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Proof
The reader should have no difficulty carrying out the calculations needed to deduce 3.66
(a) and (b) from 3.22 and 3.24 since they are very similar to those carried out in the previous two

proofs.
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needed to cancel the factor t"(*)=7(}) /" from 3.63. Moreover, if A/u consists of k vertical segments
of lengths r1,7a,...,rg, then the factor contributed by the denominators from the last product in

3.63 reduces to
1

(=17 L (=1 =12) (1=t :

K3

This cancels the (—1)" in 3.63 and combines with the factor (1 — ¢)(1 —¢?)---(1 — ") in 3.63 to
produce the g-multinomial coefficient appearing in 3.60. Carrying out all these cancellations we see

that 3.63 reduces to 3.60 as desired. This completes our proof.
Our next task is to rewrite in terms of the lffu ’s the Pieri rule in 2.28.

Theorem 3.11
Forr > s
e @ (- 1el—g
Hs(x’ q,t)Hr(x, q,t) = Z [z] ] (q)r—s+i (t _ qr—s-l—i) . (t — qr-l-i)

i=0

(t - qr_s+2i)gr—i,s+i($; Qat) )

3.65
where [‘Z]q =(9)a/(9)i(q)a—i denotes the g-binomial coefficient and for an integer m
(@Wm = (-1 —¢) - (1-¢"7") .
Proof
The definitions 3.2 and 3.18, specialized to the partitions {s},{r} and {s — ¢,r + i} give
Hi(w;q,t) = (0)r Qe[ X/ (1 =1);q,t] , Ho(w;9,1) = (¢)s Qs [X/(1 —1);q,1]
and

Hyirgi(#54,0) = (@)s—i (@rmspi (L= 1g" 7)o (1= 1g"4) Qi [X/(1 = 1)50,0)]
Multiplying both sides of 2.28 by (¢),(¢),, making the A-ring substitution X — X/(1 —¢) and using

the relations above, after simple cancellations and a reorganization of the factors we get

Lt , L—1)-(1—tg™ st
HyHy = ) Mq (q)(rqjm (1£th—1+i)(~~~(1q—tq2+i) =t ol )

i=0
This given, the definition 3.48 a) immediately yields 3.65.

In the same vein equations 3.22 and 3.34 may be rewritten as

Theorem 3.12
Using the same notation as in 3.22 and 3.24 we have

(a) IhHy, = Z CNV(q’t) H, ) (b) Fu(q’t) = Z CNV(q’t) NV(Qat) 3.66

v—p v—p

with
tlu(s) — qau(5)+1 tlu(5)+1 — qau(s)

Cl“/(q’t) = H tl”(s) _ qal,(s)-|—1 H tly(s)-l-l _ qal,(s) 367
SERx/u $€Cx/n
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Theorem 3.10
Hy(z;q,t) Hi-(z;¢4,1) = Z vaulq,t) Ha(z;q,t) 3.59
A pev,
where X/ € V. is 1o mean thal the sum is carried oul over Ferrers’ diagrams X such that My is a

verlical r-strip, v1,rs, ..., are the lengths of the successive vertical segments of A/ p and
tlu(s)‘l'l — qau(s) tlu(s) — qau(s)-l—l

r
U)\N(q)t) - [rl o - - 'Tk]t 56171/ +h(s)+1 qax(s) el;[ $+ia(s) — qax(s)+1 )
# S€CA/n

3.60

where Ry, is the set of squares of p that are in a row that intersects A/u and CNA/M 1s the set of

squares of p that are in a column that intersects A/p but are not in Ry,

Proof
Using 3.1, 3.18, 2.24 a) and the specialization (a) of Theorem 2.5, the Pieri rule 2.27 (ii’) is

easily converted into

H,(x;q,t) Hir(x59,1) = Z ury(q,t) Ha(z;q,t) 3.61
A BEV,

with

et = (-na=iyeamn T3S TG T g - o

SERN/u s€C/n SEA/ 1

Replacing ¢ by 1/t and multilying both sides of 3.61 by 1 (0)7(17) from the definition 3.48 a) we
immediately get 3.59 with

onlgt) = N (g, 1)
Substituting 3.62 into this and using the formulas in 2.20 gives
= i) 0 SN ey
valt) = ¢ O g pa—ey -
tr+(2)
3.63

the(s)+1 _ gan(s) ylals) the(s) — gan(s)+1 4ha(s) —thh(s)+1

H tlx(5)+1 _ qax(s) tlu(s) g tlx(s) _ qax(s)+1 tlu(s) 1— tlx(5)+1
SERN/u S€CA/u SEX p

Note next that the power of ¢ contributed by the last three products in 3.63 may be rewritten in the

form
" tEseA Ia(s) — Zsep lu(s) . 3.64

In fact, the ¢” is produced by the ”+1” in the exponent of the last product in 3.63, and the only
extra factors we have included in 3.64 are produced by both sums when s is not in a column or
row that intersects A/u. However, since for such a square we necessarily have [,(s) = {,(s), these

extra factors cancel each other. Now it 1s easily seen that the power of ¢ in 3.64 is precisely what is
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Since there is no dependence on ¢ here we deduce that H,[X,q,{] and H, [X;q,1] are one and the
same. Thus 3.56 a) follows from the result stated in Remark IT1.2.2. An application of the identity
in 3.50 then derives a') from a). To establish b) we start from 3.46 which, via the definition 3.1 and

3.18 gives
H X511 = hu(l,t) ew[X 1] .

