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CHAPTER III.

Orbits and Kostka-Foulkes polynomials

1. Review of A-ring notation.

In the next two sections we shall have to review a number of identities for symmetric
functions.* Our presentation will be greatly simplified if we make use of a formalism which has
come to be referred to as ” A\-ring” notation. To make our treatment self-contained, we shall give
here a brief informal review of the basic constructs. The reader is referred to [ ] for a more formal
and rigorous approach.

Our main need is to be able to represent in a convenient and helpful way the operation of
substitution of a symmetric function @ into a symmetric function P. We shall denote here the
result of this operation by the symbol P[Q] to make sure that we remember what goes in and what
stays out. This operation will be restricted here to formal series @ with integer coefficients. Clearly
we can represent such a @ in the form

Q = Q" -Q
where
Qt = >
xPeEM*

where M+ and M~ are two multisets sets of monomials. For instance, if
Q = 3alyy + 2110w — 2x2y§ — 3y§

then + 2 2 2
M™ = {x7y2, 21y, ¥1Y2, L1223, T1 X223}

M~ = {xay3, 2293, 93,43, v3) -
When @~ = 0 then P[Q] has a very natural definition. Indeed, if

M*T = {my,ma,...,mn}

then P[Q] is the polynomial obtained by substituting the monomials of M for the variables of P.
More precisely we first write P as a polynomial in NV variables

P = P[ylayQa"'7yN]

* Here and in the following a function means a formal power series in particular it also means

a polynomial in the given variables
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then let
P[Q] = P(yhyQa"'vyN) 1.1

Yi=m;
We can easily see from this that if P and @ are both symmetric in the variables x1,xs,..., %y,
then P[Q] will also be symmetric, moreover P[Q] will be homogeneous of degree p - ¢ if P and @
themselves are homogeneous of degree p and ¢ respectively.

Note that when P is the power symmetric function ps then 1.1 reduces to
N
ps[@ = > (mi)* . 1.2
i=1

From this we easily deduce the two basic properties

(1) ps[@1 4+ Q2] = ps[@Q1] + ps[Q2]
(”) ps[QlQﬂ = ps[Ql}ps[Qﬂ . 1.3

The idea is then to use these properties as the starting point for extending the definition of P[Q] to
the general case.

In other words we shall simply let our definition be a consequence of the requirement that
1.3 (i) and (ii) be valid in full generability. In particular, (i) forces

ps[o] =0 and ps[_Q_} = _ps[Q_] .
Thus we must take
psQT = Q7] = ps[QF] —ps[Q7] 1.4
This given, the evaluation of P[Q] can be routinely carried out by expanding P in terms of the

power symmetric function basis and then using 1.4.

It is best to illustrate all this with a few examples we shall need in the sequel. For instance,
let us see what we get if P = h,, and Q = (1 —¢)X with X = z; + 22+ - - + 2,,. Now the expansion
of the homogeneous symmetric function h,, in terms of the power basis may be written as

hn = Y Do/ 1.5

pkEn
with
Zp = 1M12m23"3 . omylmalmg! ... (if p=1"2m23ms ) .
Thus, 1.4 gives
p[1=t)X] = (1-1)) a},
i=1
and we must have
h[(L—8)X] = ZMHU*M- L6

z
pkEn P
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Interpreting X/(1 — ¢) as the formal power series

we are, in the same manner, led to the expansion

po(T1,. .., Tp) 1
Z ’ ]Jl—qu

pkEn

1.7

In our operation we need not restrict P itself to be a polynomial. For instance it is customary to let

Q denote the basic symmetric function kernel

Qz1,. .y xm) = Hl—l

i=1

Note that since we may write

Q = Zhn = ZZZ)—:: = eXP{Zéps}
p

n>0 s>1

then a simple calculation based on 1.4 leads to the direct formula

o -1 = [ ;= I a-m.

meM+ meM—

Thus we can easily see that we must have for X =z1 4+ a2+ -+, Y =9y1 +y2+ -

Q[1-1)X Y] HH L= oy

1=17=1 1- LilYj
The later is usually referred to as the Hall-Littlewood kernel.

Allowing both P and @ to be formal power series, the Macdonald kernel [ |

Qe = T[T -2t

i k>0 1- xzyjq
may then simply be written in the form
Qu = Q[i=EXY] .

We should also note that 1.3 (ii) allows us to extend the identity

Q(l‘,y) = H ZSA )

1—z;y;

1.8

1.9

+yn

1.10

1.11

1.12
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to

Z Sx[P] SA[Q) 1.13
)

which we shall here and after refer to as the general Cauchy Identity.

In particular, we also have

Z SA[P] SA[Q]

AFn

Thus setting P = X and Q = 1%(1 we deduce that
> Sa@) Si[g] -
AEn

To complete our calculation we use the identity 1.3.12

o(T)
q
Si] = Slad ..l = > 5 — .
I restoy DA —¢?) - (1—q")
which gives
i) = YHe Y oty
fyems restoy 100 —a2)-(1-q")

Let us recall that the Frobenius isomorphism F' between the center of the algebra of S,, and
the space SY (n) of homogeneous symmetric polynomials of degree n is given by the formula

p Z 7) PA(o) (@) 1.15
og€eS,

with
o) = 1m@)gma(0) . pma(o) 1.16

where m;(o) denotes the number of cycles of length ¢ in the cycle factorization of o. Denoting by
X, the value of x at the permutations with cycle structure p, 1.15 may also be written as

ZXP

pkn

1.17

It is well known [ ] that F maps the irreducible character x* into the Schur function Sy. That is,

1
=2 X O pae) = DX P/ - 1.18
p

oESy,

we have

Thus the Frobenius image of the g-character in 1.3.10 has the Schur function expansion

ZSA )Sa() -
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Comparing with 1.14 we see that we may now write

FxX® = ha[75] 1.19

In the same vein we can rewrite formula I1.5.8 as
Fxfon = (1-q)(1-¢*)---(1-¢") ha(s;) - 1.20

Let us recall that the space SY of symmetric formal power series in an infinite number of variables
has an involution w given by setting
wh, = e, 1.21

and it is well known that
wSy = Sy . 1.22

This involution has a remarkably simple expression in A-ring notation. Namely, we have

Proposition 1.1
If P is a homogeneous symmetric function of degree n then for all Q we have

(WP = (-)"P[-Q] . 1.23

Proof.
It is sufficient to verify this for the power symmetric function basis. Now since 1.21 implies
that

wQX] = J[0+a) .

zeX

we see that we must have

wew(Zéps[X]) = eXP(Z %mm) -

s>1

Thus we must necessarily have
wpslX] = (~1)"'ps(e) = (=1)°ps[-X] .
This shows 1.23 for P = p,. The result for

P =p, = pri p=(p1,p2,---,pK) 1
[

then follows from 1.4 (ii).
Q. E. D.
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For simplicity it is best to carry out some of our computations in matrix notation. To this
end all our matrices are assumed to have entries a), indexed by partitions A = (A > Ay > --+),
w=(pu1 > pg > ---) arranged in lexicographic order. This given the relation 1.18

Sy = Zxﬁpu/zu 1.25
m

yielding the connection between the Schur and power symmetric function bases, will be written in
the form

(S(x)) = (plx))ix 1.26

where ( S(x) ) and ( p(x) ) respectively denote the bases {Sy(z)} and {px(z)} written as row vectors
in the lexicographic order of their partition index, z denotes the diagonal matrix with entries z,
and x = |[xp| is the matrix which at the intersection of row y with column A has the value of the
irreducible character x* at permutations with cycle structure . By contrast the reverse expansion

Pu = Y SNXh 1.27
A

will then have to be written in the form

(p(x)) = (S@))x" . 1.28

Here the superscript ”T” denotes transposition. In particular by combining 1.26 with 1.28 we obtain
the character relations

X"ix = xx"t = 1. 1.29

For a given sequence { f,, }n>0 (with f,, # 0 Vn) set

fP = fPlfP2 ka

and let f denote the diagonal matrix whose entries are the f,’s. In this vein, the kernel

f,
Qly) = Y p(@)pply) 1.30
P P
may be written in the form
f
Q(z,y) = (p(@)) > (p)" - 1.31
The kernel defined by 1.30 is associated with the scalar product ( , ); defined by setting
7 ifp=p2=p,
<pp1’pp2 >f = 1.32
0  otherwise.

