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A bstr::tct. 'fhe n' " homog("OOOU$. co1i11>one nt of 1 he frc,c Lie a lgeb ra. O\'er o1n al11habet A may 
be expr-..~ d M th e linear sptm of polynom ials ob t-1in«I by 111ulti plying words or leng th TI b)' a 
fixed idc-mpot ent of the; 15rou1, a )g('b t$i or S,. . We «>11.Strn ct hd(' a numl:w!r of such id empoten ts ;md 
pnwe some of th ,cir proJ><:rti~ by mcan $ M iden ti ti es obtl.liru.-d from the thc-ory of P -1111.rtitioM . \V~ 
i,h o con :slr1,1ct iu1 itlc.mpotent wliose CO('fficient.s gi\·e tt.e Tn)'lor ex1,a nsion of th e reciprocal of tht 
q·do tomic polyn()min.L As n. by-produ ct we obta in a new 1n-oof of th e d imension formula. for the 
free Lie algebra . The 1><1p<r end is. witt. th e 1m>of of a <'Onjec tur e of H. Stanl ey con<X'rning <:<(tin.in 
rcp~ ljcritMion~ c>f S,. ino <tdueed by Heute n;.u~r (S1>ringt!r L. N. # 113·'• pp . 26i-213) . 

Introduct ion . Let . .4. = {o1,d2 1 • • · , " N} h<~ an a]phabet. with N lette rs and 
Jet A• nnd .4", m; c;ustomary , denote the coUect ions or tJ I .4-words and respec tively 

all A-words with n letters . The (non-c;ommutath·<~) a)gcbrn or all polynomials 

with rat iona l coP.fficients will be denoted here by Q[.4:). Mult ip lication in Q l.4• J is 
carried out by mea ns of the famili ar concate na tion product of words in A• . Th e 

subspac e 0£ QIA'I Sp.tnn c-d by th e words o( le11gt h n will be denoted by Q(A"). Th e 
bracket of t wo po]ynomkl]S / 1 g is defined by set ting 

1/, g) = Jg - gf. 

\Ve sh nil dea l here with \'Cctor suhspncc:t of Q!.4 •1 spann ed by families of polyn o· 
m.inls which a.re obtain ed by successive bracket ings of elemen t s of Q(A:]. To be pre­
cise, given a complete binary tr ee T with r) tcnni o,U nod es and a word w = b1~ • • • b" 
of A", we shall Jet th e pi,ir (11.11 T) represe nt th e configuration obtained by app end­

ing the letters of w, success ively and from left. to right , upon the leaves ofT . Le t T 
have Ti and Tz M le£t nnd right subt re~ a nd let w1 a od w1 be the portion s 0£ w 
respeclive ly hang ing from T1 ~nd Tz in ( w, "T). T his given, we rccur-sively set 

{I.I) /,(w,T) = fb(w1,T1), b(w, ,T,) I, 

with th e agreement. that when T <:onsist.s of l;l single nod e (th :-u is if n = land w is 
a lette r of A) we must sec 

(1.2) b(w, T) = w. 
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The sub::.pace of Q[A •] spanned by th<· polynomfrt.b b(w. T) will be Jeuoh!J hen: 
by LIEfA) &nd referred to., the Free Lie Algeb,·a 011 the AlphabC't. A. The sub<poce 

of LIEIIIJ spnnne<I by tbe b(w,t) with w of length n will l,e Jcuot"'I by LlElll"J . 
We sha.Jl also deuot.<· by 

LIE(a,a, · · · a.,J 

t.he subspace of LIEIAJ spAnne<l by the polyoon1ial~ b(w/J') when w is rnstric::tE>d t,o 
vary among words which are per ,nutat.icmi- of l lw h.•ttf'r.; 

\Ve ~hall make use here of I.he 1-1c:t.ion 0£ th~ symmetric:: group S'I\ on words of 
An . ?\•lore precisely, if 

and 

then we lt:t. 

2 
a, " l E s .. a, 

lt is convenient , to identify LJE(n ,<11 • • • a, 1 J with fl suhspncc of the group nlgchrn 

A.{S") by i<leut.ifyiug llH! word 

with the permutatio1\ 

In t l)js vein 1 as we shall see, we ma.y represent the snl)spacc LJEla 1a2 · · · a-,11 as a 

lc~ft idc,J in ..t(Sn). More pn-ciscly LTE(a 1u2 · · · a,.) may be written in the form 

(13) 

with pan idempotent element of A(Sri). Herc l'.I.J\d aftel' 1 such an element will he 

re ferred to a.r; a Lie idempotent. 

In dlls paper wr shall prcscut. ;1 numb~ r of Lie idempotent5 with n :1mu·kal,lc 

combinatorial propc:rt.ic:~. It develops that the free Lie Alg~hrn is dose ly relate d 

to the q•eoumeration of permmat i011:;: hy t.lw major iudcx statistic. Surprising ly, 
a study of t hjs statist. ic l~n.di-. to a m:w family of idempotent!J wh ich invo lve in a 

curious way the eoeffi<'icnt.s of t he cyclotomk polynomials. Th is al~ le.ads to some 

very in teresting combinator ial and reprn~.<·ntntion tltco retic.a.1 question!-\. One of t lu~ 

by•produtts of our work is a rather direct calculation of the cUmen:;:ion of t.lte firi.ely 

homogeneous components of the free Lie a.lp;ebra . 
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Reutenauer in 181 studied certa in idempotents p~k) 1 which induce representat ions 
of Sn with dimens ion given by the Stirling numbers s(n, k ). Since these representa· 
l ions are closely related to the Free Lie Algebra, it is natural, in the present context, 
to ask for a combinatorial explanat ion of their dimension. At the end of this pa~ 
per we give a proof of a conjectt1re of R. StaJ\lcy suggesting a certain method of 
constructing them which does throw some light into this question. 

There is extens ive literature on the free Lie algebra, written with many different 
outlooks. \Ve adopt here the combinntorinl poi1lt of view. Such an approach to the 
free Lie algebra, including all the backgro\md matcriaJ that will be needed here, 
may be found in [4J. 