Indicating by pf, pth, ..., pf the parts of the partition p’ (conjugate of 1), we see from the definition
2.20 that

h
= JJa-0--@a-w).

i=1
This gives that
h
21, = J] X510 -0 (1—1) 3.57
i=1
and thus 3.48 a) gives
. h h
H X 1,1 = H J(1—t)--(1=t") = J[=0)- (1= t")hu[X ],
i=1 i=1

where we have made use of IT1.1.23. Making again use of Remark IT1.2.2 we see that 3.56 4) holds
true as asserted. Equation 3.56 4’) follows then by another application of 3.50.

To derive 3.56 ¢) we need only verify that
Qu(z;0,8) = Qulx,t) . 3.58
Indeed from 2.20 we get that h,(0,£) = 1 and thus [11.2.21 gives
H,[X;0,8] = QuX5t] = Hu[X, 1]

which implies 3.56 ¢) via the definitions I11.2.36 a) and 3.48 a). We clearly see that setting ¢ = 0
in the Macdonald kernel Q[XY%_;;] yields the Hall-Littlewood kernel Q[XY (1 —¢)] . So it is quite
natural to conclude that @, (z;¢,t) that must tend to Q,(z;t) as ¢ — 0. Nevertheless, carrying out
this passage to the limit rigorously requires a delicate argument which would take us to far out of
the present context. We must thus refer the reader to the original source [] for a detailed derivation
of 3.58. This given, we are only left to note that formula 3.56 ¢’) then follows by another application
of 3.50.

Our next two theorems rewrite in terms of our functions H,(x;¢,t) some specializations of

the Pieri rules in 2.27 which play a role in the developments that follow.
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Now this last equation, combined with 3.48 a), may be rewritten as
1 1
Hu(x,g,t) = WwHu(x;q,t) .

or better
Hy(x,q,t) = q"(“I)wHu(x;%,t). 3.55

But now 3.54 gives

wHu(x;%,t) = Huz(x;t,%).

Substituting this in 3.55 finally yields
Hy(w,q,t) = Hu(wit, 1))
which (via 3.48 a)) is precisely 3.50. Q.E.D

Remark 3.2

Here and in the following we shall have to deal with Macdonald polynomials and Hall-
Littlewood polynomials all at the same time. Since the latter depend only on the parameter ¢ and
the former on both ¢ and ¢, we only need to use this information to distinguish between them. In
this manner we can keep the notation used in Chapter III, without change. For instance H,(z;t)
refers to the polynomial defined in I11.2.22 and lffu(x;t) is as defined by II1.2.36 a). By contrast
H,(x;q,t) and lffu(x; q,t) will still represent the polynomials defined by 3.18 and 3.48 a). Analogous
conventions will apply to the coefficients K ,(q,1), [N(M(q,t), K, (t) and I{’M (1).

This given the following specializations indicate the tight relationships that exist between

the material of these last two chapters.

Theorem 3.9
a) Hu(zq,t) = Hin(z;q) ,
a’) lffln(x;q,t) = lffln(x,t),
b) {Iu(x;l,t) = {11“1(x;t)}{1“'2(x;t)"'}{1ﬂ2(x;t)’ 2 56
V) Hu(z;q,1) = Huwi(2;q)Hiva(259) - Hima (259)
) lffu(x,O,t) = lffu(x,t),
) Hu(x;9,0) = Hu(w;q)
Proof

Equation 3.2 and (b’) of Theorem 2.5 give that

TnlXsqt] = h(a,1) halX15]]

Now 2.22 b) gives that Al (¢,t) = (1 —¢)--- (1 — ¢"), and using 3.18 we deduce that

Ho[X5q,8] = (1—q)---(1—q")ha[X ] .

1—¢
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setting ¢ = 1 and using 3.45 we may rewrite this as
S eu@may) = 3 Pulai Lty mu(y)
p p

and 3.46 follows by equating the coefficients of m,/(y) on both sides of this identity.

In analogy with what had to be done in section IT1.2 (see 111.2.36) it will be combinatorially
more convenient to work with the modified versions lffu [Xn;q,1] and f(u(q,t) obtained by setting

a) HulXp;q,1] = Hu[Xpq, 1" and ) Kau(q,t) = Kaulg, 1/0"" . 348
We shall also set
Fulg,t) = 07 Hu(z;q,t) = Fu(g, 1/t) ") 3.49
The rest of this section will be dedicated to restate some of the basic theorems in terms of f]u(x; q,1),
f(u(q,t) and F(q,t).
We start with the following beautiful identity.

Theorem 3.8

For any partition p we have

Hu’(l’ﬂ]at) = Hu(x’taQ)a 350
wmn particular
Kaw(,t) = Kt q) - 3.51

Proof
We start by rewriting quations 2.14 b) and 2.15 a) with A replaced by u. Namely,

Qulz;q,t) = wPM/[X%;q,t] , 3.52
and
Pu(l‘;%,%) = Pu(z;q,1) . 3.53

Now, by a straighforward manipulation which uses the identities 3.1 and 3.2, we can rewrite 3.52 in
the form
T2t q) = wlu[Z5q.1)

In view of our definition 3.18 this simply says that
Hy(z;t,q) = wHul(z;q,1) 3.54

On the other hand 3.53, using again 3.1, 3.2 and 3.18, gives

1 1

11y - - -
(@ 5:3) = 0m mw

w H,(x;q,t) .
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Proof.
We give only the basic idea here and refer the reader to [ ] for details. Note that for t = 1

the operator é4; reduces to

IEER
s=1

and thus
(Sqt mk(gj) = Z l‘ xps Ps l‘ﬁ"
Alp)=A
= (Z qAS) m)\(l‘) .
s=1

In other words the eigenfunctions of é,+ reduce in this case to the basis {mx(z)},. We should also
note that

mx(l‘) Z S H)\u

Hh—A

where the H,, are the entries in the inverse of the Kostka matrix K = ||K,||. Thus it is reasonable
to assume that
hm Py(z;q,t) = myu(x)

and this is all that we mean here by 3.45.

