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APPENDIX

by Adriano M. Garsia

The preceding paper by S. Milne deals with a number of issues in the theory
of symmetric polynomials which are of great present interest. In this writing we
show that certain identities established in the paper are connected to several recent
developments. In particular, we show a connection between some specializations of
Milne’s polynomials Fy\(Z,v;q,t) with corresponding specializations of the polynomials
P(X;q,t) recently introduced by MacDonald in []. We shall also show that Milne’s
polynomials may be given a Verter operator setting which extends that given by
N. Jing to the Hall-Littlewood polynomials in a recent Yale doctoral thesis []. In
particular this setting brings to evidence in which manner the Milne polynomials
F\(Z,0;q,t) differ from the MacDonald polynomials P(X;q,t). We should note that the
considerations that follow also contain a new proof of the basic duality result of ||
for the polynomials P(X;q,t) and a more transparent way to deal with the ubiquitous
raising operators of D. H. Littlewood.

1. The Gramm-Schmidt process in reverse lex and the duality of the

MacDonald polynomials.

One of the exciting features of the two parameter family of polynomials P(X;q,t)
introduced by MacDonald in [] is that, by appropriate choice of ¢ and ¢ they specialize
to well known classical bases of symmetric polynomials. In particular letting ¢ — ¢
yields the classical Schur functions Sy(X), letting ¢ — 0 yields the Hall-Littlewood
basis and setting ¢ =t then letting ¢t — 1 yields the Jack polynomials. Each of these
bases has a natural setting, we shall show here that Milne’s polynomials F\(Z,0;¢q,0)
yield a setting for the polynomials obtained by letting ¢t — 0 in P(X;q,t). To make this
more precise we need to recall two basic results of []. We start with some notation.

Recall that for A = (A, Aa,..., M)

Px = PxiPx;Pxg
denotes the complete power symmetric function indexed by X. Moreover, in A-ring

notation, we have
k

1—gq 1—gM

i=1

As in [], we shall let (, ), denote the scalar product defined by setting
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() o iEx = g
(px s Pudat = : 1.2
0 otherwise
Where, as customary, for A = 1™1m21™... we set
2\ = 1miqmezms . . mq! mo! ms!---

The starting point in MacDonald development is the following
Theorem 1.1 (see [])

For each n > 0 there exists a unique family of homogeneous symmetric polyno-
mials {Px(X;q,t)}aen satisfying the following conditions:

Z) P(X;q,t) = Z;‘g Su(X) npua (M = 1)
1.3

“) (Pxy Pu)gt = 0 Jor X#
Here the sign < denotes the dominance partial order of partitions.

It should be noted that one of the consequences of this existence theorem is that
the basis {P\(X;q,t)} - may be obtained by applying the Gramm-Schmidt algorithm
(with scalar product (, ),:) to the Schur basis {S\}-, arranged according to any
total order of partitions that is compatible with dominance, such as the lexicographic
order, for instance. We recall that we say that \ precedes p in the lex order and
write A <p p if and only X precedes p when both are viewed as words in the alphabet
of natural numbers. Note that we use the English convention and let partitions be
vectors with weakly decreasing components. We shall also use here the order <,
obtained by setting A <z, u if and only if X >, /. We can easily see that <. is also
compatible with dominance.

Before we can state the next basic result of [| we need further notation. Given
an alphabet X = =y + 25 +... + 2z, we shall set

n

2x) = Hljxi - Hlix

i=1 reX

In particular, for the products XY and XY Z of two or three different alphabets we

axy) = [T1I 1—1xy and QXvZ) = [[ IT1I 1_1”2 :

rzeX yeyY zeX yeY zeZ

have
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Moreover, in A-ring notation, for the difference X — Y of two alphabets we set

AX -Y) = Hﬁ e 12 .

rzeX yey

Applying to the alphabet XY Z the customary expansion
QX) = Z ]@
P p

we may write

AXYZ) = ZPP(X)pp(Y)pP(Z) . 1.3
P “p
Interpreting 1/1 — ¢ as the alphabet 14 ¢+ ¢ +¢* +--- we may then write

