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A rewriting
of
Jennifer’s derivation of the action
of
the Macdonald operator Dy on S, [X, =]
1. Plethystic formulas for a family of Macdonald-like operators.
For every integer k& > 0 set
(k) " tota T
k) _ i by k (4)
p _ ( ) ) 1.1
! Z H Li — Xy it
=1 j:1
g

Where Tq(i) acts on polynomials in the alphabet X,, = x1 + z2 + --- + x,, by replacing z; with qz;.
That is

T P[X,] = P[X,, + (¢ — 1)z 1.2
We have the following basic identities
Theorem 1.1
For all symmetric polynomials in X,, we have
: P[X,, =k

D P[X,] = x(k=0) 1[_ t] Pl + Q- DXae] | 1.3
where the symbol “ | 7 means that we must take the coefficient of 2* in the preceding
expression.
Proof

Using the Cauchy kernel

QX Yn] = D Sa[Xn]Sx[Yn]
A
as a generating function of the Schur basis we can establish 1.3 for all Schur functions (and therefore

for all symmetric polynomials) by showing that

9 XnYn n—=k _
DXV, = x(k=0) [17 ; ] + :7 1Q[(Xn + H)Y,]Q[(t - 1)X,2] y 1.4
To this end note that from the definition 1.1 we derive that
n n t L X
pPo[x.v. = Y (] H) o Q[(X, + (g — D) V)
i=1 =1 "' J
i
or equivalently
ng)QI:X’ﬂKL} B n n ta; — ;i .
vy - > (1T o ) @k Qg - Daia] 15
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Expanding Q[(q — 1)z,;Y,] in terms of the homogeneous basis gives

Ql(g — 1),V Z R Y,z
m>0
Substituting this in 1.5 gives
DX, Y]
Q[X,. Y,

m>0

<
Il
-

Note now that the kernel

-z
Qt-1DXo2] = [ — o
has a partial fraction expansion of the form

1
1—ztx;

Qt —1)X,z2] = tin + Y Ai(wst)

=1
Multiplying both sides by 1 — z ¢ z; and passing to the limit as z—1/tx; gives
. o t—1 i t$i — Xy
Ai(w,t) n tn (H xi—xj) '

Jj=1
JFi

Substituting in 1.7 and equating coefficients of 2" on both sides we get that
i (ﬁ te; — xj) o 1 t"Q[(t —1)X,, 2] 1
i —x; ) m t—1 t—1

=1 =1

zm

Using this with m—m + k we may rewrite 1.6 as

1.6

1.7

DMQ[X,Y,,] S v ! " Q[(t — 1)X, 2] 1
Q[X,, Y] nl gmtk t—1 t—1 ) lomer
m>0
Since the term 1/(¢ — 1) inside the big parentheses makes no contribution when m+% > 0, we derive
that
(k) n
DV Q[X,Y,] 1 1 t"Q(t —1)X, 2]
QXY Xk =0)7=F + z;h [ "] th t—1 o
m>0
1 ok (¢—1)
In summary we get
(k) -
D" Q[X,Y,] 1 =k r(g—1)
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Multiplying both sides by Q [XnYn} gives 1.4 and completes the proof of the theorem.

From this result we may easily derive the action of sz’“) on the complete homogeneous
symmetric functions in the alphabet Xn%. This may be stated as follows

Proposition 1.1

DY by [X,421] = M0 (X, 5] 4 S R (X (- DX

q—1 q— - q—1
m 1.8
AN B o [Xn ] B [(E— 1) X
r=1

Proof
Using 1.3 with P[X,,] = h.,, [X,, =] gives

q—

D hn [Xn 23] = M52 b [Xa 28] 4 Sop b [Xn 225 + 1] Q6 - DXz |
X(lk_:to) hon [anl%l} + t:_lk Z hm_r[anl—Tl]hr[%] Q[(t —1)X,,2] "
r=0
1.9
Since
1 if r=0
w2 =
L “;1) if r>1
we can rewrite 1.9 as
Dby [ X 122] = X0 b [0, 2] o £y [X E24] by (8 — 1) X]
m
TS b [Xa 2L L 5L Q- 1)X,.2] \
r=1
= =0 p [0, 0] + B8 B [X E24] e [(E— 1) X,
+tnik71 Z hmfr [Xn;_Tl]} hrJrk [(t - 1)Xn] )
r=1
and this proves 1.8.
Corollary 1.1
D h [Xu22h] = (Lt 4 24 0777 o [X 2L 1.10
and for k > 1:
D by [ X, E24] = 7 R [0 X 2]+ 8 B [X 224 B[ 1) X
1.11

k
— gkl th%_r[xn%] he[(t—1)X,] .
r=0
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Proof
For k = 0 1.8 gives

D h [XnB2L] = A= [Xn 2L 4 007 e [ X LB (2 — 1) X]
r=1
= b (X 2] 4+ Y e [X SR [(E - 1)X)
r=0
= b X 2] 4 4 b [X L 4 (- 1)K,
and 1.9 follows since
Xplmg +(-1D)X, = ¢ Xl 1.12
On the other hand for k£ > 1 we can rewrite 1.8 as
k+m
ng) hm [Xn%] = t;T_lk h'm [XTL%]hk [(t - I)Xn] t" =t Z h’m—i—k I rb—i]h'r [(t - 1)X7L]
r=k+1
= L b [X L [t - 1) X] + t”_k_lhm+k[X L (- 1)X,]

- " k= 1th+k r n—i}hr[(t_l)Xn]

and 1.11 follows again because of 1.12.