Theorem 3.7

P,z 1,t) = ep(2) 3.46

Proof.
In the course of the proof of the duality theorem 2.1 we have established that if {f,} has
the Macdonald property then

Y wPulef) Py §)

making the specialization f, = } Z gives
Qz,y) = Z wP,(x;q,t) Pu(y;t,q) . 3.47
I
Since
w(z,y) = Z why(z)mu(y) = Z ep(z) my(y)
It It
3.47 gives
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Note that the definitions 2.20 give
ha(t,q) = Ri(g,t) 5 DIh(t,g) = ha(g?) .
Thus we may write
Rt @) Qalrayst gl = wha(a,t) Puligia ]
in other words (in view of 3.1 and 3.2) we have

Nt = wivldgiet]

and 3.41 for p = A follows then from our definition 3.18. Formula 3.42 is then obtained by equating
the coefficients of Sy in 3.41.

Theorem 3.5
Hu(rshh) = i s Hy(ziq, 1) 3.43
gn(w’) gn(w)
wmn particular
K}JN'(%,%) = Kxu/(q,t); 3.44

g )gn(n)

Proof.
Formula 2.15 (b) gives for |u|=n

Qulx; %’ %) =
Since

P30 7)

q”(ﬂ')t”(ﬂ) q"
from 3.2 we get
(=" 1

gy g e

AR G O NS RS
Hu(l’agaﬂ - q”(ﬂ')t”(ﬂ) t_nJ“[l—t’q’t]
—1)"

g gn(u) “F

and 3.43 then follows from I11.1.23 and 3.18. Equation 3.44 is then obtained by equating coefficients
of Sy in 3.43

Theorem 3.6

P.(z;q,1) = mu(a) 3.45
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Proof.
We simply note that for ¢ = ¢, and |u| = n

hu(s) = 1 — ¢e()+h(s)+l h;(s)

Thus 3.31 reduces to

hu(t,t) hu(s) hu(s)
men = 1 e I oag -0
s€R, /0 $€CL /v
substituting in 3.22 and noting that
o hu(tt) hy(t,1)
[hll]t - (1 — t)n ) [hl/]f (1 — t)n_l

gives

_oy ) 1 s ) (-0 1
FlHu - VZ*:M h,,(t,t) 1—tHV - Z h,,(t,t) (1—t)”_1 1—tHV

which 1s 3.37 as desired.

In the same manner 3.34 gives

19

3.39

3.40

In other words, the expression F,(¢,t)/[h,]; satisfies the same recursion as the number of standard

tableaux of shape p. Since we clearly have the same initial condition

Equation 3.38 must necessarily hold true by induction on |u|.

There are further specializations that are important in our developments. We shall state

them as separate theorems.

Theorem 3.4

Hy(x;t,q) = wHy(x;q,t)

wmn particular
[()\u(t,q) = [()\/u/(q,t)

Proof.
The duality formula 2.14 (b) gives

Qu(z;q,t) = wPu[X1Lq,1] .

341

3.42
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Theorem 3.2

F.(q,t) = Z H Z/“—g H ZZE::;F,,(q,t). 3.34

V=l seR seC

wlv wlv

Proof.
Note that if x is an S,-character and H is its Frobenius image then the definition of the

Frobenius map gives

X

= Z X(0) Paco)(x) = n!Hp? . 3.35

d .
! g€ES, Py

Since X|id: X|Sn_1 |Z.d, this formula for S,,_1 gives that
Xia = (n— 1)!F1H|p?_1
and thus 3.34 is simply obtained by equating coefficients of p’f_l of both sides of 3.22.
Remark 3.1
We should note that we do have
ntHlpn = 0 H

provided we interpret a symmetric function as a formal power series in the variables p1,pa,...pn.

In the same vein we can easily show that

Flzﬁp

1

In particular; this shows that I'y acts as a differentiation on symmetric functions. This given, we

see that 3.34 is simply obtained by applying 6;}1_1 to both sides of 3.22.
Formulas 3.22 and 3.34 have remarkable specializations for ¢ = ¢. Indeed, setting

ale = TT0 A+ au(s)+ av(s)) 3.36

with
[mle = 1+q+- +q""

we can state

Theorem 3.3

= —_— 3.37

F.it,t) = fulhule 3.38
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Thus, equating coefficients of K, (y; ¢,t) we obtain

'y Hi(z;q,t) = ch(q,t)H,,(x;q,t). 3.28

Recalling 3.25 we see that we may rewrite 3.27 as

1

—— PJ[(1 - q)y;q. ] ea](1 —
- (1= @)y g, el —q)y

h, (1= )y; a, ] cun(g,t) - 3.29

Comparing with the Pieri rule 2.27 (ii’), for » = 1 and A, p¢ respectively replaced by p and v gives

h (gt _ hu(s) Ry(s)
(1 =) e (g,1) h,”(q ) = {Hsecu/u M) i LYK 3.30
u (2,1) 0 otherwise

