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ALFRED YOUNG’S CONSTRUCTION
OF
THE IRREDUCIBLE REPRESENTATIONS OF S,

I. Introduction

The first five sections of these lecture notes are dedicated to the work of Alfred Young on the
irreducible representation of the symmetric group S,,. Some simplifications due to Von Neuman are
also introduced. The effort that follows is dedicated to Young’s construction of the “Matrix Units”.
In particular we obtain a proof that the Group algebra A(S,) is semi-simple. Young construction
is so immediate to permit the reader, after the first section, to write a program implementing the
“Fourier Transform”. Using this tool the reader will be able to solve a variety of purely Algebraic
problems about A(S,,). The sixth section introduces the “Frobenius map”. A most valuable bridge
translating representation theory problems into symmetric function problems.

1. The “natural” representation matrices

If X is a partition of n (in symbols A - n), a filling of the french Ferrers diagram of A by the
integers 1,2, ...,n will be referred to as an “injective” tableau of shape A. The collection of all these
tableaux will be denoted by INJ(X). If T'€ INJ(A) and the entries of T increase from left to right
in the rows and from bottom to top on the columns then T is said to be standard. The collection
of all these tableaux will be denoted by ST(A). We also write A(T) = A for any T € INJ(\),

Given Ty,T, € ST(M\) we shall say that Ty precedes T in the 6 8]
Young “first letter order” and write 77 <ypro 715 if the first entry of T, g g gl T2 g Z 9
disagreement between T and T3 is higher in 77 than in 75. For instance, 112]4 1/2[4

in the above display T7 and T5 agree in the positions of 1,2,3,4,5. The first letter of disagreement
is 6 and it is “higher” in 77 than in 75. The positions of the remaining letters do not matter.

Given two tableaux T7, T5, not necessarily of the same shape, we let 17 ATy be the diagram
obtained by placing in the cell (¢, j) the intersection of row i of T} with column j of T5. The diagram
below and on the left gives an example of this construction

1]3 1[7
5]af2]6]7] 6[4]2]3]5]
[7] [7] [7] [7]
6|23 3[2]s 6[2]3] [6] [2]3
1]a]s]| [51]4 1als] [1]4 [5]

Note that in this case there is a cell which contains more than one entry. When this happens we say
that Th AT; is “bad”. Note that in the example on the right each cell has at most one entry. When
this happens we say that T3 ATy is “good” . Note that, in the good case, if A(T') = XA and A(T) = u
then for each ¢ we must have

AMtAde+ A < o tpet gy 1.1

This is because the left hand side gives the number of entries in the first i rows of 77 A Ty and the
right hand side gives the number of entries in the tableau obtained by letting the entries of 17 A T3
drop down their column until they are packed tight. This means that when 7T and 75 have different
shapes, we must have some motion of cells, forcing a strict inequality in 1.1 for at least one 7.

On the other hand when T; and T have the same shape then A = p, and there can be no
motion of cells. In this case T3 AT5 is also a tableau of shape A = p, whose rows are a rearrangement
of the rows of T} and whose columns are a rearrangement of the columns of T5. To study with more
detail the good case of two tableau T7,T> € INJ(A). we need further notation.
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Given an injective tableau T with n cells, a permutation ¢ = (¢1,09,...,0,) is made to
act on T by replacing the entry “” by “o;”. The resulting tableau is denoted by ¢7'. We will use
the symbol “€” toe denote the identity permutation. Of course then ¢T' = T. We say that o is
in the “Row Group” of T if the rows of T and o7 differ only by the order of their entries. The
“Column Group” of T is analogously defined. These two groups will be denoted by R(T") and C(T)
respectively. This given, it is easy to see that when A = p and 77 A T5 is good, then there are two

permutations «y € R(Ty) and By € C(T3) such that
Tl/\TQ = 0517117 TQ = ﬁg Tl/\TQ. 1.2
Conversely, the existence of two such permutations giving 1.2 forces 71 A T3 to be good.

This permits us to introduce an important function on pairs of tableau:
Definition 1.1
For Ty, Ty € INJ(X) we let

0 if T1 AN T2 is bad,
C(hh, Tz) { sign(B2) if Ty ATy is good.
Here and after, it will be convenient to let
S}, 8y, . Shy 1.3
denote the standard tableaux of shape A in Young’s first letter order. This given, we set
A _ A M1
CHo) = [|C(S}, o5; )Hi?j:1 . 1.4

Proposition 1.1
The matrix C*(e¢) is upper unitriangular and is therefore invertible over the integers.

Proof

Note that if T} <y pro T> and a is the first letter of disagreement, then there is a letter b
such that a and b are in the same column of 7; and in the same row of T5. Note that b = 4 for
the example given in our first display. In general b is the letter which lies at the intersection of the
column of the shape A in which a lies in 77 with the row in which a lies in T5. This means that
To ATy is bad. So Ty <yrro T implies C(T»,T1) = 0. Thus from the definition of first letter order
we derive that

C(S}S) =0 Vi>j.

Since C(S3,S2) = 1 holds true trivially, our proof is complete.

This proposition allows us to define
AMo) = CMe)Tt CMo). 1.5
Our goal in these notes is to show that the collection of matrix functions

{42 () }aen 1.6

form a complete set of irreducible representations of S,,. It should be pointed out that for f € A(S,)
we extend the definition in 1.5 by setting A*(f) = Y es, (0)A* (o)

Using our favorite symbolic manipulation software, such as MAPLE or MATHEMATICA,
we can implement the construction of the matrix A*(f). This done, we can also implement the
Fourier Transform of S,,. That is the block diagonal matrix

Fulf) = AN L7
AFn
We will show in the next few sections that the map f € A(S,,) — F.(f) is an algebra isomorphism.
This implies that algebraic problems of A(S,,) are reduced to simple linear algebra problems.
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Remark 1.1

The simplicity of the definition in 1.5 should be compared with the pages and pages of
intricate constructions that characterize the treatments of the representations of the symmetric
groups given in recent and past litterature following the work of A. Young. Because of peculiarities of
Young’s style of writing many of his successors never bothered to read, let alone tried to understand,
Young’s beautiful constructions. As a result you will often see the name “Specht module” associated
with representations which are in fact none other than those defined in 1.5. What is more amusing
is that Young himself in QSA IV (1) , with surprising premonition, described some alternate ways
of constructing representations of S;, which include as particular cases all the constructions that
followed. Another justification often given to assign some significance to the work of Specht is that
his definitions are “Characteristic Free”. This is only based on a naive misunderstanding of Young’s
purely combinatorial arguments.