1. T h e s t and ard b r ac ke t ing idempote nts . \Ve sha1I denote here by Ln an 
R,. the standard totally le/ti-Jt and rightist trees on n leaves. In pictures 

L, = and R, = 

Vie see that if w = b1b,b,b, then 

b(w,L,) = ll[b1,b,J,b,J,b,J and b(w,R,) = [b,,(b2,[ba,b,l11. 

Vie shall refer to b(w, L.) and b{w, R.) as the standard left and right brocketings 
of words of length n. 

Dy a successive application of the Jacobi identity in the form 

( A B) + 
CA A 

( ~ C) 
A B 

we can derive (by an inductio1\ argument that every polynomial b( w 1 T) may be 
expressed as a linc11r combination of standatcl left bracketings of words of A •. A 

similar re.suit holds for the slal\dard right bra.cketings. HeJ'e and aft.er we shall 
most ly be concerned with standard left bracketings. 

[t is not difficult to see that there is an elcmei-.t 811 of the group algebra of Sn 
such lhat the standard left. bl'acketing of a word w = b1 b1 • • • bn is given by the 
exp ression 

( 1.1) b(w, L.,) = Ii, 2 
b, " ] e. b., 

Reutcnaucr in (SJ points out that l.1 actually holds with 

8., =(l-12)(1 - ,,)· · ·(l -1.,) 

where 'Y, (for i = 2, ...• n) d(•notes the backward~ i•cycle that is 

1'1 = ( f, I - 1,, .. , 2, 1 ). 
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To see this, let us assume by induction that the result is true for n - 1 (it is trivially 
true for n = 2). \.Ve then have 

and this is: e<1uivalenl to 

2 3 n-1 :]-[! :, 3 

From which we easily derive that 

which completes the induction. 

Let us recall that the de.,cent ..et of a permutatio1\ a is the set 

D(c,) = {i : "• ~ "•+i ). 

If Sis a subset. of [11 21 • • • ,n] let us denote by D=s the formal sum of all the 
permutations of S,, whosc descents are tzactJv the clements of S . Similarly, we let 
D~s denote the sum of the permutations whose descents are cont4intd in S. ln 
other words we have 

(1.2) 

and, by inclusion exclusion 

(1.3) D. s = L (-1)1s - r1 D~1·. 
r~s 

Now it develops that we have the following very useful identity 

THEOREM I.I. 

•-• 
(1.4) e. = L(-1)'0=1• .•1• 

k=O 

where here fa, b] is a shorthand for the interval of integers { a, a + l, ... , b). 

Proof. \Ve shall only outline the p,-oof here, details may be found in [4]. \Ve 

clearly have 

(1.5) 8,. = L (-J)ISl( Il -r,l 
S~fl,11) iES 
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On the other hand, it is easily seen that if S = {i, < iz < · · · < i.) ond (1, n)-S = 
{1 < j, <;, < .. , < i•) then 

(LG) <II..,.,l= [/ 
,es t '.1.:-1 

2 k 
,, 

k+I 
1 ,, 

This given, grouping the terms in 1.5 with JSI = k, we get that 

I: II..,.,= v.,,.,1, 
1s1=.t ,es 

which yields 1.4. 

Forinula 1.3 can now be substituted in 1.4 and obtain 
•-> 

(1.7) o. = L L (-1)ITIDc;;1· , 
h=OT~(l,k) 

n - 1 

)A-I 

0 

This expression can be further transfonned. To do this we 1lecd some notation. 

if u and v ,uc words of lengths I, and n - k respectively, let 

u UJ" 

denote the fonnal sunt of all the words of length n obtained by shuffling in all 
possible ways the letters oft, w;th those of v. For instance 

12 UJ 43 = 1243 + 1423 + 1432 + 4123 + 4132 + 4312. 

If/ i:, nn element of the group algebra of S" it is convenient to set 

l f = L f(a)a- 1 • 

.,es .. 
Note then that for ITI = h we may write 

( 1.8) l Dc;;r = E, UJ Ez UJ · · · UJ E•+1 

where E, for i :: 1, 21 • • • , h + l are words obtained by cutting the word 

12356 .. · n 

precisely at the positions corresponding to t.he elements or T. For example, say 
n = 9 and T = {2,4, 7). Then 

E, = 12, £., = 34, E, ~ 567, E, = S9 

and 

! D~c,.,,11 = 12 UJ 34 UJ 567 UJ 89. 

Let us now intr oduce a scalar J)l'Odud on Q(A • J by setting for each pair of words 
u,v€ A " 

(i.9) 

Let 

(u, v) = \{u = v) = { ~ 

H,.(u W ti) 

if u = ti 

otherwise. 

be the subs pace of Q(A 11
) consisting of polynomials which are linear combination of 

shuffles of pairs of non empty words. 

This given 1 th<: following remarkable result holds true 
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THEOREM 1.2. The four condjtions bdow nrc <.'(JttivBlcnt for nny clement of 
Q(A"): 

(i) . f € LIE(AJ, 
(ii). f orthogoual io Hn (u W v) with ,·cs1>cet to the scalar product 1.9, 

(iii). / D.s = (-1)15I f fo,· ill/ ,ubsets S ~ (I. n - I), 

(i" )- /8. = nf. 

Proof. 

The equivalence or (i), (ii) is classical and qu ite ca.sy to show (sec l41, 171). Since 
(iv) - (i) tri\·iaJly, it suffices to show the implications (ii) - (i ii) - (iv). 

( ii ) - (ii i) 

Formula l.S yields that for nny w E .4'1 nnd T ¥: 0 

w I D\;T € H,,(u W v). 

Thus (ii} implie,; that 

(1.10) (f, w 1 D,;r) = 0. 

On the other hand, it is easy to se<: that for any f,g € Q(A") and any element p of 
the group algebra or Sn we have 

(fp,g) =(f,glp). 

Thus 1.10 may be rewritten as 

(f D,;r, w) = 0 

Since w is arbitrary we must necessarily ha\·e tha.t 

fD,;r = 0 

and formula 1.3 gives 

fD=s = I: <-l)IS-TIJD,;r = (-1)1s1, 
T\;S 

as desired. 