Thus the sum in 3.28 runs only over partitions v that immediately precede p. Letting sy be the

square we must remove from p to obtain v, we see from the definition 2.20 that

h(q,t
00 _ (5) (s) . 3.31
hi(q,t) h’ (s) h’ (s)

SER,/u $€Cu/u

This is because h;(so)/hf,(so) = (1 — ¢) and for a square s not in the row or column of sy we must

have hj,(s) = hj,(s). Substituting this in 3.30 and extracting c,, we finally get for v — p

5 5

h’s hs ’
sEC

cl“/(q’t)

sER

wlv wlv

and our formula 3.22 then follows from 3.28.

This theorem has a very useful corollary. Note that the evaluation of our character p#(q,1)

at the 1dentity permutation gives the polynomial

3.32

id

Kl t) = p*g)
A

Note further that 3.16 gives also

> ",
hk id

and since p}, |iq should give the dimension of the bigraded component Hy, (M) of M, we see that

we may also write

Fu(g,t) = > q"t* dimHup(M,,) . 3.33
hk

In other words, the polynomial F,(¢q,t) may be viewed as the bigraded Hilbert series of M,,.

This given, Theorem 3.1 immediately yields
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where I'y 1s the operator on symmetric polynomials that is dual to multiplication by e;. In particular,

for y = x*, 3.19 specializes to

1S = sy = ZS,\ (AT =) 3.20

which (section IT1.3.) may be taken as the definition of T';. We also have observed (see IT1.2.39) that
3.19 that I'y, as an operation acting on symmetric polynomials in the variables zq,.. ., z,, satisfies
the 1dentity

T Qx,y) = Qz,y)er(y) - 3.21

This given, we have the following remarkable formula

Theorem 3.1
5 5
Z H h/ 5 h 5 . 322
v—l SGRH/V secu/y
Proof.
The identity
QXY= = Y Qulw;q,1) Palyi g, ) 3.23
I
(using 3.2) may be rewritten in the form
_ Pu(y;a,1)
1-t _ 14 s 4
I
3.18 then gives
Qa,y) = > Hulwiq, 1) Ku(yig,1) 3.24
I
where we have set
Ku(y;q,t) = Pu[Y(1—q)iq,t]/h,(q,1) - 3.25

From 3.21 we then get that

Z Ty Hy(e;q,0) Ku(y;0,0) = Y Ho(w;0,8) Ko (y30,1) ea(y) - 3.26

v

Setting, for a moment,

Ky ei(y) = Y Ku(yia,t) cu(a,t) 3.27
I

we then get

ST Hu(wiq, ) Ku(yia ) = YO0 cunlat) Ho(w;q,1) Ku(yiq,1)
u v

1
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The fact that K»,(¢,t) equals fy for all 4 simply suggests that a possible approach towards
proving the MPK conjecture should be to construct for each p a bigraded version of the left regular
representation of S, given by a module M, whose bigraded character p#(¢,t) has precisely the

expansion

Pt = Y XM Koaulgt) 3.14
A

More precisely, if
M, = @ Hhk(Mu)
hk

is the decomposition of M, into its bihomogeneous submodules and

ph. = char Hpp(M),) 3.15
then 3.14 should hold true with
ety = D "t 3.16
B,k

In particular this would yield not only that K,,(¢,?) is a polynomial in its arguments but it would
result that the coefficient

Kxu(q,t) = (X" phy ). 3.17
qhtk

gives the multiplicity of y* in the character of Hue(My).

Reversing this reasonning, we see that if K,(q,?) is a polynomial and the coefficients in 3.17
are non negative integers for all choices of A,k and k, then a bigraded module M, whose character
decomposes as in 3.14 must necessarily exist. The goal of this chapter is precisely the construction
of such a module. However, before we can do this we need to derive the various combinatorial and
representation theoretical properties that M, and its bigraded character p#(g,t) should possess in
order for 3.14 to hold true.

To this end we start by letting

Hy(w;q,t) = > Sa(x) Kaulg,t)

denote the Frobenius image of p#(¢,t). From 3.3 and 3.14 we then get that
Hy(z;q,t) = Ju[Xlth;q,t] . 3.18

Now it develops that this relation, combined with the Pieri rules (Theorem 2.6), yields us recursions

for the polynomials H),(x;¢,t) that will turn out to be crucial for our later developments.

To this end, recall from section IT1.3. (Proposition I11.3.11), that if y is an S,-character
then the relation between its Frobenius image and the Frobenius image of its restriction to Sp_1 is
given by the formula

FX|Sn_1 = I Fy 3.19
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Note that Macdonald states in [ ] that

liH%PM(x;q,t) = Su(z) . 34
q—>
So, 3.1 gives
;ilgju(x;q,t) = hu(t)Su(2) 35
where
hu(t) = JJ (@ —tFoFhey 3.6
SEN

For simplicity of notation we shall symbolically represent all these limit results as evaluation results.