The following fact is basic in the present developments
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Proposition 1.2
The bases {Px(x; )}, {Qa(z; )} are dual with respect to the scalar product ( , )y if and

only if

Qp(z,y) = > Pl ) Qaly; f) 1.33
A
Proof.
The defining relation in 1.32 may be written in matrix notation in the form
(p())T s (o)) = 5 1.34
where the symbol ”-;” denotes the operation of taking the scalar product ( , );. This given, if
(Pla:f)) = (p))A and (Q(:f))=(p(x))B 1.35

give the expansions of the bases {Py(z; f)} and {Qx(x; f)} in terms of the power symmetric function
basis {px(z)}, then the duality of {Py(z; f)} and {@Qx(z; f)} can be expressed in the form
z
(P )T (Qf)) = AT}B = 1. 1.36
On the other hand the identity in 1.33 simply says that

(p(x)) = (pw))" = (P f))(Qy: /)" 1.37

But this holds true if and only if
fo_ oapr
z

which is easily seen to be equivalent to 1.36.

2. Review of Hall-Littlewood polynomials.

Let X,, = {z1,22,...,2,} and Zy = {21, 22,..., 2} be two alphabets. Our starting point

is the formula
1-— Zj/ZZ'

e - 0%z

1, 2.1

K1
1R

QM[XH; t] = H
1<i<j<k
which we take as definition of the Hall-Littlewood polynomial Q),,[X,;t]. Otherwise we shall use the
same notation as in the previous section. In particular our next ingredient is the Hall-Littlewood
scalar product (, )¢. This is the special case f, = 1/p,[1 — t] of 1.32. That is we set for the power

symmetric function basis:

{O ifpu#v, 9.9

<p;up1/ >t Zu/pu[l—t] lf/.LZI/
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Our goal in this section is to show that the family of polynomials {Q,[X;t]}, is orthogonal with

respect to the scalar product (, );. We shall also determine the norm (Q,,Q, ): and derive a

number of identities that will be of crucial use in the developments of the next section.

All of this can be carried out quite easily by means of the following basic recursion.

Theorem 2.1
For any partition p = (p1 > po > -+ > pig)
n n
QM1,<..,uk [Xn;t] = 1 _t Z H (S) T #1 Quz, Lk [Xn — $s§t]

s=1 i=1

where the superscript (s) is to indicate that, in the product, i is not to take the value s

Proof
The defining formula may be rewritten as
1— Zj/Zl
Quaeeer [ Xnst] = H T t2)2 Q1 —t)Xnz1] | REST Zh2. gk
1<j<k J
where ) /
— Zj/Zi
REST = ——— Q1 -t X, (Zy — .
1 =2 ol = 0%z — =)
2<i<j<k
Setting for a moment
1—2zx m
H 1—tz;x - Z em(t) @
1<j<k m>0

and using the partial fraction expansion

QA -t)X,2] = " + 1-1) Y H(S)w

Ts—x; 1—x2

formula 2.4 becomes

- nn(ﬁs‘z em)y 1
QulXnit] = (1—-1) ZH (Z o )T am 2 REST | pa

s=1 i=1 Li m>0

and this is equivalent to

n n

o) Ts —tx; m
Q#[Xn,t] = (]. —t) Z H ( )m (Z Cm(t)l's +M1) REST zf;zmz:k .

s=1 i=1 K

m>0
Making the substitution x = x5 in 2.6 gives (using 2.5)

n n

s_ 1 1- jLs
QX = (-0 J[OE=ar [T {522

s=1 i=1 v 1<j<k

-+ L 1-
2<i<j<k

223
k

I 2ol - 0%,z a) L.

z

M
k

2.3

24

2.5

2.6
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However we can carry out the cancellations

T 2225 01— 0Xau(Ze—21)] = QU1 —t)(Xn —2:)(Zk — 21)

- 1—tzjz,
1<j<k
and obtain
o 1 SSTT %
QlXust] = (-1 3 [] 5=
s=1 1=1
) / 2.7
— Zj Zi
x H Ttz QI =) (Xn —23)(Zk — 21)] |2
2<i<j<k

Using 2.1 with u specialized to the partition p* = (ua,...,ux), we can easily see that 2.7 is but
another way of writing 2.4.

Another result interesting in its own right may be stated as follows.

Theorem 2.2
For any symmetric polynomial R[X,] and any partition p = (p1 > po > -+ > pg) we have

1—2z/z
(R,Qu) = Rzl ] #/M 2.8

1—tz;/z; =
1<i<j<k il

Proof
From the definition 2.1 we get (using the linerity of the scalar product)

1— Zj/Zi
<Ra Qu >t = <R[Xn] s Q[(l — t)XnZk] >t H 1=tz th/Zi ‘Z;ﬂ,,,ZZk . 2.9
1<i<j<k

On the other hand the definition of ( , ); yields that for any power symmetric function p, =
Duy - - Py, We have

(pulXa], QU1 - )X,y = 3 PelBlpll=t ez

z
P p

Making use of this in 2.9 (for R = p,,) yields

_ 1-— Zj/Zi
(Pus Qult = pulZ] H =t/ [EETT
1<i<j<k

This verifies the identity 2.8 for the power basis. Thus it must hold true for all symmetric functions
as desired.

We are now in a position to prove the orthogonality result.
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Theorem 2.3

For any two partitions A and p we have

_ 0 ifAF# 1

< Q)\ s Qu >t - { H?:l(t)"nt Zf)\ =p= 1m19m2 ... pMn O 2.10

where for any integer m we set (t),, = (1 —)(1 —t2)--- (1 —t™).