Problems

Problem 1.

Show that for any injective tableau T we have o = ¢ with a € R(T) and g € C(T) if and
only ifa = =e.
Problem 2.

Let T € INJ(A) with A F n. Show that T'A oT is good if and only if 0 = Sy with
B2 € C(¢T) and ay € R(T). Show that this factorization is unique. That is show that if o = S5/,
with 5 € C(oT) and o) € R(T) then then ] = 81 and o} = ay.

Problem 3.
Construct all standard tableaux of shape (3,2,1) in the Young first letter order. Then
1 2 3 4 5
. o A(3,2) _
construct the matrix A'%4) (o) for o [3 54 2].
Problem 4.
Show that when A is a “hook ” that is A = (k, 1"~%) then the matrix C*(e) is the identity.
Problem 5.
The “left regular representation” of S,, is the matrix function defined by the action of S,
on itself. More precisely we set o (71, 72,...,T) = (71,72, .. ., Tn1) L(0) . Equivalently
n! n!
L) = L@ _ = |xem == _. 18
1,7=1 3,j=1

Use this representation to show that if the element f € A(S,,) is nilpotent then f |6 = 0. Hint: Prove
that the matrix L(f) has zero trace.

Problem 6.

Determine if the conjugacy class of permutations with cycle structure (2,1, 1) is an invertible
element of A(S4). You may use a computer implementation of the Fourier transform of S4 to prove
invertibility.

(t) (see “The Collected Papers of A. Young, 1873-1940”, Math. Expositions V. #21 Univ. of
Toronto Press 1977
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2. Young’s Tableau idempotents.

For a given tableau T here and after we set

P(T)= > a, N(T)= Y sign(B)B. 2.1

a€R(T) BeC(T)

If Ty, T € INJ(X) by ory1, we denote the permutation that sends T» into 7 that is
Ty = onnT

This given, it is easy to see that we have

a) P(cT)=0P(T)o *; N(6T)=cN(T)o™! V¥V ocs,,
b) onn,P(T2) = P(Th)onr,, 2.2
¢) onn,N(T2) = N(Ti)onm,.

We shall also use the shorthand notations

a) ETsz = N(Tl) O, T, P(Tg) 5 ET = ETT = ]V(T),P(T)7

2.3
b) FTng = P(Tl) O\ T, N(Tg) 5 FT = FTT = P(T)N(T)
Note that from 2.2 b) and ¢) we derive that
a) Epr, = Enonn = onnfr, 9.4
b) FT1T2 = FT10T1T2 = UTszFT'z' '
Recalling that
S, Sy, ., Sh 2.5
denote the standard tableaux of shape A in Young’s first letter order we set
Ez)\ = Fa 3 Ez)\ = Fogr
N > /\J 5% ; U{\j = 0Ogxgx 2.6
Fpo= Fsg ; Fo= sts; i

When dealing with a fixed shape, to lighten our formulas, sometime we shall omit the superscript A
from our symbols. We should note that many identities and results involving the elements E{\] hold
also for the F{} ’s, with only minor monifications. In each case, to avoid unnecessary repetitions, we
shall prove them for one set and leave it to the reader to derive the result for the other set.

The group algebra elements P(T), N(T') have truly remarkable properties. To prove them

we need some auxiliary results.
Proposition 2.1
For a pair of tableaux Ty and T of the same shape the following properties are equivalent
a) Ty ATy is good
b) 3 a1 € R(Th) and By € C(Tz) such that Ty = foay; Ty
¢) 3 a3 € R(Th)and By € C(Ty) such that To =181 Ty
d) 3 as € R(Ty) and By € C(Tz) such that To = asfBy T

Moreover we have
sign(B1) = sign(Ba2) 2.7
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Proof
We have seen that a) and b) are equivalent. From 2.2 a) we then get that b) implies

N(Tv) = ay'By' N(Ty) faon = o7 ' N(Ty) s
Thus there is a £ € N(T4) such that
B = aj'B 2.8

This gives that
T = Poan Tt = (a1iprajNar Ty = aapi Ty

which is ¢). Note that 2.7 now follows from 2.8. Conversely suppose we have ¢). Then we may write
N(Ty) = arpiN(T1)Bi 'ar' = aaN(Th)ay!
and we must necessarily have a 3 € C(T3) such that
Bo = arfray’,
giving
o = aify = feag .

This shows the equivalence of b) and c). We are left to show that d) is equivalent to b). More
precisely from b) and 2.2 a) we derive that

P(Ty) = PrenP(Th)ar'fy' = BP(T1)6y" .
Thus there must be an ay € R(T3) such that
ay = Py Byt
and this gives

o, = @b = axfs .

Thus b) implies d). We leave it to the reader to show that d) implies b) and complete the proof of
the proposition.