So, for instance, we shall simply write 3.4 and 3.5 as

(a) Pula;t,t) = Su(z) ; (0)  Ju(wst,t) = hu(t)Su(x) . 3.7

This given, introducing the matrix K(q,t) = ||Kx.(q,t)|| we may write 3.3 in the form
(Ju(wiqt)) = (S[X(1—1)])K(q,1) 3.8

while 3.7 (b) can be written as
(Julzst,t)) = (S(x))h(t) 3.9

with h(t) = diag (h,(t)). Combining 3.8 and 3.9 with II1.1.26 we get
(p()) Txh(t) = (S()h(t) = (SIX(L-1)])K(tt) = (p(x))+p(l—1)x K(t,1)

and this gives that

1 1 1
———xh(t) = —xK(@,t) .
p(l—t)zx() zXX(’)
Multiplying this matrix equation on the left by y7 and using the character relations 111.1.29 we
finally get
1
K(t,t) = ' ———xh(t 1
(1) = x zp(1—t)X() 3.10
which may be rewritten in the more explicit form
1
K, ,tt) = X ———— x* At 3.11
N( ) Zp: P prp(l —t) P N( )
and so
-~ A 1 H
Ea(1,1) = xia — ¥ [T+ au(s)+1u(s) = fr 3.12
the last equality holding true via the hook formula
|
fu = = . 3.13

Lo (1 + au(s) +1u(s))
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where S(7) is the shaded area in the figure below

We see then that

H hy(s) (1—1t)--- (1 —tg" s+

! - _ _ gr—s+i

with

h/>\(5) i (1_qi+1)...(1_qr—s+2i)
861;[@) ha(s) (1 —tqi)--- (1 —tgr—s+2i-1) °

Multiplying these two expressions and carrying out the obvious cancellations we get

H hu(S) hg\(S) . (1 — t) cee (1 — tqi_l) (1 _ qr—s+i+1) . (1 _ qr—s+2i)
s€5(i) hiu(s) ha

o

Y (I=q)- - (1—¢) (1—tgr=s+i)... (1 —tgr—s+2-1)

as desired.

3. The Macdonald integral forms.

The branch of the theory of Macdonald polynomials which is most closely connected with
the theory of orbit harmonics is that which concerns the Macdonald integral forms. To see how this

comes about we need to review some definitions.

Macdonald in [ ] sets for given p,q,t:
Ju(x;q,t) = hu(q,t) Pu(x;q,t) . 3.1
Combining 2.19 and 2.17 we see that we also have

Ju(z;q,t) = h;(q,t)Qu(x;q,t). 3.2

This given, Macdonald writes

Ju(zig,t) = > SA[X(1—1)] Kau(q.t) 3.3
A

and conjectures that the coefficients K, ,(q¢,t) appearing in this expansion are polynomials in ¢,¢
with positive integer coefficients. We shall refer to this here and in the following as the MPK

conjecture.
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It is convenient to define for a partition A and any lattice square s:

ha(s) = { L= @t i s €2 2.25
1 otherwise
and similarly
B(s) = { 1 — gEHhG) i 5 ¢ A 9 96
1 otherwise

This given, the Pieri rules can be stated as follows

Theorem 2.6

() Puwg b=t = S ]

A UBEH, s€ECA L

CICNETIIRES = D D | 7 b e CAT

A/NEHT SGRA/;L

O Qe = S ] A3 RS e

A/ BEV, SERA “(

(i) Pu(wsg,)e(x) = > ] 2,18 ZZEz;PA(xS(]’t)

A/NGVT SEC"A/‘L

2.27

where AJp € H, means that A/p is a horizontal r-strip, Ay € V. means that A/p is a vertical
r-strip and
(1) Cxju denotes the set of lattice squares of X that are in the columns that intersect A/ p.
(ii) 71)\/# denotes the set of lattice squares of X that are in the rows of A/p but not in Cyy,,.
(1) Raju denotes the set of lattice squares of X that are in the rows that intersect A/ .
(ii’) CNA/M denotes the set of lattice squares of A that are in Cyyp, but not in Ryyy,.

We shall illustrate these identities by working out some examples that will be useful for us
in the following. We shall start with

Theorem 2.7
Forr > s

r—s+i+1) . (1 _ qr—s+2i)

0.0 = 3 U0 (o™ (-

: Qi 2.28
_ — gt —far—stty ... _ fr—s+2i—1 )
— (I—q)--(I-¢q) (1-tq ) (1—tq )

Proof.
Formula (ii) of 2.27 gives

(s) RA(s)
Qs Qr Z H h/ 5 A(S) Qs—i,r+i

1=0 s€5(%) H
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The proof of this result would take us too far out of the present context. So we shall have to
accept it here. For the same reasons we shall also have to refer the reader to [] for the proof of the so
called Pieri formulas governing the multiplication of Macdonald polynomials. Before we state them
here we should note that the Macdonald polynomials Py, Q) reduce to familiar symmetric functions

when A is specialized to be a simple row or as a simple column. Namely, we have

Theorem 2.5
() Pin(w;0,1) = en(2) (b) Qun(5q,1) = gisHEt 0ot e, ()
(a') Pl q,1) = o=y halX 1] () Qn(@iq,1) = hy[X 1]

Proof.

The identity in 2.18 (a) is an immediate consequence of the requirement 1.1 (a). Indeed,

since there is no partition that is strictly below 17 we must have that Vg,
Pin(z;9,t) = Sin(z) = en(®)

as desired. On the other hand, we can easily see from the duality theorem (formula 2.14 (b)) that
Qn(zit,q) = wP[X1=Lq,4] .

But this combined with 2.18 (a) immediately gives

—

Qn(x;t,q) = ha[X1F]
as desired.

