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On the S, module DH,, of Diagonal Harmonics
by
A. M. Garsia, M. Romero and N. Wallach ()
Abstract

It can be shown there are differential operators E, F' and H = [E, F] for each n > 1, acting on
Diagonal Harmonics, yielding that DH,, is a representation of sl[2]. Our main effort here is to use si[2]
theory to predict a basis for the Diagonal Harmonic Alternants, DH A,,. It can be shown the irreducible
representations sl[2] are all of the form P, EP, EP,--., E*P, with FP = 0 and E**!P = 0. The polynomial
P is called a “String Starter”. From sl[2] theory it follows that DH A,, is a direct sum of strings. Our main
result so far is a formula for the number of string starters. A recent paper by Carlsson and Oblomkov
constructs a basis for the space of Diagonal Coinvariants by Algebraic Geometrical tools. It would be
interesting to see if any our result can be derived from theirs.

Introduction

We set X,, = x1,29,...,2, and Y, = y1,¥2,...,Yn, we will be working here with polynomials
P(X,;Y,) with rational coefficients, that is P(X,,;Y,) € Q[z1,22, .-, Zn;Y1,Y2, -+, Yn)-

The diagonal action of .S, is defined by setting for any o € S,

UP(XnaYn) - P(xalvxazwH»xan;ytfuytfzv'”vydn)‘ L1
Another important tool in studying S,, modules that are invariant under the diagonal action is the scalar

product
<P, Q> = L,P(0X,,;0Y,)P(X,;Ys). 1.2

where the differential operator P(0X,,;0Y},) is obtained by the replacements x;—0,, and y;—0,,. It is easy
to see that we have
(oP, Q) = (P, Q) (for all o € S, ). L3

In this paper we will study the .S, module DH,, of Diagonal Harmonic polynomials. This module was
originally defined as the orthogonal complement, with respect to the scalar product in 1.2, of the ideal of
polynomials that are invariant under the diagonal action. By a result of Hermann Weyl it follows that
P(X,;Y,) € DH, if and only if
Z@gﬁgb P(X,;Y,) =0 (forallp+q¢>1). 1.4
i=1
This simpler definition makes it obvious that DH,, is invariant under the diagonal action.
It also immediately follows from 1.4 that if P € DH,, then all the bi-homgeneous components of P

are in DH,. This implies that we have the direct sum decomposition
DH, = & H..(DH,) L5
O§r+s§(g)

where H, s(DH,) is the subspace of diagonal Harmonics polynomials which are bi-homogeneous of degree r
in the 2’s and degree s in the y’s. It then follows that the character resulting from the diagonal action of
S, on DH,, can be written in the form

P = Z t"qg*x"?, (Where x"% is the character of HTVS(DH,L). 1.6

OST"FSS(;)

The upper bound () in L.5 follows from the operator conjecture (proved by Mark Haiman in [X]) that DH,
is the linear span of derivatives of the Vandermonde [, <i<j <n(@i— zj).

(t) Authors Garsia and Romero are supported by Grants
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The Frobenius map “F ” considerably simplifies the operation of computing the character of an S,
representation. Frobenius uses the dimension equality between the class functions of S, and the space A="
of homogeneous symmetric functions of degree n. This given, F maps Class Functions onto the power basis

by the formula FC\ = pu/zp. L7

where C), is the sum of all the permutations of cycle structure p, p,, = pip2 - - - i), where (1) denotes the
length of p and

zy = 1129 ... naylag! - - - ap! (when p = 1912%...n% |- n) 1.8

It follows from 1.7 that the character y* is given by the identity

><A = _F_ls/\ 1.9
If M,, is an S,, module with character y~ then the Frobenius Characteristic ldg
of M,, is the symmetric polynomial F yM~. arim 4] Jarm