QXY i) = Zpip(X)pﬂ(Y) Ppp(1=t) 1.4

1—q
Zp

with p,(1—t/1—q) given by 1.2 for A = p. We shall use MacDonald’s notation and
denote this kernel by Q,.(XY). It easy to show by a standard argument that two
bases {a,} and {b,} are dual with respect to the scalar product ( , ),. if and only if

doax(X)ba(Y) = Qgu(XY) .
A

We recall that in [] the basis dual to Py(X;q,t), with respect to (, )4, is denoted by
Q1 (X;q,t) and since the former is already an orthogonal basis we must have

Q)\(X;qat) = d)\(Qat) PA(Xaqvt)
where dy(q,t) is a rational function of its arguments.

Let now 6, be a linear operator on symmetric polynomials defined by setting
Oge PA(X) = pa(X3=) = pa(X) pa(5=)

and let w be the classic involution which permutes the Schur functions according to
the formula
wS)\(X) = S)\/(X) .

Thus the operator w,; of [] may be written as

wet = wlgy



Appendix 4
With this notation the duality result of MacDonald may be stated as follows

Theorem 1.2 ]
wa%t PA(X;qat) = Q)\/(X;t7Q) 15(&)

w et,q Q)\(X;ta q) = P)\’(X; %t) 15(b)
This given, the connection between Milne’s polynomials H,(Z,v;q) and the
MacDonald polynomials P\(X;q,t) is given by

Theorem 1.3
H\(X,05q9) = 00,4 Qx(X;0,q9) = w Py(X;q,0) . 1.6

Moreover, the polynomials {H\(Z,0;q)}\-n can be obtained by applying the Gramm-
Schmidt algorithm (with scalar product (, )o,) to the Schur function basis in the
reverse lex order.

The proof of this result is an immediate consequence of the following
Proof of Theorem 1.2
Our point of departure is the identity
Qua(XY) = Y > S\(X)Su(Y) Tap - 1.7
Ap
with

F/\,u = <S)\ 5 Su>t,q 5

To show 1.7, we substitute in the product rule 1.4, the expansions
Xp X4
BX) = Y S0L ) = Y s
A P m P

of the power symmetric functions in terms of the Schur functions. Here x) and x#
denote the values of the corresponding irreducible characters at the conjugacy class
indexed by p. This gives
Xp X
2(XY) = 32X S0 )
A

p

from which we derive that

A 1
XpX
Do = 2728 pp(i=) - 18
P P
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On the other hand we have

1 1
(Sx, Sueg = D_Xpxh ()7 (2o Po)ra = > Xk — poli=r) -
p P P P

Comparing with 1.8 we see that 1.7 holds true as asserted.

This given we let {m\(X)} = {m\(X;q,t)} be the orthogonal basis obtained by
applying Gramm-Schmidt (with scalar product (, );,) to the Schur basis {S)(X)} in
reverse lex. More precisely, we have

m(X) = D Su(X) &ua (with & = 1), 1.9(a)
1> A
and
(T, Tdeg = O, & &uw Ons Sudeg = 0 if X#Ep . 1.9(b)
P
In other words, letting d be the diagonal matrix with entries dy, = (my, ), and

setting ¢ = &(q,t) = ||&xu]l, (both matrices written according to the total order <) we
see that 1.9 (b), in matrix form, may be rewritten as

d = ' 1 ¢ 1.10

where I' = ||y ,|| and “T” denotes transposition.

Set now

*

no= Il = (€07

so that we have
r = ndn’ .

We can thus write 1.7 in the matrix form
Quu(XY) = (S(X)) 7 d ((SOV)m)" .

where (S(X)) and (S(Y)) denote the Schur bases in the X and Y variables written as
row vectors and again in the total order <, of their index.