(iii ) - ( iv) 
From 1.4 we get th at 

n-1 

/8. = L(-l)'/D .11.•J· 
k=O 
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Thus (iii) for T = (I , kj gives 

rt- I 

/9,, = :E(-1)'/ (-1)' =nf, 
A=O 

as asserted. 0 

Remnr-k J.l . The implication (i)- (iv) of Theorem 1.2 yields in particular that 

for any ,vord w E A,,. 

Set.ting w = a1 a2 • ••a,. yields the identity 

lJ\ other words 
I 
-(1 - ·r,)(1 - ;,) ·· · (I - ;,,) .. 

is an idempo tent clement of the algebra of Sn. 

This is a fact that is not ob,·ious at all. A purely combinator ial proof of it, 
ba.,;ed on the identity 1.4. was found by U. \•Vachs fll). 

It is not difficult to see that a.n independent proof of Theoren'I 1.2. follows from 
the purely combinatorial identity 

(1.11) 9,, D.s = ( - I )1s1 9,, 

which itself i.s a special c~ of (iii). Thus a simple direct proof of this identity 
would ccrt<Unly be of interest here. 

2. Th e J(lya chko id emp o tent , In a little known pioneering paper (6J, Kly­
achko brought himself to introduce, precisely in the Lie Algebra context, a remar k­
a ble element o( the group algebrn of S,., \Ve shall denote it by X 11 , in deference to 
Klyachko, it may be defined as follows: 

X,. = ~ L wmaj(~) q 

0'€S., 

where w = e'h,fn is the primitive n'A root of unity, and maj denotes the major 
index statistics. Tt1at iJJ for a permutation 

(2.1) 

we set 
n-l 

maj(u) = L' x(u, > u,+ 1). 

•= I 

172 



It is convenient to introduce here the same statistic for sets . That is for S ~ 
{1,2, ... ) we let 

maj(S) = Li 
iES 

This gi"en, we see that X,. can be l'ewritt.cn io the form 

(2.2) 
1 

X" = -n 
$~(1.2 ..... 11-1 ) 

For an element p of the group l:\lgebra of S,1 let 

QIA"Jp 

denote the subspace of Q{A •Jp span 1\00 by the polynomials wp as w varies among 
all A-words of length n. 

Klyachko in l6J shows that 

(2.3) UEIA"J = QIA"JX •. 

Unfortu1\ately, the proof of this result given in !6) is tmneces~m1·ily complicated . \Ve 
shall see here that 2.3 may be easily obtajned directly from the identit.ies of section 
1 combined with a simple q-enumeration result of f5). 

Let us say that two elements p 1 ,P1 of .4.(S,.) are right equiv4lt:nt if and only if 

(2.4) {
a) P1t>1=P1 

b) P1P1 = p, 

Note that these conditions force p 1 aod Pl to be idempotents. Moreover• we see that 
a) and b} imply that the correspond ing left ideals in A(S,.) are identical. Likewise 
we also have 

QIA "Jp, = QIA "IP1 

Thus to show the Klyachko result we need only verify that fJ,. /n and X,. are right 
equivalent. Now I the identity 

(2.6) 

is i1nmediate . In £act, from l. l 1 we get 

e.x. = L wm•j(SJe.D:s = L w•••i(S)(-1)fSl9_ 

S~I• ,n-11 S~II . .-.- 11 

which may be rewritt.cr) as 

9.X. = (1 -w)( l -w 1 )· ··(I -w"- 1)80 = n9,,. 
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The latter equality being a consequence of the fact that w is a primitive root of 

unity of order n. 
At this poiot it may be good to observe that this argument actuaUy establishes 

a stronger result.. To state it we need to introduce some notation. Let 9n(q) denote 
the n't: cyclotomic polynomial, as usual ~n) will denote the Euler ~-function . Let 
also rn,(q) dcllote the unique polynomial of degree strictly less than ¢(n) which is 

a solution of 

(2.7) 

Finally, let us set 

and 

Thus given, we have 

THEOREM 2.1. 

:md 

(2.8) 

qm := 1'm(<J) (mod ~.(q) ). 

I 
n.(q) = ;; L •·m•j(•J(q)q 

oES .. 

Xr1(q) = L qtlU,j(O)O'. 

oES,. 

8.X.,(q) = ( I - q )( I - q2
) .. • {I - q• - • )8. 

e.n.(q) = e,.. 

Proof. \Ve J\ecd only observe that the polynomial 

{I - q)(l - q'), , , {! - q"- 1) 

is equal to n modulo ¢.( q ). 

To complete o,ir proof of the I(lyachko result we need to ,·erify the identity 

(2.9) 

In v_iew of Theorem 1.1 this is c<1ui\';1Jcm lo the statement that X 11 e LIEIA"}. 
Agam from Theorem 1.1 we see that this is c<luivalent to showing the identity 

(2.10) X.D ~s = ( - 1)1s1x,., 

better yet, using 1.31 we could just show that 

(2.11) x.D~s = o, ( fo,· all S 'F 0). 

It should be noted however. that even tht"t s1>«ial c:Lse 

(2. 12) x .. v=,,,,1 = (-1)'x., 
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of 2.10 is sufficient to yie]d us 2.9. Indeed, 1.4 gi"es 

and 2.12 gives 

n - 1 

X.,8., = I) - 1)'X.,D11.•1 
k=O 

n- 1 

x.,e. = I )-1)'X.,(-1)' = nx •. 
••• 

In summary we C<m obtain 2.9 either via 2.11 or via 2.12. \Ve shal l follow both 
these paths because each of them leads to interesting combinatoria l questions. As 
a matter of fact, the underlying combinat..orics is b<!tt.er und erstood if we work with 
r."(q) r-ather than X". In this light we: shall obtain 2.11 as a specialization of 

(2.13) •.,(q)D~s = O. ( for all S f, 0) 

Note first that the coefficient of a permutation o in the left•ha.nd side of 2.13, 
modulo the cyclotomic polynomial ¢ri(q) (except for n factor l/n) 1 is given by 

(2.14) X n(q)D~sla = L qm•j(of"-1) = L q'"•J("'). 

f"ED,s oE<--JO~s 

The meaning of the right-hand side of this identity becomes dearer through an 
examp le. Let S = {3,5} with n = 8. Then 

I D13.,1 = 123 w 45 w 678, 

and for 
o =b,½ .. ·ba 

we get 

o ! D13.,1 = b,½b, W b,b, W 6-½ba. 