It was shown by Mark Haiman using tools of Algebraic Geometry

that the Frobenius characteristic of DH,, is the symmetric rational function

1.10

3 T, H,(X;q,t)MB,(q,)IL,(q,t)

FPHn _
X w4, 1)

ubn
To define the ingredients that appear in this formula it is convenient to use Macdonald’s notation yet identify
partitions with their French Ferrers diagram. Given a partition p and a cell ¢ € u, as indicated in the above
display, we will introduce four parameters [, (c), I),(c), au(c) and a),(c) called leg, coleg, arm and coarm
which give the number of lattice cells of u strictly North, South, East and West of ¢. Denoting by p’ the
conjugate of u, we set

n(p) = D 1,(0), T, =t"Wg ), M =(1-t)(1-q),  Bulgt) =Yy g,
- / () (e) _ flu(e)+1y(4lu(c) Ceu( )+1 L1
Mu(q,t) = [J(1 = 1,(c)g ), wplg,t) = [ (g™ — () (hnle) — goulltT),
cep;c#(0,0) CEN

This accounts for every thing that occurs in 1.10 except for the modified Macdonald Basis element H u(X5q,t).
This symmetric polynomial was conjectured in [X] and proved by Mark Haiman in [X] to be the Frobenius
Characteristic of the linear span of derivatives of the alternant that corresponds to the partition pu.

Our first goal is to construct operators that preserve DH,. We will prove this property for all the
differential operators

a) Fro=Y 2,000, b) En.=Y 0505, (forr+s>1). 112
i=1 i=1
We will also prove the relations

a) [Fp,q , Fy s] = (p - T)Fp+r71,q+s s

b) [Fp,qa Er,s] = qFptrgrs—1 — TEprr—1,g+s, L13
c) [Ep,q ) ET»S] = (q— 8)Eptrgts—1-
Furthermore by setting
a) F = Fy,, b) E = Ei, ¢) H=[EF] =Y (y0, —z0.). 114

i=1

we derive that DH,, is a direct sum of irreducible representations of si[2].
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Finally, using the results of the ¢, t-Catalan paper we derive that the Hilbert polynomial

enlg,t) = FxPHA 115

s[17]
of the Diagonal Alternants can be obtained by a purely combinatorial construction. To describe this con-
struction we need further definitions. By a Dyck path in the n x n lattice square £,, we mean a path which
proceeds by n unit North steps and n unit East steps and goes from (0, 0) to (n,n) always remaining weakly
above the main diagonal of £,,. This is the straight line that joins (0,0) to (n,n). In ]

the illustration on the right we colored light green all the cells bisected by the main
diagonal of Lg. The Dyck path is depicted there in light blue. It is clear that we
only need to give the abscissas of the of the North steps of the Dyck path D. Those
are the integers that are on the left of the rows of Lg. Thus D =[0,0,1,1,2,3,3,5].
Each Dyck path has two statistics which we call area(D) and bounce(D). The area

L T S S O R R

statistic is quite simple, its formula is area(D) = [0,1,...,n—1]—[0,dy,...,dp_1].
This is the number of cells between the Dyck path and the lattice diagonal (the green cells). In our case
area(D) = 13. The bounce statistic is the sum of the places where the bounce path hits the main diagonal
of L,. In our display we depicted it in red using a thinner line. In the general case it starts straight North
until it touches the West end of an East step. Then it goes straight East until it touches the diagonal. Then
goes straight North until it touches the West end of an East step... alternating straight North and straight
East until it reaches (n,n). We place in the possible diagonal touching points the labels 1,2,...,n — 1 as
indicated in our display. The bounce statistic is the sum of the labels where the bouncing path touches the
diagonal. In our example, bounce(D) = 3 + 6. We must emphasize that the bounce path does not change

8th

direction by touching the East end of an East step. In our display that happens in the 5** and TOWS.

In particular we obtain
Cn(q,t) _ Z tbounce(D)qarea(D) 1.16
DeD,
This identity was conjectured by Jim Haglund in [X]. The problem to construct a further statistic that
combined with area gives 1.16 was formulated in [X]. For n = 3 we get

f.DHg‘ _ Z tbounce(D)qarea(D) _ t3 + t2q + tq + tq2 + q3. 1.17

13
(1] DeDs3

This identity reveals that the alternating character x["'*! occurs in bi-degrees (3,0), (2,1), (1,2), (0,3) and
(1,1). In this particular case these are Frobenius images of the sl[2] strings generated by the following two

alternants
1 1 1 1 1 1
CL) Alulvl = det Tr1 T2 X3 , b) A271 = det 1 X9 I3 . 1.18
3 23 22 Yyr o Y2 Y3

It stands to reason that we should be able to construct a basis for the Diagonal Harmonics Alternants using
the operators in 1.12, sl[2] theory and the combinatorics of the ¢, t-Catalan.