Proof

It is not difficult to see that only monomials of degree 1 + po + - - - + px can come out of the
the right hand side of 2.1. That means that Q,[X,,;t] will necessarily be a homogeneous symmetric
polynomial of that degree. Thus the orthogonality of @y and @, when A and pu are partitions of
different integers is trivial. We may assume that A\ and p are both partitions of n. Clearly, formula
2.1 is not affected if we add a number of zero parts to a partition. Thus we shall set

A=A 2>2X 2> 20,20) , p=(1>p2> > p, >0) . 2.11
It is also convenient to let
A= (A, Azy e An), 15 = (2, 3y ooy fhn) -
Clearly by the symmetry of the scalar product we can also assume that
AL > 2.12

Under these conventions we shall show that

0 if A1 > 1
<Q>\ , Q,u >t { (t)m<Q>\* , QN* >t if A\ =

where m denotes the multiplicity of A\; in A. This given, 2.10 will immediately follow by induction

2.13

on n, (the theorem is trivially true for n = 0).
Now, it develops that 2.13 is a simple consequence of the identities 2.3 and 2.8. In fact,
using 2.8 we can write

(Qx, Quie = Az ] - %/ZZI . 2.14

Ll 1 —tz/z
1<i<j<n

on the other hand 2.3 with p replaced by A and the z}s by the z[s gives

o zs— 1 1—2:/2
(QnQuie==0) Y T[T 2 QulZa—zat] ] 1=z/E win . 215

1—tz;/z; &
s=11i=1 1<i<j<n 3/ ¢
Note that we can write
n
H S) Zs — Zi—2Zj  Zs—tx Zs —tzs_1
i Zi — tz; Zs — % Zs — Zg_
=1 Zi 1<i<j<n 7 J s 1 s s—1
21 — Rs Zs—1 — Zs H (S
21 — tzs Zs_1 — tzs i — tzj

1<i<j<n
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where the superscript (s) in the last product is to indicate that neither ¢ nor j are to take the value
s. Carrying out the cancellations we get

tzl — Zs t2571 — Zs H (5 Zi

21 — tzg Zs—1 — tzg — tz]

1<i<j<n

and substituting in 2.15 gives

n s—1
tz; — 2 Zi — %
(Qx, Qu)r = (1-1) 2 Qe lZn - 2at] ] (5)1_415”“ -
s=1 i=1 1<i<j<n
Taking first the coefficient of z#¢ in the s!* summand reduces this to
tz; — 2s (5
<Q)\7Qu>t = 1_t ZHZ—tZ |;‘> A1 Q/\*[Zn_zs§t] H —tZ ‘z“/z"g .
7 S

s=1 =1 1<i<j<n

This clearly evaluates to zero if A\; > u1. On the other hand, when \; = p; we see that the first

th

factor in the st summand evaluates to ¢3! if u, = A; and yields zero if p, < A;. This implies that

U o Zi — Zj
<Q)\7 Qp>t = (1_t) Zté 1Q)\*[Zn_zs§t] H () J |Zu/zg‘s .
s=1

1<i<j<n

Making a further use of 2.9, we get that when \; =

(@0 Q) = (=0 (3 #7) (@ Q)

This establishes 2.13 as desired.

This theorem has the following immediate corollary:

Theorem 2.4
For p=1"2m2...n"Mn get

d,(t) = ﬁ ()om, 2.16

i=1
and let 1
P,[X,;t] = Q[ Xn;t] . 2.17
#[ ] du(t) #[ ]
Then
Q1 - )XYl = > QuXnit]Pu[Yn;t] 2.18
n

Proof
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Formula 2.10 simply says that the family {P,[X,;t]}, defined by 2.16 and 2.17 is dual to
{Qu[Xn; 1]}, with respect to the scalar product ( , );. Thus the identity in 2.18 is an immediate
consequence of proposition 1.2 for the case f, = 1/p,[1 —t].

Note that the family of polynomials {Sx\[(1 — )X}, is also a basis for the symmetric
functions in n variables. In fact, from 1.18 we derive the expansion

Si1-1)X Z Xp Dol Xnlpp[l —t]/2, , 2.19

and the assertion follows from the invertibility of the character matrix x = HX Il

Remark 2.1

More generally we can easily see that if {Qx[X,]}x is a symmetric function basis so must
be the family {Q[(1 — t)X,]}x. This is due to the simple reason that the matrix expressing
{QA[(1 — t)X,]}a in terms of the power basis differs from that expressing {Qx[X,]}x only by pre-
multiplication by the invertible diagonal matrix with elements p,[1 — ¢t].

We must therefore have an expansion of the form

W[ X 1] Z Sal(1 — 1) X,,] Kau(t) 2.20

In view of the definitions 2.1 and 2.19 all we can say about the coefficients Ky, (t) is that they
are rational functions of ¢t. However, it is well known that they are indeed polynomials with non
negative integer coeflicients. This result was originally a consequence of deep developments in
algebraic geometry (see []). It was also proved by Lascoux-Schiitzenberger ([],[] and []) who showed
that the coefficients of K, (t) count certain column strict tableau of shape A and content p. Just
the same, their proof, though elementary, is considerably intricate and only accessible to a handful
of experts in the combinatorics of the Robinson-Schensted correspondence. An elementary and
reasonably accessible representation theoretical proof was recently given in []. In the next section
we shall show how the latter proof is related to the theory of orbit harmonics. But before we can
do this we need to establish some further identities.

To this end it is convenient to set
H,[Xnit] = Qu[Xz/(1—1);1] 2.21
In view of the defining formula 2.1 we see that this is equivalent to setting

1—2;/%
Hp[Xn§t] = H W Q[XnZk] ‘Zi‘l”.z;;‘k . 2.22
1<i<j<k E

This yields us the following remarkable fact
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Theorem 2.5
The coefficients K»,,(t) are polynomials which are different from zero if and only if A > p.
Moreover we have

Hu[Xp;t] = Y Sa[Xa] Kau(t) 2.23
A>p
with
a) Kyu(t) |i=1 = Kz, b) Kut)=1 2.24

the latter denoting the classical Kostka coefficients yielding the expansion

hu[Xn] = Z S,\[Xn] K>\M 2.25
A>p

of the homogeneous basis in terms of the Schur basis

Proof

Note that we may write

1—2/z cp(t)
— 2.26
H 1-— th/Zi Z 2P

1<i<j<k P

where the coeflicients ¢, (t) are polynomials in ¢ and the exponent vectors p are all of the form

p = Z Pi,j(e(i) _ e(j))

1<i<j<k
where e, e(®) . e are the unit coordinate vectors of k-dimensional space and the Di,j are non-
negative integers. Using this fact, we see that 2.22 breaks up into a finite sum of terms of the
form
cp(t) QUXnZk] |sn+r 2.27
Since for a given integer vector ¢ = (g1, 2, ..., qx) we have

X0 Z4] e = { R, [Xnlhgs [Xn] -+ - heo [Xn] if all ¢; > 0 and
0 otherwise

we see that the coefficient in 2.27 evaluates either to zero or to a homogeneous basis element h,
indexed by a partition » which dominates p. From the classical expansion 2.25 we then easily deduce
that H,[X,;t] must be linear combinations with polynomial coefficients of Schur functions Sx[X,]
indexed by partitions A which dominate p. This shows the first assertion of the theorem and 2.23
is then given by 2.20. Moreover, we see that the right hand side of defining formula 2.22, for ¢t =1,
reduces to

QX Zi] | o = [ X

"z

and thus 2.24 a) is an immediate consequence of 2.25. This also shows that K,,(¢) cannot be
vanishing identically when A > p. Finally we see from 2.25 that the only summand 2.27 that
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contains a term in S, [X,] is the one which produces h,. But this can only be gotten for p = 0. This
yields 2.24 b) and our proof is now complete.

It will be good to keep in mind also the following identities.