To derive the remaining identities we use theorem 2.4 which yields

_ lalest)
dn(g,t) = B (0.0) 2.21
with
(@) halq,t) = (1=0)(1=tg)-(1—1g"7") 5 99
) hp(at) = L=g)(l=¢*)---(1-¢") .
and 2.17 gives 2.21 a). Similarly, we get
dl"(Qat) = hl"(Qat)/hlln(Qat) 223
with ,
hin(q,t) = (1—=t)(1—12). (1 ="
(@) hin(g,t) = (1—1)( ) ( ) -

(b) hinlg,) = (I=@)(1—gqt)--(1—qt"") .
and and 2.17 gives 2.21 b).
Q.E.D.



CHAPTER IV ORBIT HARMONICS Copyright Garsia-Haiman November 3, 1994 10

Proof.

Note that we can rewrite 111.1.33 for f, = téz in the form

QXY

1-1 _
=il = QXVEEL] = N P[X;q, ] Qu[4Y54.1] -
A

However, the homogeneity of @, then gives

Q[XYig] = Y P, 0) (M Qi t) - 2.16
A
Since
Qx(y;q,t) = da(g;t) Pa(y;t) 2.17

and { P(x;q,t) ) is by definition upper triangularily related to { S(x) ) we see that 2.16 implies that

Pi(z;q,t) is also the Macdonald basis relative to the scalar product { , Y11. In other words we

must have !
Pa(z;q.,t) = Pa(e;;,7) 2.18

as asserted. Moreover, 2.16 yields that {(%)p‘lQ)\(l‘; q,1)}» is dual to {Py(x; %, %)}A Thus
(HIMNQr(z;9,t) = Qulas %, 1)
Using 2.17 we then get
which finally gives
d)\(%a%) = (%)|>\| d)\(Qat) )

as desired.

For a given partition A and a given square in the Ferrers diagram of A it is customary to
let ax(s) and Ix(s) respectively denote the number of squares to the right of s and below s in the
Ferrers diagram of A drawn by the English convention. For this reason, ax(s) and {5(s) are usually

referred to as the arm and leg of s in A.

Macdonald shows in [ ] that the coefficients dx(¢,t) may be computed by the following

remarkable formulas

Theorem 2.4
h)\(Qat)
dr(q,t) = 2.19
M0 =
where
hA(q,t) — H(l_qax(s)tlx(s)+1); hg\(q,t) — H(l_qax(s)+1tlx(8)) . 2.20

SEA SEX
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Using 2.12 a), 2.3 and 2.13 a) we get
Qz,y) = w(S(x)

Applying (9% to both sides of this identity finally gives

Q%(x,y) = <®%wP(x;f)><> <P(Z‘/S%)>T

and this (by proposition I11.1.2) yields us that {G%WP(x;f)}o is the dual basis of {P(y; %)} But
this is another way of stating 2.2 (b).

To get 2.2 (a) we use 2.12 b) and 2.13 (b) and derive that

Pi(z;7) = NES) Oa(z;7) = da(f) OrwPu(z;f)
= OrwQu(z;f),

as desired.

Specializing theorem 2.1 to the case

we immediately obtain the corollary

Theorem 2.2

(Cl) PA(I’taQ) = WQA’[X%aQat]

() Qa(wst,q) = wPu[X1=L;q,1] 914
1

(C) d)\(taq) = d)\l(q t) .

There is another remarkable identity satisfied by the Macdonald polynomials which is an
immediate consequence of the definition, namely:

Theorem 2.3

(a) Pi(zig,3) = Palaiqt)
A
(b) Qulzig,7) = ;—MQx(x;q,t) 2.15
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with n = (¢67)~1. If n were dominance upper unitriangular the Macdonality of {fL} would be
immediate. However, the definition of 7 does give that it is dominance lower unitriangular. Tt
develops that this is easily fixed. Let w” and wY denote the operator w given in I11.1.21 as applied

to functions of x and y respectively.

Since wp,(x) = (—1)”_k(p)pp(x) (with k(p) = # parts of p) we see that
f -
wewy Q(x,y) = > po(w) Z_Pp(y)(—l)z He) = Qp(a,y) 2.9
- P

Now the relation wSy = Sy may be expressed in matrix form by setting
w{S(z)) = (Sx))o 2.10

where ¢ denotes the permutation matrix corresponding to conjugation of partitions. We may thus

write

(£.9) = wewy Qi(z,y) = (S@))ox " Fxo(SH))"
= (S(@@))ongn’ o (S(x))" .

1
f

XTHrx = ool ogol (ono)T
= 2.11
=7d7
where we have set
(@) 7 = onol
_ R 2.12
(b) d = o5 0 .
Note that the p, A entry in 7 1s simply given by
n o= Z Cupr Mp1p2 PAp2 = Mu'x -

P1,P2

Thus because 7 is dominance lower unitriangular we must have that 5, # 0 only if y' >p A’ or,
equivalently, only if u <p A. In other words 7 is dominance upper unitriangular. Thus 2.11 gives
that {f%} has the Macdonald property as desired, and in addition we must have that the bases
{Pxr(z; %)} and {Qa(x; %)} must be given by the formulas

(@) (Plx;)) = (S())7

_ _ 1 2.13
(b) @z, §) = dxPi(z, %) (dr=—) .