The computer data we have obtained so far and the Mark Haiman’s proof of the Operator Conjecture
make it very likely that the following is true.

Conjecture 1.1

For every n > 1 and every bi-degree (a,b) for a > b it is always possible to construct m sequences
r1 <1y < -+ <1y such that the Diagonal Harmonic Alternants E,, oEy, o - - Eyr, 0A1n are distinct, where m is
the number of sl[2] strings that start at (a,b). This also requires that () — (r1 +r2+ -+ +1) =a
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1. The differential operators.
We start with an auxiliary fact concerning the interaction between multiplication operators and
differential operators.

Propositiom 1.1
For any variable y and integer exponent ¢ > 1 we have

Oly = qdi " + yoy. 1.1

Proof
Suppose that P(y) is a polynomial in y. Then for ¢ = 1 we get

dyyP(y) = P(y) + y9,P(y). 1.2

Thus 1.1 is true for ¢ = 1. Proceeding by induction on ¢, suppose that 1.1 is true up to ¢ — 1. Then we have

)

Oy Ply) = 9,00y Py) = 9, (¢~ 1) *P(y) + dyydy ' Ply) =

1.3
= (¢—1)04 "P(y) + 93 'Ply) + yOlP(y) = qd 'Ply) + yoiP(y).
this proves 1.1.
As an example we will show that
Theorem 1.1
The sl[2] operators
n n
a) F=> z0,, b) E =) yon, 1.4
i=1 i=1
preserve DH [ X ;Y]
Proof
To this end we will first compute the bracket
n n n
[Hz,q ’ E] = ZZ [651851 ’ gja%jl ’ (Where Hgﬂl = Zagzazq ) L5
i=1 j=1 i=1
Since for j # i the differential and multiplication operators commute, we only need to work with
[Hz,q ) E] ‘j:i = Z [a];iazi ) Qiaﬂ] ’ 1.6
i=1
Using 1.1 for ¢ > 1 we obtain
O 08y 0u, = 08 (g1 + y,08,)00, = qOVT1OIY + y OLTOY . 1.7
We also have

so 1.6 becomes
(Mg Bl = ad OF'o5 " + > y0rtog, — >y, 00700 = q) orrog L9
i=1 i=1 i=1 i=1
or equivalently
I B = BT, + gl 1.10
Thus applying 11} , E' to a diagonal harmonic polynomial P(X,,;Y,), gives
7 EP(X,:Yy) = BN P(Xa;Ya) + qI0 o P(X0; Yy) = 0. 1.11

The case ¢ = 0 is trivial. Proving that the operator F preserves diagonal harmonics. Working with F' we
will reach the same result using analogous steps.
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We can use the same idea on the operators

leagba; : b) E,. = i:yﬁ;l@; 1.12

As before we can reduce the calculation to j = ¢ and work with

n
m: F, Zap 2,005,007 =" (pontr—logts 4 w004 01). 1.13
i=1
Likewise we have n
R o
Thus
I, Frs = Fr sl o+ pI g g 1.15
Now if P(X,;Y,) is Diagonal Harmonic then
0y, Fr s P(Xn;Yn) = Fo 0D P(Xo; Vo) + pIpL, s P(X0; Ye) = 0. 1.16

Proving that F). s preserves Diagonal Harmonics. An analogous argument yields the same result for £, ,.

Theorem 1.2
The following identities hold true for allp+q > 1 andr 4+ s > 1.

a) [Fp,q s Fr,s] = (p - T)Fp+r71,q+s s
b) [Fp,qa ET,S] = @Fpirgts—1 — rEpir—1,g+s, 1.17
C) [Ep,q s Er,s] = (q - S)Ep+r,q+s—1 .