Theorem 2.6
The bases {H,[Xn;t]}, and {P,[X,;t]}, are dual with respect to the customary Hall scalar
product, that is

X Yol = D Hu[Xn;t] PV t] 2.28
“w
in particular we must have
SaXn] = Y Kxu(t) Pu[Xpst] 2.29
nEA

Proof

The first of these identities is simply obtained by replacing X,, by X,,/(1 —t) in 2.18 and
using the definition 2.21. The second is obtained by eliminating H,,[X,,;t] from 2.28 by means of
2.23 obtaining

QXY = > SaX,] (Z Ku(t) PN[Yn;t])
A

n<A

then equating coefficients of S\[X,,] on the right hand sides of this identity and the classical Cauchy

formula

QXY = > Sa[Xn]SA[Ya]

A>p

Formulas 2.23 and 2.28 yield us two important special cases.

Theorem 2.7

a) Hn[Xpit] = ho[Xy]
2.30
b) HinlXait] = (1=H)(1— ) (1= t")en[Xo/(1—1)]
Proof

The first of these identities is an immediate consequence of 2.23. Indeed, since there is no
partition that stricly dominates the "one row” partition (n), 2.23 reduces to

Hn[Xm t] = Sp [Xn]Knn(t)

and 2.30 a) follows then from 2.24 b) and the equality of S,,[X,,] and h,[X,,]. For the second identity,
we use 2.29 for A = 1™. Here, since there is no partition that is strictly below 1" in dominance, we

end up with
Sln [X'IL] = Klnln (t)Pln [Xn, t} .
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Using 2.16, 2.17 and 2.24 b) we then get that

QulXot] = TI0 ) PelXos] = TJ0 -9 SulX,]

i=1 i=1

and and 2.30 b) then follows from the equality of Si»[X,] and the elementary symmetric function
en[Xn]-

To proceed further, we need a A-ring reformulation of the identity in 2.22. This may be
stated as follows

Proposition 2.1
For a given variable z and symmetric polynomial P[X,] set

H(z) P[X,] = Q[X,z] P[X, -], 2.31
and let H,, be the linear operator on symmetric polynomials defined by setting
H,, P[X,] = H(z) P[X,] |.m . 2.32

Then7 fO’I",LL = (/1‘17#27' .. 7/*Lk)
Hy[Xn:t] = H,H,,-—-H, 1 2.33

Proof
Note that applying H(z3) and H(z1) in succession we get

H(z1)H(z) P[X,] = H(z1) Q[X,2] P[X, — =t]

22

= Q[X"LZl]Q[(XTL - 12_7)22] P[Xn - =t 5]

Z1 z2

Using the multiplicativity property of the kernel 2 we can rewrite this as

H(z1)H(z) P[X,)] = Q[X,Zs) =22 P[X,, — 1=t - 1=t] 2.34

lftzz/zl

An easy induction argument then yields that

H(z1)H(z) - H(z) P[X,] = QX 2] [ 15202 P[X, -t -t - 1t)

1—tz; /21
1<i<j<k

In particular, for P =1 we get

H(z)H(z) - H(z) 1 = QX2 ][] fj&ﬁ .
1<i<j<k

Equating the coefficients of z* on both sides of this identity, we see that formula 2.33 is just another

way of writing 2.22.
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The operators H,, satisfy remarkable commutativity relations, for our purposes we need
only the followin basic ones.

Proposition 2.2
For all m > 1 we have
H,_H, = tH,H,,_; 2.35

Proof
From 2.34 we easily derive that

(290 —tz1)H(22)H(21) + (21 —tz2)H(21)H(22) = 0,
and formula 2.35 follows immediately by taking the coefficient of z{"23".

Remark 2.2
We should note that formula 2.33 enables us to extend the definition of H,[X;t] to the case
in which g is only a composition. That is, when its parts are not necessarily weakly decreasing.

For technical and combinatorial reasons it is more convenient to work with the modified
versions H,,[X,;t] and K,(t) obtained by setting

a) H[Xp;t] = Hy[Xn;1/t"W  and b) Ky (t) = Ky, (1/6)"H 2.36

where for a partition g = (u; > pg > -+ > ) we set

k
n(p) = Y (i—1u 2.37
i=1
Our final goal in this section is to derive a number of basic recursions which completely characterize
the coefficients K an(t). These recursions are in a sense dual to the classical Pieri rules that can be
found in []. They are best expressed in terms of the operator I'y» which is the Hall inner product
adjoint of multiplication by ey[X,]. To be precise, we can define I';x in terms of its action on the

Schur function basis by setting

Using the self-duality of the Schur basis with respect to the Hall inner product, it easy to derive
that the definition 2.38 is equivalent to the identity

T Q[X,Y,] = QX,Y,] ex[Ys] 2.39
where for a moment we let I';, represent I';» when it acts on polynomials in the variables x1, 2, ..., Zy.

Let us still use the english convention for the partition p but change the last index to the
height of pu. More precisely,

o= (g1 > p2 > > ppgy >0) .
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For a given set of indices
I = {1<ii<ig<--<ig<h(p} ,

let p(u,I) denote the composition obtained from p upon decreasing by one each of the parts
Wiy Mgy -« - i, and let ) denote the partition obtained by rearranging p(p, I) back again into
a partition. Under these conventions, we have the following remarkable identity.

Theorem 2.7
For any 1 < k < h(u) we have

Tyx Hy[Xnit] = Z gL i (X ] 2.40
1<ty <ip<-+-<ip <h(p)

Proof
Our identity is an immediate consequence of the following beautiful commuting properties
of the operators I'yx and H,,,. Namely,

'vH,, = H,I'ivx + Hyp—1le-1 . 2.41

To prove this we resort to a generating function argument. We set I'(z) = > _(—)*T¥, and note
that 2.39 gives

M(2) QX Y] = QXYY (—o)f elYa] = QXY )00aY,] = Q[X, —)Y,] .
k

This implies that for any symmetric polynomial P[X,,] we must have
I(z) P[X,] = P[X,—1] . 2.42
Thus, using the defining relation 2.31, we deduce that

H(2)['(2) P[X,] = Q[X,Y,|P[X, —z— =]

z

as well as

I(z)H(2) P[X,] = Q[(Xn —2)Y,|P[X, —2— ] = (1-22)Q[X,Y,|P[X, —z— 1t

z

In other words
P@)H(z) = (1—a22)H()@) |,

and 2.41 follows by equating coefficients of the monomial t*2™. This given, we see that we must
have
rv«H,H,,---H, 1 = H,I':H,,---H, 1 + H, I'\v-nH,,---H,, 1,

and an obvious induction argument, based on the fact that I';=1 = 0, (when s > 1 ) immediately
yields that
R D R > Hpu) [ Xnit] 2.43

1<y <o < <ip<h(u)
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where the meaning of H,(, 1)[Xn;t] is as indicated in Remark 2.2. To obtain 2.40 we first rearrange
p(p, I) to a partition using the commutativity property in 2.35 then get the relation involving the

H, 's, by means of the identities
H,[Xn;t] = Hu[X,;1/8 "0 2.44
Now the first step changes 2.43 to the form

Ty H, (X5t = > D H o (X t] 2.45
1<iy <ig<---<ip<h(u)

and the second step reduces this to

Ty Hy[X,: 1] = 3 6D o [ X ] 2007w 2.46

1§i1<i2<"'<ik§h(u)

We will evaluate the expression — f (1, I) +n(u) —n(u!)) by separately working out the contribution
of each vertical segment of the diagram of p. Let the indices j; < -+ < jo < j; indicate here
the successive heights of the squares that are removed from that portion to obtain the diagram of
p(p, I). Let the index h denote the height of the outer corner square of the diagram of p which lies
in that particular portion. This given, we see that to pass from p(y,I) to p!) we must move the
first of these holes to height h the second to height h — 1, etc. ..., the last to height h — s+ 1. The
commutativity relation in 2.35 then yields that the contribution to f(u, I) coming from this portion
must be
h—ji + h=1—-52 + -+ + h—s+1—-7s .