* Although £ is an infinite matrix, it may be viewed as a block diagonal matrix, each block being
a unitriangular matrix indexed by the partitions of a fixed integer n. Thus there is no problem in taking

inverses here.
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This means that the basis
(P(X)) = (S(X)) n L1l

is orthogonal with respect to the scalar product (, ),,. Moreover, from 1.9 (a) we
derive that 5 is upper unitriangular (since ¢ is lower). That is we have

PA(X) = Y Su(X) mua (with nma=1)
<L
and
Q=LXY) = (P(X)) 4 (P(Y)T . 1.12

Since <y, is compatible with dominance, Theorem 1.1 implies that

P(X) = P(X;q.1) .
In the same vein we can also show that

m(X) = wPy(X:tq) . 1.13
To see this, note that we can write

wrin(X) = > Su(X) L o= Y. Sp(X) Luv o= D Su(X) Gun

u>r N W< A BSprA
Since &y =1 and
<W7r>\’ y Wﬂ'u’>t,q = <7T)\’ y 7Tu’>t,q =0 ( Zf A 7é H )

with <y, compatible with dominance, we must necessarily conclude that 1.13 holds
true as well. But, from 1.11 and the definition of n we derive that

(m(X)) (PX)T = {(S(X)) en™(s(Y)T = (sConsyn” = ] L 1w

1—zy;
i i

as well as

(wr(X) (P(X)T = @SOS = WSENSONT = [[A+aw) . 115

,J

Now 1.13 gives that wry = P\ (X;t,¢q) and we may thus rewrite 1.15 as

> Pu(Xitq) PA(Yiqt) = [0 +miy)
A

2%
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which is one of the basic identities in [].

Now using 1.13 we can rewrite 1.14 as

> wPyv(X;tq) PA(Yigt) = QXY)
A

applying 6, , to both sides of this equation gives

Z wt,qP)\’ (X7 ta q) P)\(Yv q, t) = Qq,t(XY) )
A

which necessarily implies the duality relation
(Xs5q,t) = wioPyv(Xit,q) .

This is clearly equivalent to 1.5 (a) upon interchanging ¢ and ¢. Equation 1.5 (b)
follows from 1.5 (a) because the operators 6, and 6, , are inverses of each other and
w commutes with the ¢'s.

Proof of Theorem 1.3

Formula 4.30 a) of Milne’s paper, with Z = X and v =0, may be written as

AX,059) = > Su(X) Ky ulg) - 1.16
n<A

On the other hand, since the specialization ¢ — 0 in Q\(X;q,t) yields the Hall-
Littlewood polynomial Q,(X;t), formula 6.3 (page 126) of [| may be rewritten as

QNX;0,t) = Y SuX(1—1) Kypu(t) .

n<A

Applying 6, to both sides of this equation gives

fo.c QA(X;0,1) ZS ) K (1)
n<A

Comparing this with 1.16 we see that we must have

H)\(X,0;q) = 6,4 Qx(X;0,9) .

Thus the first equality in 1.6 holds true as asserted. The second equality then follows
from 1.5 (b).
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Remark

The special case ¢ = 0 of this proof of Theorem 1.2, yields an interesting
byproduct. Indeed, from 1.6, 1.13 and 1.9 (a) we get that

Hy(X,0;9) = m(X;0,q) = > Su(X)&a(0,9) -
n>A

Comparing with 1.16 we deduce that

Eun(0,q) = Ky,u(q) -
But this means that

The entries in the g-Kotska matriz can be obtained by applying to the
Schur basis in reverse lex order, the Gramm-Schmidt algorithm with
scalar product {, )q.0

This fact makes it even more remarkable that its entries are polynomials with positive
integer coefficients.

2. On the associativities of Raising operators

There are some misconceptions about Raising operators that we wish to point
out here. Raising operators acting on shapes most probably appeared the first time
in the work of Littlewood. Some attempts at giving a precise definition can be found
in [|,[] and []. Although the presentations in [|,[] and [, resulted from a need to make
some sense out of some of A. Young’s identities, the Raising operators, as discussed
in those publications, are not the same as those introduced by A. Young in QSA IV
([] page ). To begin with, Young’s operators act on tableauzr and not on shapes. In
previous work [] we have given a rigorous setting to Young’s manipulations in the
framework of tableau idempotents. From [], the reader should get at least an idea of
what Young, and later on G. d. B. Robinson [] had in mind. Here, we would like
consider in some detail some of the associativities that are most commonly used in
recent, expositions involving Littlewood’s Raising operators.