Remark 2.1

It is important to note that the permutations ay, as, 81, 82 of Proposition 2.1 are uniquely
determined by 77 and T,. In fact for a given Tableau T we cannot have two pairs o/, o” € R(T)
and 3, 8" € C(T) such that

a/ﬂ/ — a?? BW
Indeed this is equivalent to the existence of an o € R(T") and a 5 € C(T') such that

a = B

and this is easily seen to be impossible. Let us keep this fact in mind since we are going to make
use of it several times in the future.
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Before we proceed with the next result we need to make some conventions. Young used a
very efficient notation to represent some elements of the group algebra of the symmetric group S,.
For a given subset
S={1<ii<ig<- - <ix <n}C{L,2,...,n}

he let the symbol “[S]” represent the sum of all elements of S,, that permute the elements of S and
leave fixed all the elements of the complement of S in {1,2,...,n}. He also used “[S]"” to denote
the sum of the same permutations where each is multiplied by its sign. For instance, with this
convention we see that for the tableau

2 3

5 7
T76910

11 4 8 1

we may write

P(T) =[1,4,8,11] x [6,9,10] x [5,7] x [2,3] and N(T) =[2,5,6,11]" x [3,4,7,9]' x [8,10]

Remark 2.2

For a given f € A(S,), it will also be convenient to denote by “f’” the element of the group
algebra obtained by replacing each permutation by the same permutation preceded by its sign. More
precisely, for f =3 ¢ f(o)o we shall set

fo=) sign(o)f(o)o

oceS,

and refer to the operation f—f’ as the “priming operator”. We should note that any identity
involving elements of the group algebra of S, generates a companion identity when we apply the
priming operator to both sides. In this manner identities for the E{\j ’s may be transformed into
identities for the F{} ’s. In fact, it easy to see that

Erm,' = sign(or,r,) Frr oy 2.9
where T, and T, denote the corresponding transposed tableaux (t). In particular we have
A . Ay N
Ej = sign(ofy) Fj; 2.10

where )\ denotes the partition conjugate to .

Remark 2.3
For two partitions

)‘:(Ala/\Qw"aAh) ) [L:(ﬂl,,lLQ,-.-,,uk)

we say that pu “dominates” A\ and write
A<pu

if and only if

A+ Aot N Sy e+ V1<i<min(hk) .

(t) Transposing a tableau simply means reflecting it across the 45° diagonal emanating from
its south-west corner
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Thus our remarks at the beginning of section 1 may be restated by writing

Ty ATy good — shape(Th) <p shape(Ts) . 2.11
Now it develops that the same implication holds true if we have

a) P(ThH)N(T3) 20 or b) N(Tx)P(Ty) #0 2.12

To see this note that, by definition, T3 AT, “ bad” implies that there are two elements a, b that are
in the same row of T} and the same column of T5. This means that the transposition (a,b) is at the
same time in R(T}) and C(T3). We thus have

P(Ty)N(T3) = (P(T1)(a, b)) N(T3) = P(T3) (0, ))N(T2) ) = =P(T))N(T3) .
this contradicts 2.12 a). Thus

P(TY)N(T2) 20 — Ty ATy good —  shape(Ty) <p shape(Ts) . 2.13
We can proceed similarly and show that

N(T)P(Ty) #0 — TiANTy good — shape(Ty) <p shape(Ts) . 2.14

3. Semi-simplicity of Algebras

We have seen that the Group algebra A(T') of a finite group I' has two binary operations
“4+" (addition) and“x” (multiplication). The addition is trivially identified. Multiplication of two
Group Algebra elements f; and f; is defined by setting

ixfe = ZU Z Z fl(Tl)fQ(TQ)X(U:TlTQ)

cel' mel el

These two operations are associative, more precisely they satisfy the left and right distributivity
laws. That is for all f, h, g € A['| we have

(left) hx(f4+g9) = hxf + hxg (right) (f+g)xh = fxh + gxh

Moreover, since its elements are formal linear combinations of group elements, such as

fo=> fom

yel’

with f a complex valued function on I', we also have a “multiplication by a scalar” operation, defined
by setting for any complex number ¢

cf = ef(r

yel’

this operation is clearly associative and distributive with respect to addition.

The group algebra has also an identity which we denote “€” which is simply given by the
identity element of the group I'.

A structure with these properties with scalars in a field K is usually referred to as a
“K-Algebra”. The collection of n x n matrices with entries in K, which we denote M, [K], is

the simplest example of a K-Algebra. It easily seen M,,[K] is a n?-dimensional vector space with
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a natural basis consisting of the n x n matrices E; ; with ¢, j entry equal to 1 and all other entries
equal to zero. With this notation, for any matrix A = [(a; ;||}';=; we can write

n n
A = ZZGWEW 3.1
i=1j=1
The E; ;, which (using Young’s terminology) will refer as “matrix units ”, are easily seen to satisfy

the identities
0, ifj#r

Ei,s lf] =T 3.2

Ei,j XEr,s = {

where “0,,” here means the n x n matrix with all elements equal to 0.
The the next simplest example is obtained by taking a direct sum of a finite number of
simple matrix algebras. More precisely we will denote

the vector space of m x m block matrices, (with m = Zle ns) of block diagonal form

AL o0 ... 0
0 A® ... ¢ k
A = : o . = pav (with AW € M, [K]) 3.3
: : . : =
0 0 --- AW

It will be convenient to denote by fi(;) the block matrix in 3.3 with

0 ifl#s
w _ [Om
AT = {E}Es) i1 = s 3.4

where here EfT;) denotes the ng X ng matrix with 4,j element 1 and all other elements 0. It is
easily seen that the collection Uf:l { fi(j-)

ij—1 18 a basis of P, , My, [K], since it is clearly an

independent set and every element A = @le AW has an expansion of the form

k ns ng
A= 3 ey
s=1i=1 j=1
In particular we see that
k k
dim P M., [K] = D n?
s=1 s=1
Moreover, from 3.2 aND 3.4 it follows that
Op ifl#m
flixfm = 0y ifl=mbutj#r (M =X"F_n) 3.5

l

1,8

l=mandj#r

It is easily shown that only multiples of the identity matrix I € M[K] commute with all the
matrices in M[K]. In particular, it follows that the center of @i;l M., [K] (that is the subspace of
the elements that commute with all the other elements) is spanned by the elements

ng

foo= > £ (1<s<k) 3.6

=1
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Which are none other than the block matrices in 3.3 with

o _ [0, ifl#s
AV = {N’Ls) ifi=s

where 1(") denotes the ng x n, identity matrix.