On the other hand, in passing to u(!), the loss to n(u) coming from this portion, is given by
h=1 + h—2 + -+ + hy—s .

In summary, we must conclude that the contribution of this portion to the exponent —f(u,I) +
n(p) — n(p®) reduces to
=1 + jo—1 + -+ + go—1.

Summing all these contributions gives
—f D) +n(p) —n@?) = i1—1 + da—1 + - + dqp—1.
Thus formula 2.40 must hold true precisely as asserted.

Theorem 2.7 yields recursions for the coefficients K (t) that are worth a separate statement.
To simplify our identities it will be good to let I C p mean that

I = {1§i1<i2<"'<ik§h(u)}

let us also set
s(I) = 43 —14dig—14+--+ip—1
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and let || denote the cardinality of I. This given we have.

Theorem 2.8
Given k < n and two partitions u = n and p - n — k we have

Z K)\/L )\/p S Vk) = Z ts(l) KPM(I) (t)

AFn ICu, |Il=k
where, A/p € Vi, is to mean that X\/p is a vertical k-strip.

Proof
Note first that the defining equation 2.38 may be also written as

Tyx S)\ Z S )\/pEVk) .

pFEn—k

Since 2.23 gives
Huy[Xoit] = ) SiXa] Kault)

A>p

The left hand side of 2.40 can be written as

STEKaut) > SXnl x(Ap € Vi)

AFn pEn—k

March 1, 2002 19

2.47

2.48

2.49

On the other hand making repeated uses of 2.49 we may rewrite the right hand side of 2.40 as

Z 5 Z S p“(z)() .

ICu , |Il=k pkEn—k

Equating the coefficients of S,[X,,] in these two expressions gives 2.47 as desired.

Remark 2.3

The particular case p = 1™ of 2.47 reveals an interesting combinatorial fact. In fact, the

definition 2.44 applied to the special evaluation 2.30 b) gives

HinlXoit] = (1" (L= 0)(1— ) (1~ 1") e[~

1-t¢

Since 1.23 gives (—1)"e,[—X,/(1 —t)] = hy[Xn/(1 —¢)], formula 1.14 yields that

HXot] = (=00 =) (1= ") ha[] = 3 S,
AEn

where for convenience we have set

TEST(N)

ek

2.50
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Note further that when g = 1™ then for I C p and |I| = k, the partition uD is always equal to
1"~*. This means that in this case 2.47 reduces to the suggestive identity

> hWxeevi) = 1) [1] £ |

AFn

where the bracket []; is to denote the t-analogue of the binomial coefficient. The search for a direct
combinatorial argument yielding this property of the charge statistic appears to be a challenging
project.

From the work of Lascoux and Schiitzenberger [] it follows that for each p there is a class
of standard tableaux S,, such that

Kty = > 0. 2.51

TEeST(N)
TES,

Thus an alternate approach to the proof of the Lascoux and Schiitzenberger result could be to
establish that if we let C,(¢) denote the right hand side of 2.51 then these polynomials satisfy the
recursions in 2.47. Or, equivalently that the polynomials

)(nat 2{: 5& (jAu )a

satisfy the recursions

Tyx Ou[Xnst] = > gl O (X ] 2.52

1<y <ig<-+-<ip<h(p)

That this is sufficient to guarantee that C,(t) = K ap(t) is an immediate consequence of the following
basic fact.

Proposition 2.3
Let {R,[X,]}, be a family of symmetric polynomials satisfying the recursions

T'ix R, Z Ri[X,) ) . 2.53
then
Z wmp[Xn] Dpy s 2.54
where m, denotes the monomial symetric function and for a partition p = (p1, p2, ..., ps) we have
_ (ps) ( (p1)
Doy = Z Z Z d@’;w—l) d;guu)dxpd)u
ADEn—p1 A Fn—p;—py AE=DEn—pi—py—--—ps_1

Proof
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Since the Hall-dual of the elementary symmetric function basis {e,}, is the the image by w
of the monomial basis {m,}, we have the expansion

RXa = 3 wmplXa (R e,) .

where ( , ) denotes the ordinary Hall scalar product. On the other hand since the operator I'yx is
Hall-dual to multiplication by eg, for a partition p = (p1, p2, ..., ps) we must have

(Ru,ep) = (Ru,epep,-rep ) = (Trose Tl Ry, 1) .

This given, repetitive uses of 2.53, immediately yield that the coefficient ( R,, , e, ) evaluates to D,
precisely as asserted.

Remark 2.3

We should note that the raising operator formula 2.22 was also given by Milne in []. More-
over, our proof of the orthogonality result 2.10 and the introduction of the operator H(z) was
inspired by a recent work of N. Jing [|, where a formula for @,[X;¢], analogous to 2.33, is given in
terms of the so called verter operators. Finally, we are indebted to A. Lascoux for the suggestion
that the theory of Hall-Littlewood polynomials gains elegance and clarity when presented in A-ring

notation.

3. Graded S,, modules giving the Kostka-Foulkes polynomials.

In view of 2.24 it is natural to consider the coefficients K, (t) as t-analogues of the classical
Kostka numbers, they are sometimes referred to as Kostka-Foulkes polynomials [|. We shall also refer
to them here as the t-Kostka polynomials. The startling analogy between 2.23 and 2.25 suggests
a representation theoretical approach to the proof that the Ky,(t)’s have non negative integer
coefficients. Indeed, we can interpret 2.25 as expressing that the homogeneous symmetric function
hulXn) = Ry [Xnlhp, [Xn) - - - by, [X5] is the Frobenius image (see (1.15) of the class function

=YX K 3.1
AZp

which, by Young’s rule ([]), is the character of the action of S,, on the left cosets of the Young
subgroup ”S,,, x Sy, X ---xS,,”. Thus we are naturally led to search for an S, module yielding a
graded version of this left coset action. Now the developments of chapter 2 yield a variety of ways
of producing such a module. In fact, if we take any point a = (ay,as,...,a,) whose stabilizer is
precisely such a subgroup, then theorem 1.1 yields that the two modules gr R, and Hj, have a
graded character p*(t) = chary gr Ry, = chary Hj,) whose expansion in terms of the irreducible
characters must be of the form

P = Y X Cault) 3.2

AZp
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where the Cy,(t) s are necessarily polynomials with non negative integer coefficients, satisfying the
marginal conditions
Coapn(®) li=1 = Kxpu - 3.3

In this section we shall indicate how the methods we have developed in the previous chapters may
be used to show that, when a is a generic point with such a stablilizer then we do, in fact, have

C)\H(t) = f()\u(t) , 3.4

with K, (t) as given in 2.36 b).