The symbol R;; (for i < j) is defined in || (page 8) as acting on a vector
a = (ay,as,...,a,) according to the formula

Rm‘a = (al,...,ai—l-l,...,aj—1,...,an) 2.1
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a Raising operator is then any product

Rm) = [[R!" .
i<j
Its action on a vector is obtained by successive applications of 2.1. To be precise it
will be good to express it entirely in vector form. Let

€1,€2,...,€n

be the unit coordinate vectors, with e, having 1 in the s'* position and zeros in all
other positions. We can easily see then that

R(m)a = a + Z m;; (e; —ej) . 2.2
i<y
Later on in [| (page 26) R is made to act on the complete homogeneous symmetric
function h, by setting
R(m) h)\ = hR(m)/\ 2.3

and finally the formula expressing the Schur function S, in terms of the homogeneous
basis is written as

Sy = J[@=Rij) ha - 2.4

i<j
There is no problem with all of this until we run into formulas which suggest that

1
HW

[[a-r,) =1 2.5
i<j ”J) i<j
which seems to be implied by combining 2.4 with ([] :I §6 Ex. 3).

1

hy = ]1 =Ry Sy . 2.6
In Young’s work, the group algebra analogue of 2.6, comes naturally out a close study
of idempotents of Young subgroups of S,. Then, quite brutally, the analogue of 2.4
is derived from it, by inverting [],., (1 — Ri;) without much justification. Even his
proof of 2.6 is quite sketchy at best, and only in the case when X is a 2-part partition.
A completion of Young’s argument can be found in [|. There is reason to believe that,
in this branch of representation theory, Raising operator formulas do come naturally,
and from first principles. Thus it is important that we develop a mechanism for using
them that is free of misinterpretations.
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Note, that there is no problem with 2.5 as long as we interpret Raising oper-
ators as acting on vectors. However, we may be misled into thinking that 2.3 defines
them as linear operators acting on symmetric polynomials. This interpretation imme-
diately leads to problems. This can be quickly illustrated. Since by definition R(m)hy
is to be taken equal to zero if any component of R(m)X is negative, then from 2.3 we
get that

Riyhi11 = 0

on the other hand, from 2.3 we also get that
Rig Rozhipi = hs .

The question then arises, is it associativity or commutativity that does not hold here?
We could fix things up as far as this example is concerned by postulating that in

i«; Riy? to a homogeneous function indexed by a composition

applying a monomial J]
we should apply the factors R}/ in order of decreasing j’s. However, this modification,
doesn’t help in justifying such a step as

H 1—tR;; H(l Bi;) H 1—tR;;

i<j i<j i<j

which seems to be implied by the derivation of formula (6.3) in [| (page 126). The plot
thickens when we realize that, in the cases commonly occuring in present literature,
these seemingly injustifiable associativities, do indeed hold true. An instance in point
is the derivation of formula (4.30a) in Milne’s paper.

In the following pages we show how a formalism may be introduced that enjoyes
all the flavor and convenience of Raising operators without sharing all of their puzzling
features. Indeed, we can even keep the same notation if we let Raising operators
only act on vectors. To work with symmetric functions, we only need to replace 2.3
by something more precise. We illustrate our approach by deriving some classical
formulas for the Hall-Littlewood polynomials and rederiving 1.16 (formula 4.30a in
Milne’s paper). But before we can do this we need some notation.