Now observe that the definition of 7 gives

Qz,y) = (S@))en" (ST .
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Theorem 2.1
If {fn} has the Macdonald property then so does {f%} and

(b) Qk(x,%) = O1wPy(z;f) 2.2

where O is the operator on symmetric functions defined by setting

O pa(x) = palz) fr .

Proof.
Note that 2.1 (1) may be written as

(P(z; f)) = (5(x))¢ 2.3

where & is a matrix which is dominance upper unitriangular. By this we mean that § = [|£,,|| with
&y #ZOonly if p <p A and €,, = 1. Clearly 2.1 (2) says that the basis {Qa(x; f)} is given by

Qx(z;f) = da(f) Palz; f) 2.4
with ]
S = 25

Note further that substituting I11.1.28 into IT1.1.31 (and using IT1.1.29) we get

Qp(e,y) = (Sa(@)x ' x(Saw))" . 2.6

Now, the duality of {Py(x; f)} and {@Qx(z; f)} combined with 2.3 and 2.4 yields

Qp(r,y) = {Pa(zi N} -{Qu(z: /)Y = (S(x))ede" (Sy))" .

Comparing with 2.6 we get
XTHxo= gdet 2.7

It is easy to see then that the Macdonald property for the sequence {f,} is simply the fact that the
matrix on the left of this identity may be factored as in the expression on the right with a matrix &

which is dominance upper unitriangular.

Now note that inverting both sides of 2.6 we deduce that

XX = g 2.8
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Proposition 1.2 yields us that the polynomial
Pa(wiq,t) = Za(64.) Sa(x)

satisfies 1.1 a). Next, we need to check that 1.1 b) holds true as well. To this end let {@Qx(z;¢,t)}
be the basis dual to {Px(x;¢,t)} with respect to the scalar product (, ),+ we see that 1.20 yields
that

D ol P50, 1) Quly; .t ZPA (250,1) 65 Qaly30,) -

A

We are thus forced to conclude that

6 (i t) = walg, 1) Qa(yig,t) -

Since the wy(g,t) are all distinct we deduce that for some coefficients dx(¢,t) we must have

Qx(x;q,t) = da(q,t)Pr(x;q,1)

which yields that

QXYL = D da(g,t) Palw;q,0) Palyi g, )
A

and thus we must have

(P, PuYys = 0 ifA#£p .

Finally, we observe that the uniqueness of the family {Py(z;¢,t)} is simply due to the fact
that 1.1 a) yields that Py(x;q¢,?) may be recursively computed by the Gramm-Schmidt orthogonal-
ization process applied to the basis {S\(z)} arranged in the lexicographically increasing order of

their partition indexing. This completes our proof.

2. Duality

It will be convenient to say that the sequence {f,} has the Macdonald property if there

exists a symmetric function basis {Px(x; f)} with the properties

(1) P f) = + Y Su(@)éun(f

H<pA
(2) (Pal; f), Pules f))y = 0 ifA#p . 2.1

If such is the case we shall let {Qx(x; f)} denote the basis dual to {Py(z; f)} with respect to the
scalar product { , ); defined in IIT 1.32.

This given, the basic duality theorem of Macdonald [ ] may be stated as follows:
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using this for m = Zz’gT A; and substituting in 1.17 we derive that

sup = Y M@ T1(-202) (o - a5 - )

TC[1,k] i¢T jET 20
[x 1= 1 (el - 1x] U
= — — z R —
ba zt t—1 t—1/].0
We can easily see that this reduces to 1.16 when P = py since
l—g¢
x— A =
P,\[ e palX]

5

Let 67, denote our original operator &, and 6;% be defined by 1.3 with the alphabet

X =x1+4+ x5+ -+ x, replaced by the alphabet Y =y +yo + - + yn.
The identity in 1.16 has the following immediate corollary:

Proposition 1.4 (Macdonald [ ])

o7, QXY =] = 60Xy =]

Proof.
Note that 1.16 gives
BOKYEE) e
Q[XY(%_;;)] t—1

Since we can write

o~ -0v:]

I
= >
3
|
-
|
&
s
0
5

We see that we may rewrite 1.18 as

80, QIXY =1 tn i [—(1 = )Y A [—(1 — £)X]
QXvYE] T 1+t_1n; '

1.18

1.19

Since the right hand side of this equation is invariant under the interchange of X and Y we must

conclude that
6qutQ[XY%T_;] = ¢ Q[XYﬁ]

as desired.

Proof of Theorem 1.1

1.20
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Proposition 1.2
The polynomials
Py(x5q,t) = Zx(044)5x AbEn

form a basis for the space of homogeneous polynomials of degree n. Moreover we have

a) P,\:S,\—i—ZS,\ Eunlg,t)
p<A
b) (qutP)\ = W)\P)\ 1.15

Proof.

Property a) is an immediate consequence of the stated properties of the matrix Z,(D).
Property b) follows from 1.14. The fact that they are a basis is an immediate consequence of a)
which implies that the matrix relating the P, 's to the S, ‘s is upper unitriangular and therefore

mvertible.

To derive further properties of the basis {Py(#;¢,%)}arn and for later purposes it will be

good to express the action of ¢, ; in A-ring notation.

Proposition 1.3

For any symmelric formal power series P[X], X = a1 + -+ + 2, we have

P " 1—g¢
§,,P = — PlX - Qt—1)X
ot [ [ tz ]K )X7]

Proof.