This gives
k

dim cemeer(@/\/lm [K]) = k 3.7
i=1
It is customary to call the algebras @le M, [K] “semi-simple .
Frobenius’ Fundamental Theorem of Representation Theory states that the group algebra
of every finite group is isomorphic to a semi-simple algebra.
More precisely Frobenius result assures that given a finite group I' of order N = |T'| there
are integers {n,}*_; such that

k
N =Y nl 3.8
s=1
and a bijective map
k
¢ AT) «— P M,[C 3.9
i=1

that respects addition, multiplication and multiplication by a complex number. In particular we
deduce from 3.7 that the integer & must be equal to the dimension of the center C(I") of the group
group algebra of I". But we have seen that C(T") is none other that the subspace of class functions.
Thus in particular we derive that k in 3.8 and 3.9 must be none other than the number of conjugacy
classes of T'.

Of course in view of 3.5 the Frobenius result amounts to showing the existence in A(T") of
a basis UI;:1 {egfj)}zzzl satisfying the identities

0 ifl #m
eﬁjxd”s = 0 ifl=mbut j#£r 3.10
ek l=mandj#r

.5

This given, the desired map ¢ is simply obtained by setting
l l
¢ Cij = Jij

and extending it by linearity to the rest of A(T).

Remarkably, Alfred Young, initially unaware of Frobenius work, set himself the task, in a
series of papers written in a span of 17 years, to produce a purely combinatorial construction of
such matrix units for several reflection groups including all the symmetric groups. While doing so
he completely upstaged Frobenius who only succeeded in constructing the k elements fs in 3.6 for
Sh.

In the next few section we will present Young’s construction for the symmetric groups and
derive some of its most significant properties.
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4. Young’s matrix units for A(S,).
This section is dedicated to the proof of the following remarkable result

Theorem 4.1(A.Young)
With S, 83, ..., S;}A the standard tableaux of shape A - n in Young’s first letter order, we
have a constant hy # 0 assuring that the group algebra element

= LN PS) 11
ha

A

is an idempotent. Moreover, setting ogx gx = 07y, the group algebra elements
e}

Cij = 'V{\ U{\j (1_’Y;\+1)(1_’Y;\+2)"'(1_’Y?A) 4.2

do not vanish and satisfy the identities

e if A=p and j=r
€ Ers = 4.3

0 otherwise

We will obtain our proof by combining a few, very simple. purely combinatorial properties
of the group algebra elements ~;* which we will state as separate Propositions.

We will start with the following very beautiful fact which considerably simplifies Young’s
original argument.

Proposition 4.1 (Von Neuman Sandwich Lemma)
For any element f € A(S,) and any T € INJ(\) we have

N(T) f P(T) = er(f) NT)P(T) . 14
with
cr(f) = fPI)N(T)|e . 4.5

Proof
Expanding f in the left hand side of 4.4 we get

N(T) fP(T) = Y f(o) N(T)o P(T) . 4.6

cES,

Now note that using 2.2 a) we can write
N(T)o P(T) = N(T)P(cT)o .

That means that the only terms that survive in 4.6 are those for which N(T') P(¢T) # 0. However,
as we have seen in Remark 2.3, this can happen only if ¢T AT is good. But part d) of Proposition
2.1 gives that we must have

T = afoT

with o € R(T) and 8 € C(T). In other words the only terms that survive in 4.6 are those coming

from permutations o of the form

o = pla7t (with a€ R(T) , BeC(T))
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Since any permutation that can be so expressed has a unique expression of this form we can rewrite
4.6 as

NT) fPT) = > Y fBa)NT) B e P(T) . 4.7

a€R(T) peC(T)

But then the simple identity
N(T)p~'a™t P(T) = sign(B8) N(T)P(T)
reduces 4.7 to

N(T) f P(T) = ( DS sign(ﬁ)f(51a1)> N(T)P(T) |
a€R(T) BeC(T)
which is 4.4 with
er(f) = Y, Y sign(B)f(B a7t
«€R(T) BEC(T)

However the latter is but another way of writing 4.5. Q.E.D.

Proposition 4.1 yields us the following fundamental fact

Proposition 4.2
For each \ = n we have a non vanishing constant hy depending only on \ such that for all
tableaux T € INJ()A) we have, Ep = N(T)P(T)

E% = hy Er 4.8

Proof
We simply use 4.4 with f = P(T)N(T) and get

with

Next we need to show that h) is the same for all injective tableaux of shape A. However this is a
simple consequence of the fact that if 73 = oT then P(T}) = o P(T)o~! and N(T}) = oN(T)o !,
thus

P(T1)N(Ty) P(T)N(Ty) | = oP(T)N(T) P(T)N(T)o™" ¢ = P(T)N(T) P(T)N(T) |c

Finally we must show that hy # 0. But if Ay = 0 the element E7 would be nilpotent. This in turn
would imply that its image L(E7) by the left regular representation would be a nilpotent matrix.
Since nilpotent matrices have trace zero and for any group algebra element f = 3 g f(0)o we
have
traceL(f) = Z flo)traceL(o) = f(e)n!
oc€eSn,

the vanishing of hy would imply that Er | = 0. Now this is absurd since, from Remark 2.1 we
immediately derive that Er | = 1. This completes our proof.
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Remark 4.1

We should note that one of the simplifications to Young’s arguments due to the Von Neuman
Lemma is to avoid a direct identification of the constant hy as n!/ny. This is obtained in Young’s
work as the final result of gruesome brute force proof of the idempotency of the group algebra
elements Ep/hy. In the present development the identification of hy will be carried out at the
very end. This given, until that time we will assume that h) is the mysterious constant appearing
in Von Neuman’s lemma. In particular, this assumption yields us that all the elements ~;* in are
idempotent.