Proof
Reducing again to the case j = we can write

n

[Fpq s Frs) :Z[mgiagi,@la;ﬁ; Zx P x,)0n 99T — Za: (0%, ;)08 99T . 1.18

i=1

Since we have
a) O x, = pagjl + 2,08 b) Opx; = 7“8;:1 + 1,0, 1.19

The identity in 1.18 becomes, using 1.19
[Fpq s Frs] Zz (pOEt + ;07 )05, 99+ Zx r ot 08 )R 09 . 1.20
Now this can be rearranged to
[ s P S Zx ap 1 agla;zjrs Zx a’r 1 aﬁﬁyqfs Z 5-p+raq+s .
From which we derive that
[Fp,q ) Frys] =(p—r) ixiaﬁfr_laifs = (P—=7)Fptr—1,q+s- 1.21

This proves a) of 1.17.
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Next we work on b) of 1.17. Reducing to j =i we can write

n

[Fpq s Ers Z (2,00.00,y.0;.05.] = Zgl(ﬁ )ortros — Zy ;)00 0Lts 1.22

i=1 i=1

Using 1.19 we get

[Fpqs Ers] = Zgi(qagi Lty 08)ontr o, Zy (rop '+ a;0;,)08 04F°

7, y-b
n n 1.23
S S S AR SRS
=4q Ferr,qusfl - T Ep+r71,q+s .

This proves 1.17 b). The identity in 1.17 c) is proved the same way we proved a).

Remark 1.1
Using b) of 1.17 we can prove the result in ¢) of I.14. In fact, since £ = Ey ¢ and F' = Fj 1, setting
p=0,g=1r=1,5s=0in

[Fp#z’ ETHS} = qFptrgrs—1 — TEpir_1,g+s,

we obtain
[Fo.1, E1o] = Fio — Eoa,

Using 1.12 this gives that the sl[2] operator in 1.14

H = [E’ F] = i:yiayi - i:%aww 1.24
=1 i=1

on Diagonal Harmonics is none other than the Euler operator in the 3’s minus the Euler operator in the z’s.

Remark 1.2

We will make multiple uses of the operators E,, we must point out that that these operators
commute regardless of the values of r. This is one of the consequences of the identities in 1.17. In fact, if
¢ = s in c) that will immediately force the commutativity of E, , and E, ;. The same result can be obtained
for the other differential operators pairs in 1.17.
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2. Analysing the computer data for n = 5, 6.

Although our differential operators are constructing Diagonal Harmonic alternants we will be guided

by the Frobenius characteristic of the alternants in DH,

en(gpt) = Z fhounce(D) garea(D) 91 ¢ (@) ojojojojojo]o]o]o

Dep, “lol1|loflofofo|olo]o 0

We will do that for n =5 and n = 6. dlol1l1lololololo ol o

In the display on the right we have depicted a visual —; olil101l0l0l0 ololo

image of this polynomial for n = 5. For instance the term of W ol®l2]1]1]0 0 lololo
¢5(g,t) that is in the fifth row and fifth column corresponds to

the Dyck path D € Dy for which bounce(D)garea(D) — 94404 We oozt 010101010

can easily locate the sl[2] strings in this display. In DH,, they are “ol0|@|2 1]1]0]0)0]0

of the form P(X,; Y,)—EP(X,;Y,)— - -+ —E*P(X,;Y,), where | 0| 9]0 2|2 1j1]0J0]0

P(X,:Y,) is killed by F and is a homogeneous polynomial of bi- | 9 | 0 0 |@[1]2|1)1]0]0

degree (a,b). The operator E diminishes degree in 2’s by one and ~ *| 0 ofojojo|@[1|1]|1]0

increases degree in y's by one, thus the polynomial E‘P(X,,;Y;) ofofofojojojofo]o|®

1 d" @ & o o ¢ d ¢ o g

is homogeneous of bi-degree (a —4,b+ 7). The final element is of
bi-degree (b, a) and is killed by E. The circled entries correspond to alternants indexed by partitions. The
one corresponding to t'9 is the Vandermonde Ays. The one corresponding to t%¢' is Agys. Agor, Agyp and
Aszo form an sl[2] string. Our list ends with A4y and the Vandermonde As. This display shows that the
alternants in D Hj factor into a direct sum of 7 of sl[2] strings. The one of highest total degree is started by
Ajgs. Let us call it String 1. String 2 starts with bi-degree (8,1) and ends in bi-degree (1,8). String 3 starts
with bi-degree (7,1) and ends in bi-degree (1,7). String 4 starts with bi-degree (6,2) and ends in bi-degree
(2,6). That accounts for the 2's in the image of its path. String 5 starts with bi-degree (6,1) and ends in
bi-degree (1,6). These two ends are Agys and Ayy. String 6 starts with bi-degree (6,2) and ends in bi-degree
(2,6). That accounts for all the 2's in the image of its path. String 7 starts with bi-degree (4,2) and ends
in bi-degree (2,4).