Before we can proceed, we need to have a visual way of representing the orbit of our point a
and a systematic procedure for building a basis for the module Ry, which reflects the combinatorics
of [a]. Given a k-part partition p = (1 > po > -+ > ug), a filling of its Ferrers’ diagram with the
integers 1,2,...,n which is increasing along the rows will be briefly referred to as a row increasing
(injective) tableaux of shape p. The collection of all such tableaux will be denoted by RZ(p). Given
T € RI(n) we construct a point b(T) = (b1, be,...,b,) by letting b; = «; if the integer j is in the
it" row of T. Where a1, as, ..., ay are given indeterminates which will remain fixed throughout this
presentation. It is easily seen that, as long as aq, as, ..., are all distinct, the point a(T') has a
stabilizer which is isomorphic to the group S,,, xS, X ---x S, . Thus the spaces H{q(1)], 97 R{q(7)]
are graded S,,-modules with a graded character of the form given by 3.2 and 3.3.

Clearly, the orbit [a(T")] depends only on p (and of the choice of the «a;’s). To be more
specific, it will be convenient to let, a,, = a(T,) where T, is the row increasing tableau obtained by
filling the (french) Ferrers’ diagram of p with 1,2,... n starting from the top (shortest) row and
ending with the bottom (longest) row. It is good to keep in mind that the orbit [a,] consists of all
the points a(T") obtained as T" describes the collection RZ,. We can thus use the elements of RZ,,
or the points of [a,] interchangeably in dealing with questions related to this orbit. It will also be
convenient to set

H# = H[a“] and R# = R[a”] . 3.5

We shall start by determining the Hilbert series of H,, and gr R, and identify H,, as a
submodule of the space Hg, of harmonic polynomials of the symmetric group. We should note
that we have carried out this program for g = 1™. Indeed, the developments of section 5. (see
Remark 5.3) do show that for any choices of distinct a1, a, . . ., ay, the the space Hi» coincides with
Hs,. Now it develops that the method illustrated at the end of section 5. may be carried out in
full generality, producing for any partition u a remarkable monomial basis for the modules R, and
gr R,.

Imitating what we did in section 5, our program is to chose a suitable linear order <y, of
the orbit [a,] then for each point b € [a,] construct a polynomial ¢;(z) which is of minimal degree
among those which satisfy the conditions

a) ¢(b) =1
b) ¢p(d') = 0 for all b’ <y, b ina,]

3.6



CHAPTER III ORBIT HARMONICS Copyright Garsia-Haiman March 1, 2002 23

This done, we plan to apply Proposition 5.2, and derive that the collection B, = {h(qﬁb)}be[a“’] is a
basis for gr R,,. Clearly, property 3.6 will assure that the collection {qﬁb}be[au] itself is a basis for
R,,. So once 3.6 is established we are left with the verification that the cardinalities d; = |B,"| yield
the coefficients of the common Hilbert series of the modules gr R, and H,,. That is we must show
that

S G BT = Fay(a) - 3.7

i>0
Now it is precisely at this point that we need the solution of 3.6 to be as economical as possible with
degree. In fact, the total order <; must also be appropriately chosen so that the minimal degree
solutions of 3.6 will yield a solution of 3.7. It develops that the lexicographic order of coordinate
vectors of the elements of [a,] is not the appropriate one in this case. The natural choice for <r,
here is a bit less obvious and will require a recursive construction. To begin with we shall represent
our orbit points as the leaves of a tree 7,,. Each internal node of 7, at distance s from the root is

indexed by a word b = bybs - - - by whose letters are chosen from the alphabet A4 = {a1, as,...,ar}
subject to the restriction that each «; occurs with a multiplicity p;, which is at most p;. This
guarantees that we can chose a = (a1, as,...,a,—s) so that

(al,ag,...,an_s,bl,bg,...,bs) S [au] 3.8

Note that the latter is the case if and only if the number if occurrences of «; in a is equal to p; — p;.
Denoting by u® the weakly decreasing rearrangement of the positive components of the vector

(Ml_PlaNQ_pZ,Hw,Uk_Pk) 3.9

we see that the collection of vectors a = (a1, as,...,a,—s) satisfying 3.8 is none other than the
Sp—s-orbit [a,»], corresponding to the subalphabet

Ab) = {ai @ i >pi }

where the letters a; must be taken in decreasing order of the corresponding differences p; — p; (we
may break ties according to the original order in .4). In particular there will be no «; in a if p; = p;.
This given, if A(b) has m elements, we give the node indexed by b precisely m children respectively
indexed by the vectors

(i, b1,ba, ... bs) «; € A(b) .

Finally, to make 7, into a planar tree we total order these children by setting

Hi —Pi > Hj — Py or

.. 3.10
Wi — Di = [ — Dy and i< j

(ai,bl,bg, .. .,bs) <r (O(j,bl,bg, .. .,bs) < {
The construction of 7,, will necessarily stop with nodes indexed by words with p; letters equal to o;.
Thus the leaves of 7,, may be identified with the elements of [a,]. We shall then adopt <y, to be the
order in which the leaves are encountered in the dept first traverse of the nodes of 7,,. It is easily
seen that in the case p = 1™, <, reduces to the lexicographic order. We should mention that the
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crucial property of < needed here is that the children of any node of 7, are arranged in order of
decreasing total number of descendents. In the figure below we have depicted the tree corresponding
to the case p = (2,2,1). For simplicity, we have not drawn the leaves, we have omitted some of
the labels and have inserted at the node labelled by b the Ferrers’ diagram of the corresponding
partition pu’.

We see that at distance one from the root the labels, in depth first order (left to right) are
ay, G2, a3
at distance two we have
asa , apo , gy, then ajas, asas, azas, then ajaz, asas,

The reader should have no difficulty deducing the label of any of the nodes of this tree. For instance,
at distance three, the labels of the children of the node labelled a;ag are, from left to right, asayag
and ajajas. We also see that the descendants of the node labelled asca (vertically under the root)
which are at distance 4 are labelled, from left to right,

Q1 QiaQrp , O3 prg , Q1322
and the orbit points hanging from them are respectively
(as, 1, 01,02, a) , (1, a3, 01, 02, a2) , (@1, 1, 3, Q5 Q)

It will be convenient to denote by 7,,(b) the subtree of 7 whose root is labelled by b. For instance,
with this notation the above three points may be identified with the leaves of the subtree 7,,(a2a2).
The construction of the collection of polynomials {¢,(z)}pc(a,] is best explained by working first
on this specific example. Note that the linear factor (z; — a;) in a given ¢p(z) will make it vanish
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on all orbit points whose it"

coordinate is a;. Thus in particular the factor (x5 — ;) will make
it vanish on all the leaves of the subtree 7,(ay). This eliminates, at the cost of one degree, 12
orbit points. The first orbit point in our total order <y at which (x5 — ;) doesn’t vanish is the
leftmost leaf of 7,(a2) which is (a3, a2, @1, a1, @) thus the corresponding polynomial ¢p(x) may
be chosen as (x5 — a1)/(a2 — a1). To obtain the polynomial corresponding to the leftmost leaf of
7, (a202) we need to introduce a factor that kills all the leaves of 7, (ajc). This is achieved by
the factor (x4 — a1). So the polynomial (x5 — a1)(24 — aq) will kill all the leaves of 7,(aq) all the
leaves of 7,,(cvya2) and the first surviving orbit point will necessarily be (as, a1, a1, ag, as). Thus

its corresponding polynomial is (x5 — a1) (x4 — 1) /(2 — a1)(ag — ay).