Thus we S<.'C that in the general case the right•lttutcl side <>f 2.14 is 

(2.15) L 9maj(O'), 

O"Eofll W c,UJ LU ... UJ oP•+O 

where o-<)) 1 a.<2> 1 • • • , c:i1+1) are the words obtained by segment ing o according to 
the elements of S. \Ve have thus been naturnlly lead to a problem of q-emuneration 
of a family of perturbations by the major index. In fact, the foHowing formula for 
2.15 has already been given in f5): 

(2. 16) 

where p 1 is the length of the word aM and the exp ression in brackets is the \t.Sual 
q•multinomial coefficient. 

But 1low we immediately see that the right -hand side of 2.16 is equal to zero 
because all these multinomial cocfficie1lts vanish modulo the cyclotomic polynomial 
~.(q). \Ve have thus establishe d the following fact 
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THEOREM 2.2. 

(2.17) .-.(q)D=s = (-1)1s1.-.(q), 

(2. 18) #o(q)Q. = n.-,.(q). 

Proof. The argument given above establishes the equality in 2.17, modulo?"( q ). 
But in fact, exact equality must hold as well, since Lhc coefficients of permutatio1\S 
in both sid .. of 2.17 are polynomiols of degree strictly less than \!(n). Formulo 2.18 

follows from 2.17 by Theorem 1.2. D 

Remark 2.1. Computer exploration with MAPLE, carried out in connection 

with this proof, suggested the fo1lowing beautiful evaluation of 2.16: 

"°' qtuj(o-) = 9maj('1) [ L- -mod9"- I p, Pl o-EoC'I W ... W (',r(Htl 

n 

P.t+l l · 
th is identity was later shown to be true by li,,(. \Vachs (pe rsonal coinmunication). 

Theorems 2.1 and 2.2 have surprising consequences. For convenience let us set 

;r.,(q) = 60 + 6,q + ... + 61q', 

where f = ~n) - I. 

T u 00 R£M 2.3. Each of the 6. is a Lie element. A,foreovei·, we have the identities 

(2.19) { 
6., j( j = 0 

6J,, = 
0, othenvise 

In particular, 'lr,.(q) is a Lie idempotent for an_v value of q. i\lorc generally, rhe 
expression 

(2.20) 60 + c, 6, + · · · + c 16 f, 

nlways gives a Lia idempotent . 

Proof. Dy equating cocfficien.ts of the powers of q in 2.S we derive that 

(2.21) 8.60 = 8., and 80 6, = 0 (for i = 1,2, .... /). 

Doing i-he same with 2.18 gi"cs 

(2.22) 6/J,. = nS, (for I= 0, 1, ... ,/). 

Combin ing these identities we get 

6 , (6,8.,) 6 6, 6, 
IV() = - 0 = -8r160 = -en == s .. 

n n n 

176 



This gives lhe first part of 2.19. A simi lar calculatio11 using part two of 2.21 yields 
the second parl of 2.19. The idempotency or ;;n(q) and that or expl'cssion 2.20 is 
an immediate consequence of 2.19. D 

For any pennutation q ;:;;: q I t11 • • • a,. let m; set ns in (6) 

n 

ind(u) = LX(U, > u,+i), 
i a l 

with the conventio11 th,H q 11+1 = u1 • 

Clearly, this statistic only depends on the circular rcarrangcrncnt class of q_ We 
shall refer t-0 it as the circular de~cent index. Let us also denote by 'Y the »•cycle 

-, = (1,2,3, ... ,n) 

Now it develops that maj aJ\d ind are related in a surprising way, namely 

LEMMA 2. I. (Klyochko) 

For any u e Sn: 

(2.23) 
(a) 

(b) 

maj(u-r) = maj(u) - ind(u) (mod n) 

maj(-,u) = maj(u) - 1 (mod n) 

Proof . The proof of these identities can be found in (61 and is quite straightfor• 
ward. D 

For a further study of the elements 61 we need some properties of the polynomials 
rm(q) defined in 2.7. 

LE~tMA 2.2. Tt,e sequence of polynomfrUs rn,(q) J·s periodic of period n tand 
thefr generating function is given by tlie identity 

(2 .24) 
m 1 4i11(q) xl+/ L rm(q)x = 1 - :rq - I - xq \>n(x)° 

"'2:0 

Proof. The periodicity is immediate since the trivia) congruence 

(mod ~.(q)) 

implies the congruence 

(mod 1>.(q)) 

but the latter must reduce to an equality since both polynomials have degree less 
that the degree of <>n( q ). 

It follows immediately from the definition of the polynomials rm(q) that there 

is a constant c such that 

qrm(q) = C1>.,(q) + rm+1(q). 

177 



Setting q = O and rcc:a.l1iog that the coostant term in 4>11('1) is equal to 1. we get 

For co1v:e.nicncc let us set 
Cm = rm(O). 

We may thu:; wri«: 

(2.25) •·m+a(q) = qr,.(q) + Cm+a~n(q). 

Multiplying this identity by z"'+ 1 and summing gives 

( ) 
m I ¢.(q) L m 

T,n q % = --- + CmX , 
I - xq I - :r:q 

u1:!;0 mG:I 

Settin.g xq = t, multiplying by I - t and letting l - 1 yields 

(2.26) 0 = I+ ¢ 0 (q) L c,.q-m, 
m~I 

The pa.-5$.age to the limit is justified for q > 1, and the fact that left hand side 
reduces to zero is afl easy consequeoce of the periodicity of the sequence {rm}­

Since the cydotomic polynomial satisfies the identity. 

(2.27) I+/ I ) r ¢.,(-) = 9.,(x . 
X 

Formula 2.24 must hold true as asserted. O 

THEOREM 2.3. 