Our tentative starters are: Ays, Eo0Ays, E30A1s, EygFs0A1s, E19lys, EgoFE20FE20A15 and
E,0E20A15. We need to computer check the strings they start are distinct. We should mention that the
tool we use to that effect, is making shure that the “dlex” leading monomial of each alternant P(X,,,Y},)
that generates a string has coeflicient 1. Thus to check that the strings are distinct we need only verify the
leading monomials are distinct.

But before we get involved in this project we need to make a few observations that will simplify our
task. Firstly, Remark 1.2 tells us that the operators E, o commute whatever is the value of . From Conjecture
I.1 we know that to obtain an alternant of bi-degree (a, b) in DH,, using the polynomial E,, 0Ey, 0 -+ Er, 0A1n
we must require the equality

ritratt = (3) —a 2.2

Due to the commutativity fact, there is no loss in assuming that our sequences are weakly decreasing
(r1 >ry > -+ >1,) and satisfy 2.2. This is the number of b parts partitions of () — a.

Notice that our display at the row indexed by t° and column indexed by ¢ reveals that there is only
one alternant in DHs with bi-degree (5,2). Yet the 2 parts partitions of 5 are 32 and 41. Thus when we
reduce the two polynomials E3 oFE20A1s and E40E7 0A1s to have leading monomial with coefficient 1 the
resulting alternants must be identical!

This fact shows that we can only use partitions as an upper bound to the number of strings that
start at a given bi-degree. However, in our computer experimentation with DH Ag we discovered that pairs
that were discarded in DH As had also to be discarded as factors in the construction of string starters in
DH Ag. This suggests that the construction of a basis for DH A,, might demand a recursion on n.



A. M. Garsia, N. Wallach and M. Romero The Diagonal Harmonics of Sn July 21, 2021 8

These findings suggest that it might be possible to obtain a recursive construction of a basis. The
following result gives us a tool for not using factors that have been discarded for n — 1 in the construction
of string starters for n. For simplicity we will state it in the simplest useful case.

Theorem 2.1
Suppose that C,,_1(q,t) pegh-1 = k—1 and C,(q, t)’t“qb = k, then the polynomial
P(Xn, Yn) = ET1,OE7"2,O e Erb,OAI" 2.3
cannot be used as a starter in bi-degree (a,b) if
. . . a=n—14c—rnp 2.4
for any discarded pairs of solutions of
Proof ri+ret+ -1 = (ngl) —c. 2.5
Since our conjecture requires that
ri+ro+--4+r=142+---+n-1-a. 2.6

this can be rewritten in an inductive way by relating for n what we already obtained for n — 1
ri+rot+-+r- — (1+24+-+n—-2—-¢)=n—-1—a+c—rp. 2.7

We will soon use this result in working for n = 6.

For n = 5 the only things we need to assure are that the 3"? and 4™ strings are different and the
same is true for the 5" and 6**. This happens to be true in both cases but for different reasons. In the
first case the two leading monomials are identical. However the difference EE3 gAys — Eg gFs gAqs does not
vanish since its leading monomial is —z3z3z4y1y2. In the second case the leading monomial of EEE4 oA s
is x1x§x4y%y2 and the leading monomial of E5 oE5 ¢gFE20A1s is xﬂ%my%yg. Since in the dlex order we have
1123704y y2 > 122334y y2 the strings are distinct. Thus we have proved our conjecture for n = 5, Our task