To proceed in full generality, we need to resort to a recursive procedure. We assume that we
have constructed the basis {¢p () }e[q,] for each partition v whose Ferrers’ diagram has n—1 squares
then use the tree imagery to construct the basis {¢,(z)}pe[a,] for a partition with n squares. Note
that although the resulting orbit does depend on the alphabet A = {a, aa, ..., oy}, reordering the
alphabet, or even changing it, will not affect the structure of the corresponding tree. Only the labels
will change, the tree itself is easily seen only to depend on p. This means that the basis {qﬁb(x)}be[aﬂ]
for the aplhabet B = {1, 52, . . ., Bk} can simply be obtained from that corresponding to the alphabet
A = {a1,0,...,a;} by simply replacing everywhere «; by ;. Let then B,(A) denote the basis
{qﬁb(x)}be[au] for the partition u = (1 > po > -++ > ux) and the alphabet A = {aq, 9,...,ax}.
This given, the general form of the construction illustrated in the above example may be simply
expressed by the following symbolic recurrence

Bu(A) = Y Buei(A(ei)) x [T'2} eu—ay)/(ai—ay) - 3.11

i=1

b

Here the summation sign denotes disjoint union and the symbol ” x” represents multiplication of

every element of 5« (A(c;)) by the factor H]: (n—0;)/(qi—o).

Proposition 3.1

The collection B,,(A) defined by the recursion 3.11 is a basis for R,,.
Proof

Clearly we need only show that B,(.A) consists of polynomials ¢,(x) with b € [a,] which
satisfy the conditions in 3.6. We proceed by induction on the number n of squares in the diagram
of p1 (the case n = 1 being trivial). Note that our construction of the tree 7, yields that every leaf
of 7,,(a;) corresponds to an element of the S,,_; orbit [a,e:] relative to the alphabet A(a;). This
correspondence is obtained by sending the point

(b1, b, .., bu1)
of [a,e:] into the leaf of 7, indexed by the word

b1b2 e bn_lozi .
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Let then 9, p,,...b,_,) denote the element of Bja: (A(c;)) which corresponds to (b, bz, ..., bn_1).
Since this correspondence preserves the total order <j. We see that the polynomial

V(b baybn-1) (@) TII2L @n—aj)/(ai—ay)

=1

will necessarily vanish for all points of [a,] preceeding (bi,b2,...,b,—1,;) in the total order <y.
In fact, the factor H;: (xn—a;)/(ai—a;) will make it vanish at all leaves preceeding the node in-
dexed by «; (in the depth first order) and the factor ¥y, b,, .. b,_,) (%) Will make it vanish at
all leaves preceeding b1bs...b,—1c; in the subtree 7 («;). Since this polynomial evaluates to 1
at © = (by,ba,...,bn_1,;), we see that we may take it to be our choice of ¢p(z) when b =
(b1,b2,...,bn—1,c;). This completes our proof.

Note that the recursive construction of the basis B, (A) given by 3.11 makes it immediate
that the collection of highest homogeneous components

B, = {h(d) : b€ ay]}

may be defined by the recursion
k
B, = > B,y x a! 3.12
i=1

where (9 is the partition obtained from p by replacing p; by p; — 1 and rearranging components
in weakly decreasing order. We can clearly see then that B,, only depends on p. An application of
Proposition 11.5.2 would then give us that B, is a basis for R, as well as gr R,,. We can prove that
it is a basis for R, without resorting to this proposition, by means of an auxiliary result which will
bring to evidence that B, is indeed a remarkable collection of monomials.

Proposition 3.2
The collections By, are nested into each other according to reverse dominance. More precisely
we have
v>upu — B, CB, 3.13

Proof

Clearly, this inequality need only be shown when v is an immediate successor of p in the
dominance order. There are two cases to be considered. The first case occurs when v is obtained
from p by lowering an outer corner square s to the inner corner in the column immediately to the
right. The second case occurs when v is obtained from p by lowering an outer corner square s to the
inner corner in the row immediately below. We shall treat only the first case since the argument is
the same in both cases. For convenience let h(v) and h(u) denote the heights of the diagrams of nu
and p respectivelty. Let us say then that the lowered square is in position (j,b) in the diagram of
and that it lands in position (j + 1,a) in the diagram of v, with a < b (note that we use cartesian
coordinates here with (0,0) the lowest lefthand position in the Ferrers’ diagram). A look at the
figure below should clarify the situation.
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no — v —

3.14

It will simplify our language at this point if we identify a partition with its own diagram. In this
vein, we can simply describe the operation y — u'? as the removal from p of the lowest corner
square weakly above height i. Note that, proceeding by induction, we need only show that, under
these circumstances, we necessarily have p(?) < v for all i < h(v). Clearly this inequality is trivial
for i > b. Since then p(? and v® are in the same relationship as y and v. Now for i < a we shall
have the same situation if the corner square of p in row a — 1 is not in column j + 1. However, if
it is, for some values of 4, u(¥) is obtained from yu by removing the square in position (j + 1,a — 1)
while () is obtained from v by removing the square in position (j +1,a). Since the latter is higher
than the former the inequality p(? < v will necessarily follow. In all other cases, for i < a we will
be removing the same square from both p and v, and the inequality is trivial. For ¢ = a we remove
the square in (4,b) from g and that in (j 4+ 1,a) from v, that makes ) = (). For a < i < b we
remove the square in (4,b) from g and that in (j,b — 1) from v. In this case, v(¥) is obtained from
1) by lowering the square in (4,b—1) to position (j+1,a) and so again we have p(9 < v, Finally
for ¢ = b we remove the square in (4, ) from p and a higher square from v, so the desired inequality
holds also in this case. This completes our proof in the case that h(p) = h(v). If h(u) > h(v), that
is when the lowered square, is the highest in the diagram of u, then the recursion in 3.12 for u has
one more summand than that for v and this only strengthens the inequality in 3.13.

This proposition yields that B, is also a basis for R,,. In fact we can prove something which
is a bit stronger.

Proposition 3.3

Every polynomial in B,,(A) may be written as a linear combination of the monomials in B,

Proof

Note that for partitions of 2 we have two cases. Namely, p = (1,1) where B,,(A) consists
of 1 and z2 — o and B, consists of 1 and z2, and p = (2) where both collections reduce to the
constant polynomial 1. We see that in both cases the result is trivially true. We shall then assume
the assertion true for partitions of n — 1 and proceed to prove it for partitions of n. Note again that
for ¢ = 1 there is no extra factor in 3.11 and the induction hypothesis yields that all the polynomials
produced by the first summand in 3.11 may be expressed as linear combinations of the monomials
produced by the first summand in 3.12. The general summand in 3.11 requires only a little more.
Indeed, let P be produced by the it summand of 3.11 and let

P(x) = Q) T2} (n—ey)/(ai—ay)

with
Q € By (A(1))
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Since by induction @ may be expressed as a linear combination of monomials m(z) € B, we are
reduced to shoving that the polynomials

m(@) [~ -

may be expressed in terms of the monomials in B,,. However, expanding the product yields that
this polynomial is a linear combination of the monomials

m(z) x z 71

with j <. Now Proposition 3.2 gives that B, C B, thus the recursion in 3.12 yields that all of
these monomials belong to B, as desired. This completes the induction and our proof.

For a given standard tableau S let h(i, S) denote the height of the letter ¢ in S. Let us then

m(S) = 1_[95?(1.’5)71

i€S

set

and refer to it as the monomial of S. It develops that Proposition 3.2 has also the following beautiful
corollary.

Proposition 3.4
For each partition p the collection B, is a lower order ideal of monomials, whose mazimal
elements are the monomials of the standard tableaux of shape p.