(2.28) 

Proof. Note that we can write 

(mod 9.,(q)) 

Using the Klyac.hko identity 2.23 b) and the periodicity of the r,./s we obtain 

Substituting 2.25 we finally get 

(2.29) 'Y~ .. (q) = q;r.,(q) + ;;¢n(q) L <1+,n•j{o) 0 

oES., 
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which yields 2.28. 0 

Remark 2.2. Setting q = 0 in 2.24 we get 

1+/ 
(2.30) .._-- (0) '" "' "' x L..Jrm X = L.,t.,,X =1---;:--( )' 

ma:o m~O Y' 11 l: 

On the othe r hand the definition of n,1(q) giv~ 

(2 .31) 

Thus we see that this remarkable idempotent is int imately re1nWd to the inver.Je of 
the cydotomic polynomial. 

Theorem 2.3 has an interesting corollary. For conven ience Jet us write the n' 11 

cyclotomic polynomial in the form 

(2.32) qi.,( q) = ql+i + I - a1 q - a-,q' - · · · - a /qi. 

This given we have 

THOOftEM 2.4. Foi•i = 1, ... ,/ 

(2.33) 

Proof. 

Replacing q by 1/q in 2.29, multiplying by qi+ I and setting q = 0 (using 2.27) 
we get 

0 = 61 + l L C1+,n•j(o)O , 

oES., 

So we can rewrite 2.29 as 

(2.34) 'Y"n(q) = q•.(q) - o.(q)61 

= q,.(q) - (q•+J + 1 - a 1q - • • • - •1qf)61 . 

Equating coefficients of the successive powers of q we easily get the recurrences 

(2.35) -r6o = -61, 

-y61 = 6o +a , 61, 

-y6, =6, +a,61, 

. . . = ... 

The i 111 e<1uation may be multiplied by -y•-1 to give 

I t 1-I{ I C 
'Y 0 1 = -y u,- 1 - a,-y oo 

from which our desired expres.-;i<>n can be easily derived . 0 

Another corollary of T heorem 2.3 is lhc following remar kab le £a.ct. 
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THEOREM 2.5. For each i = 0, 1,.,,, / 

(2.36) 11(-r)6, = O. 

and moreover 

(2 .37) LIE(A"J = Q(A"J6, 

That is, not only die idempotent 601 but the r>ilpotent elements 6i also give LIE{A"j. 

Proof. Equation 2.28 gives that 

(mo<l \l.(q)) 

However, th is congruence must in fact be an equality, since the left hand side is 
of degree at most / in q. This gives 2.36. Now the relation 2.33 may be inverted. 

Indc:ed, the polynomia l 
I > • -a 1q-a2q -··•-ajq 

is invertible mo<lulo \l,.(q). Let P,(q) be its invenie. Multiplying 2.33 by P,(--y), nnd 
using 2.36 we get 

60 = -y' P,(-y)6,. 

This gives the inclusioo 

L!EIA"I <;; Q(.4"J6,. 

The othe r inclusion follows in the same manner from 2.33. O 

3. q-En u mer ation an d t he d imensio n o f LIE!A). As we shall see, the 
cruc ial step in the calculation 0£ the dimension of the fr<:<: Lie Algebra, is the proof 
that the l(lyachko idempotent is a Lie element. As we pointed out in the la.st 
sect ion, to prov~ the latter, we do not have to establish 2.10 in full, but rather only 

(3.1) X,.D=(• .•I = (-l)'X. 

A direct verification of this identity leads to some interesting q•enumera.tion 
problems. Let us work again with X,.(q) and write the nna.logue of 2.14 for D=(l ,.t)• 
Namely 

(3.2) X.(q)D .1,.•1 1. = 

Note that the generic clement or D=(l,'-•I is or the form 

r=i 1 >i2 >· .. > ik > 1 <11 <h < ··· <J~. 

thus its inverse consists or k + 1 followed by a slmffil." of the words J.· J.• - 1 . .. 2 1 and 
k+2k+3· · ·n. This give,; 

(3.3) ! Da(i.>I = k + I • ( k k - 1- · · I) UJ ( k + 2 k + 3 . .. n) 
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where here the symbol • denotes conc11t.cm.ttion product. Consequently 

o 1 D.11,1.•1 = a-1-+1 • ( t\'.1;0,._, • · • 01) UJ ( 01-+ 2 01+ 3 • • •a,.) 

Our identity 3.2 rt--duces then to 

(3.4) X.(q)Dcfl,•I lo= 
"Eo •+1 • (o • o• - 1 · · ·01) LU (04 uo l+J , .. o.,) 

'\Ve are thus led to a special ca:;c of the genernJ problem of q·enumeration by lhe 
major index of a set of pe1·mutations obtained by readi1\g the labels of a tree . To 

be precise let T be a tree tu\d a be a labeling of its nodes by the integers 1, 2, .. . , n. 
Let L(T) denote the sel of all linear cxtcosions of the oatural order of the clcincnts 
T. Then the general problem is that of calculating the sum 

(3.5) L q'"'J(•l 

"'Eo l(T) 

where ol(T) de.notes the collection of permurntions described by 

<>(u) = o(u,)o(u,) .. • a( u") 

as u varies in L(T). 

The summation in 3.4 is ihc S[X.>cial case when T consists of two total orders, 
of respective lengths k + I and» - k - 1, joined at their smallest elements. Unfor· 
tunately, we do no, know of any simple expression, £or the sum 3.5 when the tree 
order is away from the root (that is when up is as in the natural trees). However, 
if the order is towardj tJu. root, (that is if up is as in the Computer Science trees) 
then a hook formula is available. Namely, we have 

T u£ORE'1 3. I. (Bjorner· iVachs /1/) 

(3.6) L 
9

,naj(q) = qm•j o(T) 

oEoL(T) 

tnJ! 
fl fh,j . 

rE'l" 

\+Vhcre, fn)! is tJJC q-:uialoguc of n!, hl" denotes the number of nodes in tl1c subtree 
below z (lh,] is its q-onalogue) and fin•lly, 

(3.7) maja(T) = L h,y(n(z) > o(p(z))) 
,er 

here p(z) denotes the parent of x. 

Upturning our trees we get two total orders joined by their top elements. \Ve 
are thus replacing the Jabellcd tree on the left in the picture by the one on the right . 