is now to explore n = 6 [TToToToToToToToToToToToTx
On the right we have a visual display of a portion  ,..[oT1Tolololololololololo
of the Frobenius characteristic of the alternants in D Hg. ¢3[0f1|1(0|0|O|0O|O|O|O]|O]O 2
This is the polynomial cg(g,t), The number of strings  #2|0]1]1/1]/010]0]0]0{0|0|0] |3
start at bi-degree (a,b) is simply the difference ¢1{011/2]1/11010/0]0j0]0]0f |5/ 4
¢0{0]1]2(2]1]1{0]0]|0[{0]0]|0 8|6
6600 s s — 6005y 26 ¢ [ofo[28[>[1[1]0[o[0fo[o] | [o[7
#[0]10]1({3]|3]2(1|1]0({0]|0]|0 12
This given the tentative string starters are Aje, F2 0A1s, (00| 1[2]4[3]2]1]1]0]0]0 1 1
E370A16,E270E2,0A16,E470A16, E370E270A16, ¢ [0]0]0[2]|3]4(3]|2]|1(1]0]|0 6
B20E20E200 6, E5 016, B3 0E3 0016, B3 gEs 0By oAys, ¢ [0101010121314/312]111/0
+10[0(0]0[1[2]3[4[3]2|1]|1 17
Es0Es 020820016, By 03006, E30F30E0Aqs, ‘ P L B,

E3’0E2’0E2’0E2’0A16, E4’0E4’0A16, E5’0E2’0E2,0A16, E5’0E2’0E2’0E2’0A16. qOLIl” next task is to find out if
the sl[2] strings they generate are all distinct. The right most part of the above display has red arrows. If
the tip of an arrow points to a cell in row t* and column ¢°, then in the left part of the display that cell
has k then we need to make sure that k£ distinct strings start at that point. For instance the first arrow
points to the cell t'1¢%. On the left that cell has a 2. The 3"¢ string starter is F3oAqs in cell t*1¢? there is
EFs5 A6 and Es gFEs gAqs. Normalizing these two polynomials to have leading monomial with coefficients
1 gives both the monomial z1z32323x5y? so the leading monomials cancel when we compute the difference
of the resulting polynomials. This difference is not zero since its leading monomial is xizox3z325y192. The
3 diagonal harmonic alternants of Bi-degree (9,3) start 3 distinct strings since their normalized leading
monomials are different. Now the 8 string starter in our list starts a string that meets 3 more string
starters, that accounts for the sequence of 1,2, 3,4 that starts in the cell t'%g. we will begin by normalizing
the two polynomials EE5 ¢Aje and E3 0E3¢Aje. In this case it turned out that these alternants have leading
monomials z3z3r3x5y1y2 and 22z9x373x5y192. But their difference has the same leading monomial as the
first. However it is different from the first in that it has 3600 terms while the first has only 2160.



A. M. Garsia, N. Wallach and M. Romero The Diagonal Harmonics of Sn July 21, 2021 9

In bi-degree (8,3) we should have 3 alternants EEEs Ao, EE5 0E30As and B3 0E30FE20Ajs. to
show that they are distinct we need to compute their normalized leading monomials. The computer data
gives that the respective leading monomials are z1z2x32325y2y2, 23x3x3r5y?Yy2 and r2zex32325y3Ys. Since
the first and the last have the same leading monomial all we need do check is that the difference does not
vanish. However the difference has leading monomial z3z3z3x5y7y, and therefore it does not vanish.

In bi-degree (7, 4) we have one more starter E3 gEs gE2 0FE20A16 and we have established that the 3
strings that started in bi-degree (8,3) are distinct. Therefore the alternants EEEEs ¢Ays, EEFE3 gE3 0Ajs
and EEs5 0Es oFE2 0As will also be distinct. Thus all that remains to do in bi-degree (7, 4) is show that these
3 alternants are different from E5 ¢FEs0FE20FE20A1s. This turns out to be trivially true since the leading
monomials in the previous 3 end with the factor y3y. and the last factor in the new one is y?y3.

Next we need to prove that the string started in bi-degree (8,2) is different than the string that
starts in (7, 3). In other words, since the latter is our 13" string starter we want the normalized form of the
polynomials E1 gE40E30A16 and E3oFEs gE30A16 to be different. Unfortunately they are not. The reason
is due to Theorem 2.1. Since we chose one of our starters to be E4 ¢Es30A 6 choosing the next starter to be
Es0E30E20A16 was a mistake! In fact, the successor of Ey0FE30Aqs is the alternant Ey gE40FE30A16 and
the alternant Es o E3 9FE20A16 would contain the pair 3, 2. That forces the next starter to be Ey gFs oE2 0016
or Fs B 0F1,0A16. Both are OK. But the first is simpler to prove that it is OK. Let us tentatively choose
the normalized EE4oE2 0FE20A16 and EEE, gFE30A7s and since we know they are distinct we have only to
assure that they are both different for the normalized 14*" starter, which is Es0E20E20E20A16. We have
now proved the validity of the n = 6 starters as modified since the remaining starters have not presented
any difficulty.