Proposition 4.3

0 ifX#p
ol = {o if A=y but j>i 4.9
v, ifA=pand j=1

Proof
We have seen in the proof of Proposition 1.1 that if 77 <y prro T then there is a pair of
entries 7, s that are in the same column of 77 and same row of 75 . This gives

P(To)N(Ty) = P(T2)(r,s)N(T1) = —P(T2)N(Th)
and thus Er, Er, must necessarily vanish. Since S7,52,...,5, are in Young’s first letter order it
follows that
EgEgn = 0  when j>1

in view of 4.1 this proves the second case of 4.9.
To prove the first case of 4.9 we need only show that if 77 and 75 are injective tableaux of
shapes A and p respectively then

A 7é 7 — E‘T1 E;T2 =0
To this end note that 2.13 immediately gives that
ErEr, = N(T)P(T1)N(T3)P(T2) #0  — A<y 4.10

On the other hand we expand the mid element P(77)N(Tz) in the product Ep, E7, we will obtain
a sum of terms of the form
N(Tl)O'P(TQ) = N(Tl)P(O'TQ)O'

If Er, E7, does not vanish then at least one of these terms must not vanish. But then from 2.14 we
derive that p < A which together with 4.10 contradicts A # u. This completes our proof of the first
case of 4.9 and we are done since the last case, under our assumption that h) is the Von Neuman
constant, is as we have seen an immediate consequence of Proposition 4.2.

We are now finally in a position to prove Theorem 4.1, except for the identification of the
constant hy. We will start with a

Proof of the identities in 4.3
Note first that if A # p then the first case of 4.9 gives

A=y = A (for all 4, §) 411
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A A A A
e ers = 057 (M=) (L= )yol (L= vq) - (L=,)
= oot (L —=al) (1L =h)
=0 (again by the first case of 4.9 )

We are thus reduced to proving the identities in 4.3 when A = p in all our elements. Note then that
the second case of 4.9 gives

a) vjf\'yf‘ =0 aswellas b) (1-— VJ’,\)%}‘ = when j > i 4.19

Now note that we can write, for r < j

o o A A

ij Crs = J{\j'yj’-\(l—fy]’.\H)...(lffy;)k)'y;\ars(l77;\“)...(1*%”
(by 4.12b)) = ajﬂ;wgm — ) (1=t
(by 4.12 a)) 0

and for r = j

eyers = o (1= (L= ) o1 =22) - (T—7,)

(byd12a) = ofyton(l—9d) - (1—7)
( by the last case of 4.9) ) g{\jfy;-‘a;‘s(l =) (1= ’YQA)

A XA A A A
= 7% Uij"js(l—%ﬂ)'“(l—Vm) = €is

Finally for » > j, after successive uses of 4.12 will necessarily get to a point where the resulting

A e, contains the factor (1 —~)y; which of course vanishes by the last case of 4.9.

1j

expression for e
This completes our argument.

From these relations we can now establish that

Proposition 4.4

The group algebra elements ef‘j cannot vanish
Proof
Note first that the identity
A A A
€; jej,i = 61,1

A

reduces us to showing that the e;; themselves cannot vanish. Now this result is an immediate

consequence of the very useful fact (as we shall see) that for any two group algebra elements f, g we
have

4.13

fa| = 9f

€

€

the reader is urged to work out a proof of this identity in full generality. This given, note first that
from the definition in 4.2 and 4.13 it follows that

= 73\(177{\+1)"'(1772;)6
= (1—7?+1)~-~(1—72A)7?e

= 1/hy#0

(by 412 b)) = ~}

€
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As a first step in proving that Young’s matrix units are a basis we can now establish that
Proposition 4.5
The group algebra elements U {e;\]}?;
AFn

_, are independent

Proof

Assume if possible that for some constants c;\j we have

nx
AN
E g Cy € = 0

Abn =1

then for all possible choices of A\, r and s we derive from the identities in 4.3 that

ny
Bl ol E E A oA o —
Crs €rs = err( cij eij>ess =20

Aen i,j=1

and since, as we have seen, the e, ’s do not vanish we must necessarily have ¢, = 0 as desired.

To prove that an independent set in a vector space V is a basis we need only show that it
spans V or that its cardinality equals the dimension of V. Alfred Young proved that his matrix units
are a basis, both ways. We will follow the latter approach first since it it based on two beautiful
combinatorial identities.

But before we can state them we need a few preliminary observations. In the figure below
we have depicted the Ferrers diagram of the partition (3,1,1) and its immediate neighbors in the
Young lattice. (the lattice of Ferrers diagrams ordered by inclusion).

] —

[@f
o
°

ﬁ; . %: []

We have at the center the Ferrers diagram of (3, 1, 1) with the circles indicating its “removable
(inner) corner cells and the x’s showing its “addable” (outer) corner cells. In the row below we have
the partitions obtained by removing one of its inner corner cells and in the row above we have the
partitions obtained by adding one of its addable outer corner cells. We can clearly see that every
Ferrers diagram has one more addable cells than removable ones. In the same row as (3, 1,1) we have
depicted the partitions that are obtained by going up a row by adding an addable cell then down a
row by removing a removable cell. The fundamental property that yields our desired “basis” result
is that the same collection of partitions can be obtained by first removing a removable cell then
adding one of the addable cells. Using the symbol “v—p” to express that p is obtained from v by
adding an addable cell of v, or equivalently, v is obtained from p by removing one of the removable
cells of p, we can derive the following basic recursions for the number of standard tableaux.
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Proposition 4.5
Denoting by ny the number of standard tableaux of shape A we have

a) Z nyx(v—p) =mn, b) Z max(p—=A) = (n+1)n, 4.14

Proof vhn—1 AFn+1
The identity in 4.14 a) is immediate. In fact, if p is a partition of n we obtain a bijection
between the standard tableaux enumerated by the right hand side and the collection of standard
tableau enumerated by the left hand side by the removal of n and the cell containing it. For 4.14
b) we will proceed by induction on n. We can take as base case p = (1) since we trivially see there
is only one standard tableau of shape (1) and exactly one each of shapes (1,1) and (2). So let us

assume that 4.14 b) is true for n — 1 and note that multiple applicationc of 4.14 a) give