181 

. , 
., 



The left tree corresponds to the sum in 3.4 while the right tree corresponds to 

the sum 

(3.8) 

The relationship between the pennuta.tion in 3.4 a1\d those in 3.8 is very simple, the 
former are the reverse of the latter. More precisely, denoting by wo the reversing 

permutation, that is 

wo = [! 2 
ll - I : l · 

we can rewrite 3.2 in the forrn 

(3.9) X.(q)D=11.•J lo = 

Now, simple manipulations yield the identity 

(3. 10) mnj(qwo) = (;) - nd(q) + maj(q), 

where d(O') denotes the 1\mnbcr or descents of a. 

On the othP.r hand, the expression in 3.8= by means or the hook formula 3.6, 
cvahiates to 

(3.11) 

('I,..,,> lnl! 
ln)lkJ!ln - k - lj! 

Substituting 3.10 and 3.11 in 3.9 we obtain 

(3.12) X n(q)D=l l .4-) lo; n,od t .. _ 1 q(;)+1n aj(o10, .. ·01)+maj(o.,fl.,_ 1 .. ,0 0H) [ n; l l · 
Since 

maj(a1 · .. &") = maj(a1 · .. 0-1-) + maj(n1.+1 •••a,.,)+ kd(o-k+I ... a,,) 

and 

maj(a.o._, "'Ot+1) = maj(1>>+i<>•+2 . .. o.J+("; k) - (n - k)d(o,+iOk+l .. ,o-.), 

we deduce that 
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\Vhich reduces 3.12 to our final identity 

(3 .13) X <q)D I = q('t')+m•H•••• ·••••> [ n - 11 11 • (1,.1:J ('I - mod ,"-t k · 

Multiplying both sidct; by o and summing over S,.. yields 

(3 .14) ('+') [n-11 X.,(q)D= ll.>J lo = mod ••-1 q ' k X.,(q). 

To get 3.1 we are led to evaluate the factor of X11 (q) 1 on the right side, modulo the 
cyclotomic polynomial. However, this is easily clone since the generating function 
of these facton; (by the q-binomial theorem) may be written as 

•-• [ l I)-t J'q(' t') n; 1 = ( 1 - lq)(l -tl)· •(I - tq" - 1
) • 

••• 
Howe,·er , modulo the cyclot.omic polynomial the right hand side of this identity 
reduces to 

1 - t" 
= I + t + t1 + · · · + t''- 1 

1 - t ' 

thus 
('+')[n-1] • q• k '=mod6.C,>(- 1). 

this gives not only 3.1 but also 

Remark 3.1. The identity in 3.14 gi "es a little bit more . Indeed , multiply ing 
both sides by ( -1 )A:. summing a1ld using the q-binomial theorem we gel 

X.(q)9., = ,nod 9•-1 (1-q)(i -q')· · ·(l-q"-')Xn{q). 

which is a stronger identity than 2.18. 

Remark 3.2. Curiously 3.13 is actually an equa1ity when o is the identity per­
mutation! For in this case we can write 

X. (q)D.1 ,.•1 I,• = 

Now the generating function of these polynomials is 

•-• Lt• X.,(q)D= fl,kJI,, ={I+ tq){I + tq')'' '{I+ tq•-•i 
k=O 

and the q-binomial theorem gives 

('") [» -11 X.(q)D=f•.•J lu; q ' k 
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This circomstance makes one wonder if for genera) a there is a similar exact cva1u• 

ation of the left hand side of 3.13. 

Remark 3.3. \Ve should point out that if we arc willing to use Stanley's theory 
of P-partitions, the hook formula 3.6 hns a simpler derivation than that given in 
llJ. For sake of completeness we give hel'C a sketch of this alternate argumc11t. 

The point of departm·e is Stanley's w, ?-partition formula. \Ve arc given a 
partially ordered set Panda labelling w of its clements by the integers 1, 2, ... , n. 
·we let then Fw(P) be the set of all i11t.eger valued functions / which arc ,,..·cakly 
de<:rensing with respect to the partial order of P and which decrease strictly when 
w decreases in P. Stanley 's POI identity (see 151 for a proof) states that 

L, qmaj(c,) 

(3.15) '°' qi/I= aEwL ( PJ 

/Ef;;P) (I - q)(I - q2) ···(I - q") 

egain here L( P) denote.-. the set. of linear extensions of P and wL( P) dctlotes the 
set of permutations obtained by rending the labelling w according to these linear 
extensions. or course n gives the cardinality of P and 

111 = Lf<r> ,.,, 
Now £or the case or n Computer Science tree the summation on the left of 3.15 
can b-'> very easily evaluated. The basic fact that allows this evaluation is that, for 
CS-trees, each f E F,.,,(T) can lx: u1)iquely decomposed as a tin.ear combination of 
indicator £unctions of principal lower order ide.als. Since n lower order ideal below 
an element 3; of a CS-tree T is simply the subtree r and its cardinality is hn we 
can easily derive the formula 

(3.16} L 9111 = qm •J..(T) rr I . 
1 - q"~ 

/EF..,(T) rET 

The factor 
qmaj ... -(T) 

represents the contribution or the :.mallcst / in F..,(T). \\'he1) this futlction is 
subtracted from the genera) clement of F..,(T) we aJ'e left with a remajnder whicl1 is 
just wel!lkly decreasing in T. The second factor in 3.16 accounts for the contributions 
or all these remainders. Combining 3.15 and 3.16 we get the hook fo11nula 3.6. 

Before proceeding we need to reeaH tlw notions of prmUtive word.,, primitive 
d<M.JC-1 nnd Lyndon words l2J. Briefly, a word is said to be primiti,·e if all its circular 
rearri:\ngcments are distinct. A circular rearrangement class i$ called primitive if it 
i$ generated by a primitive word. Fi1rnlly, a word is :;aid to be Lyndon if it. is 
lexicographicnlly strictly smaller than all its drcufar tcarrang<•ments. It is not 

difficult to show that Lyndon words give a set or dist.ind representatives of the 
primitive circular rearrangements classes. It will be c;onvcnien1 to let L(A,..) denote 
the colk-ction of all Lyudon words of length rt in the aJphubet A. 