We can obtain an algorithm for obtaining the number of starters for any n, that MAPLE permits,
from the following calculation. Since every string is of the form

P(X; Yo )= EP(Xp: Yo)—s - - —EFP(X: V). 2.7
If P(X,,;Y,) is an alternant homogeneous of bi-degree (u, v) then the alternant E*P(X,;Y,,) is homogeneous
of bi-degree (u — i,v + i), with E¥P(X,,;Y,,) homegeous of bi-degree (v,u). The contribution of this string
to the Hilbert series of DHA,, is the polynomial > ;" t“~‘q""". Note that

utv v_u

t"q" = (qt) = (1), 2.8
So we can write
u, v u—v utv e u—v
g (1) -+ (") = @ F (T (14 (O ++ (D)
wre w1 — ()07 o (£)7 = (971
= (¢) = ()2 1 - @ - (¢t) = 1 — (;) 2.9
t t
u—v 1 u—v 1 u—v+1 u—v+41
e BTG - @O L - )
:(qt)2 N1 PV :(qt)2 INT a1
(5)2 - (;)(5)2 ()2 — (§)2
Thus the Hilbert series of DH A,, is the polynomial
() (3) v (D)5 (%)“‘Z“
h(g,t) = D> buy (qt) 7 - . 2.10

u=0v=0 (2)% - ()=
where b, ,, is the number of strings that start in bi-degree (u,v). Making the specialization t—¢~' gives
() ()
hag™) =30 buy d
T @
(¢ — ¢ DHhlg,q7") = D by (¢ = g7t 2.11

u=0v=0

u—v+1 q—(u—v+1)

or better q—q!
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We can rewrite the identity in 2.11 in the form

(z) (3)
(@—aHhlaa ) =D xw—v+1=r)(a"=q7") > bus 2.12

u=0v=0 u—v+l=r

If we let ¢, = > by,» then 2.12 becomes

u—v+l=r

(¢ —q¢ (g, =D > xu—v+1=r)(d" —¢")er

() (3) (3)
:Z(qr—q_r)crzz:x(rzl—u—i—v): (qr—q_’”)cr.

r=1 u=0v=0 r=1

2.13

Haiman has proved in [X] that h(g,t) is exactly the Garsia-Haiman g, t-Catalan. In [X] the special-

1

ization t—q~ " is derived from Macdonald identities to be related to the none other than the g-analogue of

the number of Dyck paths in the n x n lattice rectangle, more precisely we have:

O = —-[2"] | 2.14
q\*'h(q,q" ") et 1]q[ ]q
Thus the left hand side of 2.13 is
n — n+1l _ o (g2n n n—+2 2n
(¢ — ¢ Vg B9 L (g D-- (" —1) _ —(3)1( i D---(¢°" = 1) 915
"t =1 (¢-1)--(¢"—1) (@ =1 (¢"-1)

and 2.13 becomes

oy (@2 1) (g2 — 1 / , .
q (3) l(q(q3—1))~~-(E]q"—1) ) = Z cr q —Zcrq 2.16

Since the number of starters is Z,(f:)l ¢, all we need is to sum the positive coefficients of the powers of q. Of
course this is really only an algorithm, but we can also obtain a formula from 2.16.

To do this we first apply an odd power of the Euler operator ¢d, to both side of 2.16 :

n+2_1)..

(40,)""" (q—<2>—1<q fqzn T ) ZEI P () 2.17

@1 (0"

%H (- 1)/2+ factorized into a product of (z —z ) and each is different

Hrk 1

The determinant of the matrix Hz

from zero as long as z,. # zs. this proves that the matrix Hr has non zero determinant.

n(n—1)/2+1

o1 the inverse, it follows that

Denoting by ||ds7r H

n+2 __ .. 2n __
> de(q0) ™ (q(ﬁ)l(q(;_ 11))._.((; D) ) Z e (" +q7") 2.18

Thus

(g n+2 o2n
%stw(qaq)%-H (q_(g)_l (q + — 1)"'(q - 1))

FD =) = z:: cr 2.19

r=1

as desired.