ST omax(p=A) = DD nax(p—Ae) 4.15

AFn+1 AFn+1~vkn

Since in the sums on the right hand side we are allowed to remove the cell we are adding, we can
see that, if 4 has r inner corner cells (and therefore 4+ 1 outer corner sells), then by separating out
the terms with v = 1 we can rewrite 4.15 in the form

Z nmax(p—A) = Z vax(u—))w—’y) + (r+1)n, 4.16

AFn+1 AFn41v#p

But the observation, that for any given u, adding and addable and then removing a removable yields
the same collection we obtain by the reverse process of removing a removable and then adding an
addable, can be simply translated into the following beautiful identity

Z Z”vX(#%)\FV) = Z me(ueu%’y) 4.17

AFn+41 y#p vkn—1~vy#p

Thus, using 4.17 in 4.16 we derive that

Z nax(p—A) = Z vax(/u—u—w) + (r+1)n, 4.18
AFn+1 vhEn—1~y#p

But now, since p has r removable corners we see that the sum »° ,  n,x(uscv—y) will contain
exactly r terms where v = u. This gives

SO nx(per—y) = >0 ngx(pev—y) + orny,

vkn—1~ykn vkn—1~vy#p

Using this 4.18 becomes

Doomx(p=A) = Y Y nx(uev—y) + oy,

AFn+1 vkEn—1~kn
= ) xw=p)) nyx(v—) + ny,
vEn—1 yHEn
(by 4.14 b) forn — 1) = Z x(v—=p)nn, + n,
vkn—1

(by 414a)) = nn, + n, = (n+1)n,

completing the induction and the proof.
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These two recursions combined have the following remarkable corollary.

Zn?\ = nl 4.19

AFn

Proposition 4.6

In particular it follows that the group algebra elements U {ef‘j}?;:l vield a basis for A(Sy,).

AFn
Proof

Note that for the base case n = 2 we have n%l T ”%2) =141 = 2l. Thus we can again
proceed by induction on n. We will suppose then that 4.19 is true for n. Now, using 14.4 a), the
left hand side of 4.19 for n + 1 becomes

doomi= Y my mx(p—)

AFn—+1 AFn+1 pEn

=Y Y max(p—N)

pkn AFn+1
(by 414 b)) = > n,(n+1)n,
pukEn
(by induction ) = (n+1)n! = (n+1)!

Completing the induction and the proof.
It is good to keep in mind that Young’s matrix units satisfy the following useful identities

Proposition 4.7
For all A we have

) 0 if i j
- L 4.19
¢ ‘ V?L=ﬁ ifi=j

Proof
These identities are immediate consequences of 4.13. In fact, to begin with we obtain

0 if ¢ ]
e“, e'L,L e“ . = e# Ael.t # J
,J 6,171,5 1,5%1,1

A . . .
€l ifi=j,

€ €

But on the other hand we have

1 1
- —_E - -
511, Tix

6?16 = v?(l—vﬁ)---(l—vﬁx)e = (1—79)“-(1—7297?6

as desired.
This given, it develops that there is a very simple explicit formula yielding the expansion of
any element of the group algebra of S, in terms of Young’s matrix units.

Theorem 4.1
For any f € A(S,) we have

nx
=TS real o
AFn 1,7=1

Proof

n

Since the collection U {e?j}
AFn

i =1 is a basis there will be coefficients c;\]( f) yielding
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YD aine

An i, j=1
Thus
Ny n,
fref| = Y0 een| = Yo hel,
i,j=1 ¢ i=1 €
and 4.19 gives
1
erI:S = Cg,r(f)hi
€ A

This proves 4.20.
Note that, if we interpret every permutation o € S,, as the element of A(S,,) which is 1 on
o and 0 elsewhere, we will have coefficients af: j (0) yielding the expansion

Z ni af:j(a) eg\,j 4.21

Abni,j=1

Now we have the following remarkable fact

Theorem 4.2

For each X t- n the matrices {A* (o) = ||a; ;(0)|[7'}=1 }oes, vield an irreducible representation
of S,
Proof

For any «, 8 € S,, we have, using 4.21 and the identities in 4.3

nx nx
D00 D ai(@)ad () e ens

AFn i, j=1rs=1

of

4.22

X M

SV S @@ = SIS (S el ) i,

AFnd,j=1 s=1 AFn i=1 s=1 j=1

But on the other hand a direct use of 4.21 for 0 = af gives

Yo ) e

Arnd,j=1

Comparing with 4.22 yields the desired product identity
AMaB) = AMa)ANB). 4.23

Note further that an application of 4.20 for f = e yields, (by 4.19)

nx UDN
A A A
Do) el el = DD el

AFn i,7=1 AFn i=1

In other words we also have A*(¢) = I, the ny x ny identity matrix!.
Next note that using 4.21 we derive that

o

© — § H H E et
Uer,s - ai,]( €; ,_]er s az 7‘ i,s 4.24

ij=1
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In matrix form, this can be written as

a<e’f’8, 6’5’8, e eﬁws> = <e‘f75, egys, e eﬁws>A“(U) 4.25
In other words the have shown that the subspace L[ef ;, €5, ... el ] spanned by the independent
set {ef s, €5 ... €l ) is invariant under the action of S, and the matrix corresponding to the
action of o on the basis {ef ;€4 ..., ek } is precisely A*(o).
To show that A*(0) is an irreducible representation we need to show that L[e ;. e5 ... el ]

has no invariant subspace other than {0}. In fact, we can show that the S,, action on any non vanish-

ing element g € Llef ;,eb ..., €l ], can yield any one of the basis elements {e} ;. €5 ,....el }.
To this end suppose that
u
g = D el
i=1