The introduction of the l"\lynchko id<.>mpotcnt gives what is perhaps the sim. 
plest justificati01'l of the dimc.-nsion fonnula for the Ftec Lie Algebra. This dassiea1 
theorem may be stated as fol1ows. 
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TIIEORE~t 3.2. The dimension ofLIE{A' 1
] is equal to the number of primitive 

circular rearrazJgement classes of words of length n in the alpl,abct A . J\1orcovcr, a 
basis for thls space is gfren by the set of Lie pol_ynon-1jnJs 

(3.17) { uX,1} .. et(N' > 

Proof. Since we have a.II the ingredients to prove the resuh we shall include a 
sketch of the nrg\1ment. Clearly. it is sufficient to i;how the second part of statement. 
\Ve shall start by showing that the polynomial s in 3.17 span . To this end note that, 
since X,. is a Lie idempotent, a tri\'ial spltnning set for LIEIA") can be obta ined by 
taking al) the polynot'nials 

(3. 18) (u EA"). 

On the other hand, 2.28 evaluated at q = w gi"es that for any word u E A" 

This implies that X" kills all non•p1imiti\'e words and that words i 11 the same 
circular rearrangement chLSs yield cssenfo.,IJy the same polynomial when acted upon 
on the right by Xr1. Thus a spanning set if obtained by letting u in 3.18 vary in any 
se~ of distinct representatives of primitive cl~. 

The shortest path to independence is given by I(lyachko's original Hne of rea~ 
soning. Simple manipulations which use 2.23 (a) yield the remarkab le ident ity 

(3.19) 

where 

Now, it is very easy to see that the set of polynomials 

(3 .20) 

is independent. This is becnusc i( u I and u2 are in different primit ive cll\$$CS the 
two polynomials u 1T and u2r do not ,·anish and have disjoint suppo rt . However, 
3.19 shows that right multiplication by r sends the set in 3. I 7 onto the set. in 3.20, 
consequent ly the set in 3.17 must be indep<m<lent as well. This comp letes the proof 
of the theorem. O 

4. T he R cut ena uer r ep resen tat io ns. The group algebra element. 

1 .,_ , ( - 1)' 
p. =;; L ("-') D., 

4=0 4 

(here Dad is the sum of the permutations with d descents) was shown (ind irectly) by 
Solomon (9) and directly by Reutcnaucr (SI to be a Lie idempotent. In Reutenauer's 
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proof p"' is the first term of a se<1uence p~1k) of idempotents tha.t are closely connected 
to the Free Lie Algebra. A remarkable result proved in IS] is that the dimension 
of the rcprcse1\tation ind\1ced by the action of Sn 011 the left ideal A{Sr1)P~J:) is 
given by the Stirling number of the fl,., kind s{n, k). In (SJ Reutenauer asks for a 
combinatorial explanation or this fact. R. Stanley constructed representations with 
the sa.me dime:msions and conjectured (personal communicatio 11) that they might 
have the same character as those introduced by Rcutenauer. In this section we 

shall give a proof of Stanley's conjecture. 

The simplest , way to i11troduce the ptth s is through their genera.ting function. 
More precisely, we let pt•> for k = 1, 2 •...• n be the elements of the group algebra 

A(S 11) satisfying the relation 

{4.1) 

where (x) T" denotes the upJ)Cr factorial polynomial. The proof that this seqoence 
is the AAmc as tliat studied by Reutenaucr is gi\'CO i1) f4J. \Ve shall also need here 
some aux"iliary facts concerning the p~k>,s, this materin) including all of the necessary 
b•ckground may be found in (41, 

Let us reeaU that the Frobenius image of a cha1acter \ of S"' is the symmetric 
polynomial 

Fx = ~' L x(q)\!'f1<">tfa~ice1> •••if•~'"<"> 
· .,es .. 

where tJ,., is the k',. power symmetric function and p,..(q) denotes the number of 
cycles of length k in q, It may also be shown that the Frobenius images of the 
character of a module A(S,.)p (when pis an idempotent) is given by the polynomial 

P,, = L p(q)~r1(a) l,i'•r(#) •.• r,:,~-(a) 
.,es .. 

VVe shall use these symmetric polynomials in our proof or Stanley's conjecture. 

\Ve begin with Stanley'$ construction. For a given set or no1M1egative integers 
Pi,P1, · · · ,p,. satisfying 

{4.2) 
1>1+1,.1+···+p,.=k 

lp1 + z,,.l + · · • + np .. = U 

we choose and fix an arbitrary pcrmotation q,. with Pm cycles of length rn. Let G, 
denote the Shlbilizer of q ,., t hnt is 

G, = {o-: oo-,o _, = o-,) 

Nc_xt, we pick o one_ di111<'~1:s:ionaJ character \ c,> of G,. and induce from G,, to S,.. 
It 1s_secn that the d1mc11s1011 of the rc:;ulling rcpre:sentation is tt!/IG,I, and this is 
precisely the number of permutations or cycle type lPt 2n ... n"". Thus the direct 
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sum of these representations over all p satisfying 4.2 (k nnd n 1·emaining fixed) has 
dimension s(n, A:). Clearly the l"'C$Ulting character is 

'Cs = 
11+11>+· ·+p,.• k 

lp1 +1pi+ ... + ,ap., a 11 

,(p) rs-
,\ G, . 

Stanley conjectures that there is a choice of the \ (p) 's which mukes x5 equal to the 
Reutenauer t::huracter. 

It appeurs thnt there is such a choice nnd it. may be constructed as follows. We 
first. observe that. G, is essentially the cartesian product. of the wreath products 
S, ... ICml• \Ve shall decompose the set of integers 1, 2, • • • , n into successive bloeks 
of sizes Pm x m and shall let Sp_[C 111 J ac·t. only on the integers in its correspond ing 
block. 

The standard realization of the wreath product. S,(Cml flcting on the integers 
11 2, .•. , p x m hR.S elements of the form 

(4.3) e ; c e1; -r,111 , .., .. , , ••• , ..,,, > 

where q is an arbitrary element of S,, ')' is the cycle (1, 2, ... ,m) and the exponents 
s 1 vary between O and m - 1. If we arrclngc the integers 1,2, ... ,p x min rows 
of length m with (i - l)m + 1,(i - l)m + 2,· • • ,im occupying the i' h row. Then 
the element { in 4.3 acts on these integets by first circularly shifting each row 
(the i'" row bys,) cmd then bodily permuting the resulting rows accord ing to the 
perm\1tation q. It is not difficult to show that the map defined by setting 

(wherew = e2Jf•/m) gives a one dimensional representt\lion (or charnctcr) of S,(C,..] . 
This given, our choice of x<,> wil1 simply be the "product" or the x'""""s. 