Let us start by rewriting 2.4. Note that since the generating function of the
ordinary homogeneous functions {h,,(X)},,>0 can be written as

D ha(X)y" = QXy) , 2.7
m>0
For any composition p = (p1,p2,...,pn) We have

i (O (X) -+ B (X)) = QX y)QAXy2) - UXY) |y gy
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where the symbol ”|” denotes the operation of taking a coefficient. We see then that,
for any vector vector a« = (ai,...,qa,), the expression

QUXy1) - QUXyn) lyprtorgonran = QUXy1) - QXyn) ¥y~ -y~ |ypr.yrn

yields the symmetric function

hp+oz (X) = hp1+a1 (X)hp2+oz2 (X) T hpn+ozn (X)

with the desired feature that it vanishes when some of the components of p + o are
negative. Thus, using 2.2, we can rewrite the right hand side of 2.3 in the form

Q(Xyl)Q<Xy2)Q(Xyn) H (yj/yz)m” | A1, A2 A

Y1 Y27 Yn
i<j
n this vein 18in rator rmu 4 is written
In this the "Rais operator” fo la 2.4 is tten as

S\X) = QXp)QXye) - Xp)  [] (= wi/m) [y 2.8
1<i<j<n

We shall see that this formalism achieves whatever purpose 2.4 was expected to
achieve, and more, without resorting to a symbolism suggesting a direct action of
the Raising operators on symmetric polynomials. The subtle difference is that, in
this manner of writing, Raising operator formulas appear now as the composition
of an action of a Raising operator on vectors followed by the application of a linear
functional (the taking of a coefficient). We emphasize the word ”appear” here since,
it has secretely been this way all the time, but the old notation didn’t not reflect it.
This led to confusions.

Let us resort to a subscript to indicate the size of an alphabet, thus X, =
T+ 2o+ x,, Y=y +y2+ - +yn, etc. Let A be the operation of taking the
Vandermonde determinant of an alphabet and set

op = (n—1,n—2,...,1,0) .

With this notation 2.8 can be abbreviated to

S(Xn) = QAX,Yn) AY,) [ - 2.9
For a composition p = (p1,p2,...,pn) set
Ap(Xy) = Y sign(o) o aPt = det |l 2.10

O'ESn
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Suppose we only knew Schur functions through formula 2.8 (that is the situation that
Young found himself in QSA IV). We shall show that all the other formulas involving
S, are encoded in 2.9 and may be derived from it with the greatest of ease. Note first
that since taking the coefficient of y**+%» in an alternating function of v, is equivalent
to taking the coefficient of A,(Y;,) we immediately derive the expansion

Ax(Yy)

QX Yn) = Y SiXn) A(Yn) : 2.11
A n
So once we show the bialternant formula
_ A)\(Xn) _ x/\+6n
the Cauchy formula
QUXnYn) = D Si(Xn) Sa(Yn) - 2.13
)

immediately follows.

In turn, 2.12 is easily derived from the recursion

n _
J?? 1+

St ()= sz:; [Lizs(zs — =) o (X = @) 214
To see this just rewrite the second expression on the right hand side of 2.12 by

decomposing S, = Sp1,... ) into left cosets of Sy, -

77777

In summary, we have recursion — bialternant — Cauchy. Now, to complete the
picture we need to go from raising to recursion. The missing link turns out to be the
partial fraction expansion

n n

1
HXny) = Hl—ﬂfiy N Z I1

i=1 s=1 i#s

ot 1
Te—x;) 1— x5y

x
2.15
(

To get 2.14 out of 2.8 we use 2.15 to extract the coefficient of y}* from the
product. More precisely, we write

S)\(Xn) = Q(Xnyl) H (1 - yj/yl) |yi‘1 H Q(Xnyj) H (1 - yj/yi) |y;‘2_“y2n 5 2.16

1<j<k j=2 2<i<j<k

Now, if we set for a moment

T a-v/w) = > cnm™ 2.17

1<j<k m>0
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we get

QXy) JT Q-wi/y)lpy = D enuyr™QXp) [ = D em AXp) [ pem

1<j<k m>0 m>0

Using 2.15 (with y = y;) this becomes

ZCmZH

m>0

T 1+XA1+m )\1+n 1

Z p 2 emal

i#s ‘TS - xl s=1 74?55 l’s - Z m>0
Replacing 1/y; by z, in 2.17 yields the identity

>\1+’I’L 1

QUXy1) H (1 —y;j/y1) |A1 Z H

1<j<k

) H (1—zsy;) -

T. —
1735( s 2<i<n

Substituting in 2.16 and canceling out the factor involving z, from each of the re-
maining kernels Q(X,y;), we finally obtain

Z o (@ —21) HQ —a)y)  IT C=wifw) 1pe o

= 2<i<j<k

)\1+TL 1

i#£s (ES - xl
from which 2.14 immediately follows by another application of 2.8.