2. The action of the Macdonald operator D, on S [Xn;;_}] )
To economize on space we shall use the abvreviations

Xnl=1 — X[

P, , Xa(t—-1)— XL xit—1) >l

This given, we may writefor A = (A\y > Ao > --- > \,)

S\ [Xn L] = detllho, [X1], o, a1 (X2, oo Byt X2 7y 2.1
where for convenience we have set
a. =N —1r+1 2.2

We shall also denote by gﬁk) the operation of adding r to the index of every entry in the k" column
of the Jacobi-Trudi matrix in 2.1 and likewise by T(*) the operation of making the replacement
X,, — ¢X, in every entry in the k" column.

With these conventions we have

Theorem 2.1

D SA[Xrtzq] = Z t" " det TH) Hhaj [X’flq] J hafrl[Xqu] LA hoszrnfl[Xqu]
k=1

o 23
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Proof
By definition D; = D§0) thus

However, from 2.1 we derive that
T SAXU] = detl|ho, (X1 + 1], hoy 2 [XE 4 2l] o, By [X0 4 2] [
Now the relation

P [ XE 4+ 2] = hp[ X 4tz — 2] = hon[X — 2] + g byt [ XL + 2]

n

allows us to write 2.5 in the form

n

T S\X) = det] o, (X2 + 2], Bt [ X = i)+, a1 X0 — )

r=1

Furthermore using the relation
hi Xp? = 23] = hn[X31] = @ by [X31]

for each entry in columns 2, 3, ..., n of the matrix in 2.6 we may yet rewrite 2.6 in the form

24

2.5

2.6

T S\X] = det (( TT (= €90) ) oo (X524 0 D, X500 (X5 |
s=2
2.7
Now note that, for2 < s; < sy <--- < s,_1 <n,we have
det (€0P€08 - €847 (o, XU+ 0l] b1 [XE] -+, it X0 | ) #0
only when
81:2, 8223, ey Sk_lzk‘ .
Thus 2.7 reduces to
T S\X) = (=) et (€26H €W ha, [X0+al] s ha (X2, - haynoa[X0]

=~
Il

1

and this is easily seen to be equivalent to

T S\X[) = ) det |
k=1

ha'r [X’rth] P hotrJrk*Q[Xqu] ) xfilhar [Xflq‘HCf] ’ harJrk[Xrtzq] P haHrn*l[thzq]

n
).
r=1

n

r=1 '
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Using this we may rewrite 2.4 in the remarkable form

n n
Dy SyXE] = det o, [X2], b in=a[XE] s DDl (X2, sk X2 B a [X09 [ 228
k=1 =
Note that the first term in this sum is
det | D, [X2] hapsa[ X0, By (X7
r=1
and the substitution of 1.10 with m = o, reduces it to
1?_771/:_1 det‘ har [szq] ) har-i-l[szq] Yo vhar-i-n—l[XZq] 1 +
n—1 o tq tq tq " 2.9
+ 1 det q har [Xn ] ) har+1[Xn ] JE 7har+n—1[Xn } -1
= 1S XM 4 et (T<1> Hha LX) s B, 1 [ X0 ot X0 ||
For the remaining terms in 2.8 we use 1.11 with k— k — 1 and m = «,. and obtain that
(k) tq) _ n—k tq tn okt tq t
Dl h‘aw [Xn ] =t hC¥7~+k—1[an ] + —1 hOtn [Xn ] hk—l[Xn]
k—1
— "k Z har+k—1—r[XrtLq] hr[thJ
r=0
= " P hoph-1[gX] = " F ha, g1 [ X
k—1
E o, XS hioa[XE] — 75 By o [X09] B[ X]
r=1

Note that using this relation in k*» summand of 2.8 produces 2 + k determinants the last & of which
vanish identically by the presence of two equal columns. Combining the resulting terms with 2.9,
we are led to the final conclusion that

n—1

Dy Sy[X)1] = H5-S\X] +
n
et (TR, (X2, by ia [X2] Ry ena X0 |+
r=1
>t Fdet (TO Hh(, (X | o 1 [XE9] s B e [X29] "71
k=2 -
n
= St det ([|ha, X haa[XE] B (X0
r=
k=2

which proves 2.3 precisely as asserted since the first and last terms here exactly cancel each other.