Clearly 1t is sufficient to show 1.16 for the power symmetric function basis. Let then P =

DrysPrsy---5Dr, - From the definition and 1.2 we then get that

k
bpapr = ZHW;S_‘;Z TT (o5, () + (6 — D)

s=1 i=1 j=1
= > IIeu@ II(=pr,(1 =) er”%;i;mM. 1.17
TC[1,k] i¢gT JeET s=11i=1

Now, the partial fraction expansion

1 -1 &K te, — x; 1
_ _ m s — &
Qt-1)Xz] = m i E | | " 1o

trsz
s=1:=1

yields us that

n

ST
=1:i=1

Z%(m@—DXﬂtﬁl_Z%T)z
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this gives that the coeflicient of S, in 1.7 vanishes if ¢ £ A. Moreover, if 4 = A, then all the
inequalities in 1.8 must be equalities and this forces o = id which gives p = u. In other words we

must have

Z ex(p)wp(g,t) = walg,t) .

Alp)=A

Thus the identity in 1.5 must hold true as asserted. Setting for a moment

Z/\(p):/\ eu(p)wplg,t) for p <A
T 1.9
0 otherwise
and letting w = ||w,,|| we may rewrite 1.5 in the form
Spe{m(z)) = (S(x))w 1.10

where {m ) and (.S) denote respectively the monomial and Schur bases written in the lexicographic
order of their partition index. Letting K = ||K .|| denote the customary Kostka matrix, we may

rewrite 1.10 in the form

5(S(r)) = (S(@))wKT .

This means that the matrix D) of the operator ¢, ; in terms of the Schur basis may be expressed as
D = wKT . 111

Since K7 is upper unitriangular, we see from 1.5 that D is upper triangular with the same diagonal

elements as w. In other words we may write DD in the form
D = diag (wx(g, 1)+ U | 1.12

with U a strictly upper triangular matrix. Note that for generic ¢, we can have

n n

(.d)\(q,t) — Ztn—sq)\s — Ztn—squs

s=1 s=1
only if A = u. Dropping for a moment the dependence in ¢ and ¢ we see that the matrix

N D—w, I

1.13
(wx _""u)

Z\D) = H

1

(with 7T the identity matrix) is well defined and upper triangular. Moreover, 1.12 yields that,the
diagonal element of 7, (D) that is in position A is equal to one and all the other diagonal elements

are equal to zero. Finally, a standard argument which is easily put together shows that
DZy\(D) = waZa(D) . 1.14

These properties of Z(D) may be translated into the following basic proposition
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For a given vector p = (p1,p2,...,pn) let us set

n
wp(q,t) — Ztn—sqps )
s=1

We have the following remarkable identity:

Proposition 1.1 (Macdonald [ ])

bgemy = walq, t)Sy+ Z Sy Z eu(p) wp(q,t) 15
<A Alp)=Ax
where an (o) i
_ sign (¢) ifp,, +n—0y =p; +n—1, 16
u(p) 0 otherwise ’

and A(p) = X means that p may be rearranged to A.

Proof.

The monomial symmetric function my(x) may be written in the form

my(z) = Z 2 = Z x§”1x§”2~~xﬁ”" VYo €5, .
Alp)=A Alp)=A

Thus using 1.4 we get

n

1 +n— - -
6 + My = —_— (o)t pasl‘pal T '$€US+” T 'l‘%yn-l—n o
g, A( ) q 1
xr
)\(p):)\ s=1o0€S8,

wpl(gq,t i
- (@) o arrtni)) |

Ao @)

Now it is well known [ ] and easy to prove that

+ —a . .
det |27’ nJH _ {E(O')Su if po, +n—0; =p; +n—j,
det ||z} 77| 0 otherwise.

This gives that
Sgemy = ZSu(l‘) Z eu(p)wplq,t) . 1.7
1

Alp)=Ax

Note that if for some ¢ € Sy,  po;, +n—0j = p; +n—jthen for i =1,...,n we have

MAAad N+l +24 i po, 4 Pry+ FPo L+ 24 i
=prtpst-Fpp o toat+ oy
>prtpet+o 1 +24 41 1.8
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CHAPTER 1V.

Orbits and Kostka-Macdonald coefficients.

1. The Macdonald polynomials.

The scalar product { , ) corresponding to the sequence

1—-1¢"
fn = 1 n
—4q

will here and after be denoted by { , },:. In this section we shall review the proof of the following

fundamental result of Macdonald.

Theorem 1.1
For each partition A, and generic q,t there exists a unique family of polynomials { Px(x;q,1)}x
such that
a) Py=5Sx+ Y Suéumlat)
<A
b) (Py, Pu)g: = 0 for A#up 1.1
We shall derive this from a sequence of auxiliary results which represent the bare minimum
necessary to carry through Macdonald’s original argument. Since our goal here is to review the
background needed for our understanding the material which follows, we shall have to refer the
reader to the original manuscript for the more extensive and complete treatment. We shall start by

reviewing some notation.

For agiven 1 < s < nlet Tq(s) be the operation on formal power series in (21, ..., 2, ) defined
by setting
T(](S)P(xl,...,xn) = P(w1,...,25¢,...,2n) .

Note that in A-ring notation

TS PIX] = P[X +(¢-Da,] . 1.2
This given, let us set
- u trs — x;
8P = () 22 pp 1.3
or = SR
Note that, if A(z) = H1<i<j<n(xi — ;) is the Vandermonde determinant, we can also write
LS~ (o) ;
80P = NG > (n A(m)) TP 1.4

s=1