Of course, formulas 2.4,2.12,2.13,2.14 are well known and have been derived in
many ways and in various order of succession. In fact, they are all equivalent to 2.8.
We have carried out this derivation here to illustrate the sequence of implications

raising (2.8)

partial fraction (2.15) } — recursion (2.14) — bialternant (2.12) — orthogonality (2.13) ,

in its simplest setting. However, there are settings where some of the corresponding
identities are rather surprising and difficult to predict. Yet, given a raising opera-
tor formula, the method can be applied almost mechanically. We will give further
examples.

Let us first see how the method applies to the Hall-Littlewood functions Py (X;t)

and Q\(X;t) (we use here the same notation as in []). Let us set

1 —tay
V(X)) = Q(1-HX Hlij_

i=1

Recalling the expansion

QUXY) = > ha(X)ma(Y) ,
y



Appendix 14

where hy and m, are respectively the complete homogeneous and the monomial sym-
metric functions, and making the replacement X — X (1 —¢) we deduce that

U(XY) = > ha(X(1-1) ma(Y) . 2.18
A

Setting, as in [|, for an integer m and a partition A
Gm(X;q,t) = hp(X(1—1)) and gz (X;t) = ha(X(1-1)) , 2.19
the Raising operator formula in this case is (III, 2.15 of [])

1—R;
Q) = ][ =75 oa&wb 2.20
1<i<j<n ©J

Now, since the generating function of the sequence {g,,(X.;t)}m>0 is

Q(Xny) = Y. Xty y™ = ][] Lo o ;

m>0 i=1

the corresponding partial fraction expansion becomes

n
_ Ts —tT; TSy
(MXW)_.1+Q—QE Ilmfﬂil_%y. 2.21
s=1 i#s

Let us then apply our sequence of steps, starting from the Raising operator formula
written in our notation. That is,

N 2.22

A A
Y1 Y un

n 1— yi /s
QA(Xn;t) = | I Qt(Xnyj) I | j/ ‘
j=1 1<i<j< L —ty;/yi
= <i<j<n

Imitating what we did in the Schur function case, we are led to evaluate first the
expression

L—y;/n
Qt(Xnyl) 2 | A
1<J1—'[§n 1 —ty;/v vi'

which, setting

H l—yj/yl _ Z Cm(t) y7™

1<j<n L—ty;/un m>0

reduces to

> em(t) Qu(Xun) [ pem

m>0
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The partial fraction expansion 2.21 then gives

O (Xny1) H ll_ﬂ ‘yfl = (1-1) Z em(t Zxkﬁm H&’;ss—_xi

1<j<n —tyi/n m>0 its i
t

= (1-1) Z M sti% Z Cm (D)2
s=1 i#S Ts Ti m>0
= tz; 1 — 25y,

R S | iy .
pr is Ty — X 2Zien 1—tz,y;

Substituting this last expression in 2.22 we finally obtain
O\ Xust) = (1—1) Z 2 [ 2= t‘“ﬁgt w) 1 Loyily
n7 :Cg o Iz J : 1 7ty/y7 y22"'ynn ’
s=1 i#s j=2 2<i<j<k J

from which, by another application of 2.22, we derive the recursion

_ A Ts — txz )
Qxi g (Xnit) = (1—t Z == oy @ (X — 243 t) 2.23
s=1 i#Ss
Finally, we are led, for A = (A1,...,\,0,...) and by k iterations of this recursion, to the

bialternant formula

Q,\(Xn;t) _ (1_t)k Z . H'xl_ tx; )\1 )\2, .xzk

R
2.24
1-pF 1 . A
= =k A Z sign(o)o I_I(mz —txj)x
t' " oesn, i<j

To complete the picture we only need to establish the orthogonality of the
Qx(X;t) with respect to the Hall-Littlewood scalar product (, )o;. This is easily
obtained by an induction argument based on the recursion 2.23. We first note that
the raising operator formula 2.22 implies that for any symmetric polynomial A(X,)

we have

Yi —Yj
(4, Qu>0,t = AYy) H ¢ Jl |y“
i<j Yi Yj

Indeed, we have

1 —y;/yi 1 —y;/y;
(A,Quloe = (A, UXYo) || 777 Iy doe = (A, Q(X0nY5) o,
no ' gl—tyj/yi v ' t gl—tyj/yi