Since g # 0 there must be at least one coefficient, say ¢, # 0. This given we have

ny

RPN — Ci ol B oM
Cu,er7ug - Zc; eruei,s = €rs

i=1
and the arbitrariness of r proves the irreducibility, completing our proof.
5. Properties of the representations {A*}, and their characters

To identify Young’s matrices A*(c) and their traces we will need an auxiliary fact which
reveals a beautiful property of the tableaux function C(T3,T3).
Proposition 5.1

For any T1,T, € INJ(\) and T € S,,

ET2T1 ‘T = C(TTlvTZ) 5.1

Proof

Enr == Y, Y sign(B) frazormr |- = > > sign(B2) x(Beazom, 1 =7)

B2EC(T2) aseR(Ty) B2EC(T2) aneR(Ty)
now there may not be a single pair aw, 82 for which Baas o1, 7, = 7, in which case
Er,1 |- =0
But if there is such a pair, there will be one and only one *) | and then we must have
B2z o,y =T —  Paoa =TonT, = OrTy, T,
or
oy = 03 B3t

which combined with part d) of Proposition 2.1 gives that 777 AT5 is good. Thus from 2.7 we derive
that

0 if 717 ATy is bad
Ern |-
sign(By) if 717 ATy is good
or
ET2T1 ‘.,— = C(TTl,TQ)
as desired.

) Recall Remark 2.1
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We should note that in particular we must have

Er le = sign(fa) = C(Th,T5)

This brings us in a position to prove

Theorem 5.1
For any injective tableau T of shape u b n we have coefficients a;(T) giving

Ny

Br = Y aiT)Ese 1
i=1

In fact these coefficients may be directly obtained from the vector identity

g
az: _ C“(e)_l ?7
an,, (T) (s, T)

Proof.

Q.E.D.

5.2

5.3

5.4

Assume first that these coefficients do exist. Multiplying 5.3 on the right by opgr gives
J

Ty

Epgrn = > ai(T) Egpse -

i=1
Equating coefficients of the identity, and using 5.2, we get

C(sy.T) = iai(T) C(sy,57)

i=1

which, in matrix notation, may be expressed as

c(Sg, T) a1 (T)
C(SQ s T) _om (6) as (T) ’
c(S,’ij) an, (T)

and formula 5.4 follows upon left multiplication of both sides of this identity by C*(e)~?.

It turns out that existence is an immediate consequence of 4.21, namely the the general

expansion identity
nx

o =Y Y aylo)e,

AFn i, j=1

In fact, for any given p and 1 < r < n,, the identities in 4.3 give (using 5.5)

m m
ot = Y alo) el = Y (o) ol (=) (L=
i,j=1 ,5=1

TLH

ny,
= Y d (o)l At = Y all (o) ylat,
=1 =1

)

5.5
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Recalling the definition in 4.1, we derive from this that

T
UEsﬁ = § GZT(J) Esg,sﬁ
i=1

Now this can be rewritten as

Ny

_ I -1
Eogr = Z a; (o) Egn sro
i=1

and for o = o gv we get

am

Ty
Er = Zaﬁr(UT,sf)Es;‘,sﬁUsﬁ,T = Zaﬁr(UT,sf)Es;‘,T

i=1 i=1
This proves 5.3 with
ai(T) = aj,(orsp) 5.6
and completes our argument.
This proof has a most desirable by-product.

Theorem 5.2
For all ptn and all o € S,, we have

Al (o) = CH(e)rCH(o) 5.7

Proof
From 5.6 and 5.4 it follows for 0S¥ =T that

alLlL,r(O—) C(Sf7 O'Sﬁ)

a' (o) (St oSt
i _ onr | st

att (o) oS o)

But this simply says that the 7" column of the matrix on the left of 5.7 equals the 7" of the matrix
on the right. Finally yielding the result which we have anticipated since the beginning of these notes.

We are now in a position to obtain Young’s formula giving the character’s of his irreducible
representations. This result may be stated as follows.

Theorem 5.3

For a given p - n set

x" (o) =trace A*(o) and X" = x"(o)o 5.8
O'ESn
then
P(T)(N(T
o= 3 ( ')( (T) 59
nl/n,
TEINJ(u)

Proof
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Using 5.7 and dropping some of the p superscripts we can write

¢ = Z o trace C(e) *C(0) = trace C(e) ' F 5.10
oSy
where F = ||Fj;||, is a matrix with group algebra entries
Fl“ = Z OC(Si,USj) .
g€Sy,

Now Proposition 5.1 gives that

o—1

C(S;,08;) = C(07'5;,8;) = Es;s,

Thus
Fl'j = Z Esjsi |071 o = Z ESjS,, |U ol = P(SZ)O'UN(S]) .
UESn Uesn

Note further that since x* is a class function it follows that we also have
1
nwoo_ n_—1
X'= =) oxle
oESy
and we can thus write, using 5.10
1 _ _ 1 _ _
Xt = o Z o (traceC(e) 1F> ot = EtraceC’(e) ! Z oFo ! .

n
ocES, o€ESy

But we see that
Z O'Fij0'71 = Z JP(Si)O'ijN(Sj)O'71 = Z UN(Sj)P(Si)O'ijO'71 = 0
g€S, gES, gES,
at least when ¢ > j. This means that the matrix
Z o Fo™t
oESy

is upper triangular and since C'(¢)~! is upper triangular with unit diagonal elements we must con-

clude that .
X" = %trace Z cFo™l = % Z cr(z:Fm-)af1
€S, ocES,, i=1
1 & n
= =Y D oP(S)INS)et = & Y P(T)N(T)
e oESy v TEINJ(N)

which is 5.9 precisely as asserted.