We shall next. study the character or the Reutenauer representation. To th is 
encl we need t.o gi\'e a closer look at the idempotents p~k). It was shown in (8) that 
each w E A 11 has the decomposition 

(4.4) W - wpll) + wp<1) + ... Wf)(u) 
-,i II ;, • 

It. develops that the polynomial wp~t) gives the projection of w into a certain sub • 
space HS=• of Q(A "). The nature of the components wp~•> was derived in (4) by 
combining the contents of j6) and l9J. Since this is crucial in our calculat ion 0£ the 
Frobenius image of the Reutenauer character, we shall give a brief review of the 
contents of (4). The reader is referred to 14) for p,-oofs and further details . 

Starting from any basis { b[u)} indexed by l,yndon words (in particular the one 
in 3.17) we let HS=• be the subspace of Q[.4") spanned by the polynomials 

(4.5) s[u1 ,u2 , •.• ,uk) = ;, L blu.,)b[u.,) · · ·blu,.) 
0-€S1 
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(II may be shown that HS ., is independent of the choice of the basis { blulJ ). The 
polynomials in 4.5 will actually give a basis for H S=k if we restrict the k·tup1es 
u 1, u2 1 

••• , u.1: to be in some specific order I say lexicographically weakly decreasing . 

\Ve can define an action of the general linear group G L( N) on QIA •J as follows. 

For a matrix T = llt,,11 and a letter a, E A we set 

N 

Ta,= La,t,,. .. , 
Th is action is extended to words multiplicatively, that is for w ;: bi i>2 · • · b" we let 

Tw = (Tb, )(Tb,).·· (Tb.) 

and finally we can exwnd it to the whole of Ql.4 •] by linearity. 

Clearly, this actioo restricted to QIA"J is the n 1
" tensor power of the definil'lg 

representation of G l(N). It is 1lot difficult to show that each of the subspaces H S.1: 
is invariant under this action. In view of the dcfioition 4.5 we see that the action 
on HS=t is the k 1" symmetric power of the action on H S. 1 which is LIE(A ·] itself . 
This impl ies (see for inst{lflce 14)) that the character or the action on H S.1: is given 
by the plethysm of the homogeneous symmetric function hk with the character of 
LIEIA"I, that is the formal se,·ies 

(4.6) L(X) = L .!_ I:1•(p )I/I; · 
n ,1;:: I pJn 

Then'"' homogeneous compone.nt or HS .k (that is the linear span or the polyno­
mials slu 1, u2, . . . , ttkl in 4.5 with u 1, u'l, ... , u,1; or combined length n) is dearly also 
invariant under this actio 1\. Let us denote it by H S.1: In• Its character is thus given 
by the n 1

"' homogeneous component or the plethysm 

(4.7) h,IL(X)]. 

Let us denote this polynomial by 

(4.8) h,IL(X)] , •. 

It may be shown (see for instance 14]) that if p is an idempotent of the group 
algebra A(Sn) then the Frobcnius image or the charact<:r or the action of Sn on the 
left ideal A(S,.)p is the same sy1nl'nctric polynomial as that giving the character of 
the action of GL(N) on the S\lbspace QIA']p of QIA"] s1>anned by the polynomials 
wp for w E An. Since the Reutenauer idcmpot<'llt p~1J:) projects a word w E A." into 
HS . kin, it foUows that 

H s •• 1 .. = QIA ")p!,>>. 
\Ve thus obtain that the F'robenius image of the character or the Reutenauer repre­
sentation. must be given by the polynomial in 4.8. That is 

(4.9) P,~•> = h,IL(X)) I,.. 
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\Ve are left with the calculntion of the FrolH•r)ius imnge of the Stanley character. 
To do this it is best. to proceed combim\torially. Clearly, the product. 

" 
x(p) = n \:p,.,111 

m=I 

is an idempotent. of Sn. Now it develops tlHtt. the polynominl Px<,> has an interesting 
combinatorial interpretation , To see this. we shnll "isualizc words of length 11 with 
their letters written out into the cells of the sequence of />m x m Ferrers' diagrams 
(block$}. The words obtained by reading one of the rows of one of the bloc.ks will 
be refen-ed to as the row words of tu. This given, it can be shown 14) that the 
polynomial wx<,> is equal to zero if any of the row words of w is not. primitive. Let 
us now call a word. tu E A l'I p-Lyn.dott if each of the row words is Lyndon, and within 
a block the row words are in lexicographically decreasing order. It is straightforward 
to show that the polynomials wx<P) as tu descrilx!s all p.Lyndon words give a basis 
for the spaee QIA·)\<•>. This implies l4J that the polynomial P,,,, (which by the 
way is also the Frobenius image of x<P) rb:) is the Polya enume ratol' of the set. of 
p--Lyndon words. Conse<tucntly, the Frobenius image of Stanley's charncter (with 
this choice of x<,>) is the Polya enumerator of all wol'ds which may be factored 
into a product of k Lyndon words of weakly increasing lengths with factors of c<Lual 
length in weakly decreasing lexicographic order. 

To complete our proof of Stanley's conjecture we need only give a combinatorial 
interpretatio1\ for the polynomial in 4.9. However• th is is almost immediate since it is 
wcll known (see for instance 131) that the plethysm P,IP,J of two Poly• enumerators 
P1 and P-i is the Polya enumerator of the patterns enumera ted by Pi colored by the 
patterns enume rat ed by P1. This implies that 

h,ll(X)J 

is the enumerato r or lexicographically weakly dcc rea .. ,;ing k•tuples of Lyndon words . 
In particular, 

h,il(X)J I• 

enumerates those k•tuples that are of combined length n. 

Clear-1.,v then the patterns enumerated by Fx 5 are simply rearrangements of the 
patterns enumerated by Pc• >· Thus these two polynomials arc identical and our •• proof is complete. 
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