_ Yi
= am) [ )

1<J

2.25
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the last equality here holds true because Q,;(X,Y;) is the reproducing kernel for the
Hall-Littlewood scalar product. This given, using the recursion 2.23 we get

— _ Ys — Wi A ) Yi —
<Q>\7Qlt>0,t - 1 t Z H i 51 Q Y H —ty y 2.26
s=1 z;és z<j
where, for convenience we set A« = (\a, ..., \n), ux = (12, ..., 1) and v —y, —1y,. Note

now that we can write

H Ys — tyz H Yi — _ 1 —Ys ..tys_l —Ys H(S)u 2.27

is o —tyj Yr—tys  Ys—1 —tys G Yty

where in the last product neither i nor j are to take the value s. Substituting 2.27 in
2.26 gives

n s—1

(@Qx,Qu)or = (1—-1) Z H tyl_tyé L Qe (Y H() y.z_ty -

s=1 i=1 1<J

Taking the coefficient of y, first ( in the s summand) reduces this to

n s—1

@.Qaor = (=03 T & e B o Qv ) [0 2=,

—t
s=1 i=1 1<j y

By symmetry we can suppose that \; > p;, but then the first coefficient taking yields
0 if A\ > pus and ¢~ if A, = u,. That is we have

(@ Qulor = (=1 37" Qur®) 1<I O iy e
where m is the multiplicity of A; in p. In other words we have shown that
0 if Ay # p1, and
(1 =) (Qrs, Qo if M1 =
From this recursion we can easily deduce the classical formula

{0 if A#p

[[o(I=t)(1 =2 (1 —tm) if A=p=1m2m2. ..

(Qx,Qu)ox = {

<Q)\7 Qu>0,t =

This implies that the basis {P\(X,;t)} dual to {Q\(X,;t)}, with respect to the H-L
scalar product is given by the formula

1
[l (=)@ = 22) - (1 = tm)

P/\(Xn§t) = Q/\(Xn;t) .
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Combining this with formula 2.24 we can finally derive that (see [| page 104)

Py\(X,;t) = Z oz H %
i X

0€S,/S) *z‘_i%j
i<j

where S} denotes the stabilizer of A in S,. In analogy with the Schur function case,
we can also write this in the form

A(X,;t)
Py(X,;t) = 2.2
3K ) A(X,) i
with
A(X,;t) = E sign(o)o I | (x; —txy) I | (x; —xj) . 2.29
0€S,/SA x> X=X
i<j i<j

We should point out that since the system {Py(X,;t)}an i a basis for the
homogeneous symmetric functions of degree n, then the system {A)(X,;t)}xn IS a
basis for the homogeneous alternating functions of degree n+ (;). From equation 2.25
it is not difficult to derive that for any symmetric polynomial A(X,) we have

AKDAED layvn = AKIAKD)  [I g b 230

1—tx;/x;
1<i<j<n J/ v

This may be viewed as a formula for calculating expansions of alternating polynomials
in terms of the basis {A)(X,;t)}xen. A direct proof of 2.30 should be of interest.
The case t = 0 is trivial of course because the polynomials A, (X,,), for different \'s,
have no monomials in common. This suggests that there must be some underlying
combinatorial mechanism that explains the formula, also in the general case. With
a direct proof of 2.30, our derivation of orthogonality from the bialternant formula
would be entirely identical here to what we did in the Schur function case.

