8) = T"1 .

As a last item, we wish to show that Theorem 4.3 does yield a g, t-hook walk proof of the
identity in 2.13. To carry this out we need some notation. Let A; = (a;,8;) for i = 1,...,m denote
the corners of p as before and let B, (,j) denote the portion of the diagram of y defined by

Bu(i,j) = {s€p: aip1 <L(s) <ai; Bi1 <ay(s) <B;} .

It is easy to see that when s varies in B, (i, j) the corners of y that are weakly NORTH-EAST of s
remain constantly
Ai, Aipry ooy A
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Let us then denote by s;; the NORTH-EAST corner of By, (i,5); this is the cell with coleg a; and
coarm f3;. Moreover set

Bu(i,jigit) = Y. tW0lgnl)
SEBI‘(L]‘)

This given, we may rewrite 4.22, with f, replaced by Tlfu, in the form

Z C;w(‘]at) T:u = Z ZBu(iaj;% t) E[Tgend | Z1 = Sij :| : 4.31
v—pu i=1 j=i
Now, we can easily deduce from the geometry of a diagram p with corners A;, Aa, ..., A, that

Bi 41 (1 _ taj*aj+1)(1 _ qﬁi*,@i—l) (taj+1 _ taj)(qﬂi—1 _ q,Bi)

(1-t(1-q) - 1-1/90-1/g)

B, (i,j;q,t) = t*+1Tg

Thus we can write
(uj — 7)) (wic1 — i)

t%g%i B, (i, j;q,t) = (1-1/6)(1-1/q)

Substituting this and 4.25 into 4.31 gives

1-1/01=1/a) Y culat) Ts,

v

Do (= z) (i — @[z 4y — g — =]

i=1 j=i

B[z + - Tm — o — - um]

where the last equality follows from standard symmetric function identities. Replacing z1 +--- 2, —
Uy — - - - Uy, by the right hand side of 2.15, we finally obtain
1
koo 1 1 _ 1
> cwlat) TY, = mhkﬂ [(1 — )= 9)Bulg,t) — 3|

v t

which is another way of writing formula 2.13.
This completes the g, t-hook walk proof of Theorem 2.2.
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