The character x* is in fact very closely related to the matrix units. More precisely

Proposition 5.2
Setting

nu

B B

el = E €ii 5.11
i=1

we have
X‘u' = h/l‘ e# 512

in particular it follows from the identities in 4.3 that

Xu X X = huXxu 5.13
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Proof
Notice that using 4.21 we get

LN
A A
Z Z ar,s(0> er,s efz . .

An r,s=1 r,s=1

’Il“,

= Z aﬁ,i(a) 67}"{7;
r=1

and summing for 4

"
— iz — 1
et = E €l = h“XH(U) 5.14
o 1 o ‘
i

Thus multiplying both sides of 5.14 by ¢ and summing over S,, gives 5.12 and completes our proof.
Now a result parallel to 5.13 can be obtained by direct manipulations of Young idempotents.

Proposition 5.3

3 N(T)P(T))2 = Y NPT 5.15

TEINJ(p) TEINJ(p)

Proof
Note we may rewrite the left hand aside of 5.15 as

LHS = > Y N(T)P(T)N(¢T)P(oT) 5.16
TeINJ(u) 0E€ESn

But P(T)N(cT) # 0 implies T'A 0T is good. Thus from Proposition 2.1 we derive that the only
non vanishing summands in are obtained for o = o with « € R(T') and § € C(T). Since we have

N(T)P(T)N(aBT)P(aBT) = N(T)P(T)aBN(T)P(T)3 ta™!
= N(T)P(T)N(T)P(T) sign(B)3 ta™!
(by 4.8) = h,N(T)P(T)sign(8)8 "o

the identity in 5.16 becomes

LHS = h, Y  N@DP(T) > sign(B) o™

TEINJ () a€eR(T)
BeEC(T)
= h, Y. N(T)P(T)N(T)P(T)
TEINJ (1)

and a further use of 4.8 gives 5.15 as desired.
The result we have anticipated since Von Neuman Lemma is now finally within reach.

Theorem 5.4 |
hy = — 5.17
Ny

Proof
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Squaring both sides of 5.9 gives, using 5.13 and 5.15

h2
hux* = m Z P(I)N(T)
RS PeINJT(w)

canceling the common factor b, and using 5.9 again gives

X“ — hﬂ i

nl/n,
and 5.17 follows from the non-vanishing of x*.

6. The Frobenius map
The group algebra A(S,,) has a natural scalar product obtained by setting for any f,g €

A(Sn) .
<fg>== > fMe(). 6.1

n!
YESn

Note that since for all o € S,

af =Y f(ay= > fla'B)B.

YESH BESH

we have

<afig>=-— 3 fla”B)0B)

" BES,

6.2
1 — —
=— ) f(glao)=<fa lg>.
: YESH
Similarly we show that
< fa,g>=<f,ga"t>. 6.3

Let us denote by C), the element of the group algebra of S,, that is obtained by summing all
the permutatiions with cycle structure u. Now we have shown that the cardinality of this collection

of permutations is given by the ratio

|
ol = = 6.4

m

where for a p with «; parts equal to 4 it is customary to set

QAn

zp = 191292 ...n%raqlag!- - o 6.5

Using this and the fact that conjugacy classes are disjoint it follows that

1 n! 1 .
——=— ifA=yp

(Cu, Cr) = S bz 2 6.6
0 otherwise

There is also a natural scalar product in the space A=™ of symmetric polynomial homoge-
neous of degree n which is obtained by setting for two power basis elements py, p,,

z, fA=p

(pr, pu) = { 6.7

0  otherwise
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This given note that if we set
FCu = pulzu 6.8

and use the fact that A=" and the center C(S,,) have the same dimension, we can define an invertible
linear map
F: C(S,) «— A"

which is also an isometry. In fact, note that from 6.6 and 6.7 it follows that

<FC,U,)FO)\> = %<puapk> = Z%LX(/\::UJ)] = <CM70A>

Now Frobenius introduced this map precisely for the purpose of constructing all the irreducible
characters of .S,,. Frobenius result can be stated as follows

Theorem 6.1
The class functions
EA = F71 SA 6.9

form a complete set of the irreducible characters of S,,.

The surprising fact is that Young’s and Frobenius’ partition indexing of the irreducible
characters turn out to be identical. This result, established by Young himself, may be simply be
stated as follows

Theorem 6.2 (A. Young)

Fl'sy = = > N(T)P(T) 6.10
TEINJ(N)

We should mention that to the best our knowledge there is at the moment no direct proof
of this fact. Moreover, even Young’s “proof” is based on a very dubious use of his quite heuristic
(hair) “raising operators”. Our proof as we will later see is very indirect. This given, it is worthwhile
taking a close look at what needs to be proved. To begin we need the following very convenient form
of the Frobenius map

Proposition 6.1
For each o € S,, set

Y(o) = Pro) 6.11

where (o) is the partition giving the cycle structure of o. This given, for any class function
g € C(S,) we have
Fg = (g,v) 6.12

Proof
The proof is immediate. We need only verify 6.12 for the conjugacy class elements C, with
u F n. In this case the definition in 6.1 gives
FCi = (Coot) = =3 Gl oy = e = 2
e mo a n!aes | PA) = n!p“zu oz,

which is precisely the definition in 6.8.

As a corollary we obtain
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Proposition 6.2

The equality in 6.10 amounts to showing that for any injective tableau T' of shape A we have

1 .
Sy = i Z Z sign(B) pa(ap) 6.13
aER(T) BeC(T)
Proof
Note that 6.10 may also be written in the form

sy = % F Y N(oT)P(oT) = % F Y oN(T)P(T)o

ocES, ’ oESy
Now, using 6.12 we get
no= 2; (oN(T)P(TY)o ™, ¥)
(by 6.2 and 6.3) = % Ug; (N(T)P(TY) , o~ o)
(since ¢ is central) = % a;n (N(T)P(T), ¥) = ny(N(T)P(T), ¢)

— % ST sign(B) paas)

" a€eR(T) BeC(T)

This proves 6.13.