At any rate, with the establishment of orthogonality, the process in the H-L
case is now complete and, in its general lines, may be summarized in the same manner
as in the Schur case, namely

ST 2.20
raising (2.20) } — recursion (2.23) — bialternant (2.30) — orthogonality (2.25) .

partial fraction (2.21)

It develops that the same process may be applied, at least in parts, in a number of
other cases which are not so classical. We shall give two further examples: the Milne
polynomials which we now briefly write as H,(X,;t) and the Schur functions of the
difference of two alphabets, which in A-ring notation, are written as S\(X,, — Y,,). The
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latter have recently been given a beautiful bialternant formula by A. Sergeev. We
shall refer to these examples as the Milne and Sergeev cases respectively.

In the Milne case the raising operator formula is

L—Rij
1—qlt;

H)\(Xn; Q) = H

1<j

ha(Xn)

(this is 4.9a of [| for v =0), in our notation, we can write it as

1=y, yi
H\(Xua) = [] L=0ilY o x, v, | 2.31

s L—ayi/yi

Formula 4.30 a) in [] for v =0 (and 1.16 of the present paper) is

1

2,0

i<j

S\(Xn) 2.32

To derive 2.32 from 2.31 we recall that the action of a raising operator R(m) on a
Schur function is defined by setting

R(m) Sx = Sgrma

where (see [] or []) for a general vector p = (p1,...,p,) we must let

with A,(X,) given by 2.10. Now 2.31 can also be rewritten as

1
Hy(Xniq) = [[ ——— QX Y)AN) |yrss, 2.33
s Lo ayi/yi

Using this convention, it easy to see that 2.32 and 2.33 are equivalent.

The path from 2.31 to the Milne recursion (4.7 of [] for v = 0) can also be
obtained by following our process.

Since the Cauchy kernel Q(X,Y,) is involved, the partial fraction expansion
must then be the same as in the Schur case, that is

n
S
Ts 7501‘) 1—z.y

x( 4.34

1
QXny) = Hlfxiy = > .

=1 s=1
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As before, we split off the first coefficient taking in 2.33 by writing

n

1—y;/y 1—y;/yi
Hy(Xn1q) = QXny) [ —2 |~ [JEy) [ —25 | o o 235
iR LT Wi pidien LT @Y/ v
Setting for a moment
1 — vy,
1<j<k Y/ Y1 m>0
we get
1—y;/mn
Qxy) [ 2510 = D em(@ QXuy1) | raim -
1<j<k 1—aqy;/yr m>0 .
Using 4.34 (with y = y;) this becomes
1— y/yl n x/\1+n71+m
Q(Xy1) | = cm(q) e
1<Jl_1<k 1—qy;/y 0 mz;O = iz (ws — i)
n x)\1+n 1
= Cm(q)a
; Hz;és(xs .131) Tn§>:()
_ i x?l‘l’nfl H 1— TsY; .
= igs@s —mi) 22 1—awsy;

Observe now that upon substituting this in 2.35 the effect of the factor

H 1—x,y; .

2<i<n 1- qrsy;

will be to replace x, by gz, in each of the remaining kernels. We may consider this
replacement as a linear operator on symmetric polynomials and denote it by 7,. With
this notation the resulting formula may be written as

Xuzg) = 3 -2 (Xo:0)
H)\ Xn;q - T —— Ts H)\* Xn;q ) 2.37
s=1 Hl?és (xs - ml)

and this is Milne’s recursion.

We may be tempted to continue our process and, by iterating 2.37, arrive at
what should be the present analogue of the bialternant formula. It develops that some
care must be exerted in formulating the final result. This is best illustrated by our
next example, the Sergeev case. The polynomials S,(X,, —Y,,) are usually defined by
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means of the classical determinantal formula expressing the Schur function in terms
of the homogeneous basis. In terms of raising operators the formula is

SA(Xn - Ym) = H (1 - Ri,j) h)\(Xn - Ym) 2.38

i<j

where the generating function of the sequence h,, (X, — Y,,) is

_ . 2) = H?:l(l_yjz)
%hm(){n—ym) = Q((Xpn—Yn)z) = T (=)