Proof

It is easily seen from the recursion 3.12 that a term of highest degree in B,, can be produced
by the summand B,,;) only when the corner square that must be removed from the diagram of p to
obtain u(® is precisely at height i. Thus we can recursively deduce from 3.12 that the elements of
highest degree of B, are all of degree

k
nw) = 3 G- pe
k=1
and indeed they are none other than the standard tableaux monomials defined above. Thus we are
only left to show that B, is a lower ideal of monomials. We shall show this again by induction on
the number of squares of the diagram of u. We recall that the partial order of monomials << we
work with is defined by setting

atal? oo < gPad o ifandonlyif pi<q V1<i<n .
This given, the induction hypothesis reduces us to show that if the monomial 2% m(xq,...,2,_1)
occurs in B, then also the monomial 7~ 'm(z1,...,2,-1) can be found in B, for any 1 < j < i.
By our construction, the latter monomial must come out of x{leg ). In other words the monomial
m(x1,...,2,-1) itself should be in B,(f). Since this monomial must have come out of B,(f), we are
left to show that
(@) )
B CBl .
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However this follows immediately from Proposition 3.2, since it is easy to see that for j < i we have
p9) < 1 in the dominance order. This completes the proof.

We are now fully equipped to identify the harmonics of each orbit [a,] as a subspace of the
Sp-harmonics. Before we can state the basic result here we need some notation. If A is an ordered
subset of X,, = {21, 22,...,2,} we let A(A) denote the Vandermonde determinant in the elements
of A. To be precise (since order counts), if A = {x4,,%ay,--.,Ta,, | We set

A(A) = det|lz] 77

i,j=1 »

Let p = (1 > pa > --- > pg) be a partition of n and p/ = () > phy > --- > pj) denote its
conjugate. Let T be a tableau T of shape u with entries 1,2,...,n and let C1, Cs, ..., C} denote the
columns of T" ordered from left to right. Note, that with this notation, column C; is necessarily of
lenght . Now let A; be the subalphabet of X,, obtained by selecting the variables z; with indices
in C; in the order occurring in T' (from bottom to top ). This given, we set

AT((E) = A(Al)A(AQ) . A(Ah) s 3.15

and refer to it as the Garnir element corresponding to T', we shall also say that Ar(x) is standard ,
of shape p,...etc, if the same holds true for T itself.

For instance if

1
T, = 2 3 4 3.16
5 6 7
Then )
1 x5 =%
Ar(z) = det |1 zy 22 xdet(l 6 )xdet(l ”“"7> . 3.17
o 5 1 xz3 1 x4
1z =z

These polynomials were used by Garnir in [], in his reconstruction of Young’s natural rep-
resentation. Recall that A(T") denotes the shape of a tableau T and Z7 (i) represents the collection
of all injective tableaux of shape u with entries 1,2, ..., n. It is not difficult to show (see []) that the
space

I, = L{Ar : T€IT(w)} , 3.18

linear span of the standard Garnir elements of shape pu, is an irreducible S,,-module with character
given by x* in the Young indexing.

It develops that the results of section II.3 immediately yield us the following remarkable
fact.

Proposition 3.5
The Garnir elements of shape p are contained in the space of harmonics of the orbit [a,]
for any given alphabet A. More precisely we have

L{OFAr(z) « Te€IT(n)} C Hy, - 3.19
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Proof
Since the space Hy,,] is Sp-invariant and closed under differentiation, we need only show
that it contains at least one Garnir element of that shape. To be specific let us show that

Ar, € H[au] , 3.20

where T, is the tableaux we used to construct our basic orbit point a,. In order not to spoil the
beauty of the argument with excessive notation we shall carry it out in the special case pu = (3,3, 1).
Note then that filling of the diagram of (3,3,1) with 1,2,...,7 from top to bottom produces the
tableau T, given in 3.16. This gives that

a, = a(T,) = (a3,02,a2,00,00,01,01) .
Now acting on this point with the Young subgroup
G = Sz X Sae) X S

yields a total of 3 x 2 x 2 = 12 distinct points. Thus a,, is regular with respect to the action of G.
From part (i) and (iii) of Theorem II.3.3 we then deduce that

H, L[0,Aq] | 3.21

M]G

where [a,]¢ denotes the G-orbit of a,. Since [a,]¢ is a subset of our S,-orbit [a,] = [a,]s, we
necessarily have the reverse inclusion of the corresponding ideals. More precisely we must have

‘7[(7’#]5 ‘7[04;1](; )

n

and a fortiori
gr j[au]sn c gr ‘7[%]G :

Taking orthogonal complemements yields that

Hy,, Hp,,

G g Sn °

Combining with 3.21 we finally get that

Ac € H,)

Sn

but this is our desired conclusion 3.20, since it is easily derived from I11.5.2 and 3.17 that Ag and the
Garnir element Ag, are one and the same. We see no need to repeat the argument in the general
case since this requires only routine notational changes.

We can actually do considerably better than we might suspect and quickly convert 3.19 into
an equality. To this end note that Proposition 3.4 allows us to write each monomial z¢ € B,, in the
form

¢ = mg(x)/zf 3.22
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where mr, (z) is the monomial of a suitable a standard tableau of shape p and p, is a non negative
exponent vector. It will be convenient for our next argument that we assign to each z¢ € B,, unique
standard tableau T, giving 4.22. For instance we can let T, be the lexicographically first such tableau.
This given we have:

Theorem 3.1

The collection of polynomials
{ 0% Ar, (%) }ocen, 3.23

s a basis for H,,. In particular H, is the linear span of the derivatives of the Garnir elements of

shape (.

Proof.

Note that if A is an ordered subset of X,, then the corresponding Vandermonde determinant
A(A) is an alternating sum of monomials all lexicographically larger that the monomial correspond-
ing to the diagonal term in A(A). Thus if T is a standard tableau, the same will be true for each of
the factors A(C;) occuring in the definition of Az (z). From this we easily deduce that Ap(z) has
an expansion of the form

Ap(z) = mp(z) + Z cp 2P,

ZP >ieq mr(x)

where “>..” denotes the lexicographic order of monomials defined in section I.4. Now, the definition
of lexicographic order (see section 1.4 page 13) immediately yields that the implication

2P <peg 21— 0"2P <pep 027

must hold for any differentiation 97 which doesn’t kill 9. However, this gives that the polynomials
0P« At () may be be written in the form

0P A () = ax® + Z apz? |

TP>1eq €

with suitable coeflicients a, a,, and this is all that we need to establish their independence. Since by
the previous proposition all these polynomials are in H,, and there are, by Proposition 3.1, a total
of dim R, = dim gr Ry,u = dim H,, of them, they must necessarily from a basis. Q.E.D.

This remarkable result has a windfall of remarkable consequences.

Theorem 3.2
(i) The ideal gr Jla,.] may be defined as the collection of polynomials which kill all the Garnir
elements of shape . That is

97 Ja,) = T = {PER : P(O,)Ar(z) =0V T €IT (i) } . 3.24.
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(it) In particular this ideal and the two graded S,-modules H, and gr R, are independent of
the choice of the alphabet A.

(ii) The collection of monomials B, is a basis for gr R,,.
(iv) The Hilbert series of H,, satisfies the recursion

hp)
Fa, = Y 4 'Fug, - 3.25
i=1

Proof

Since gr Jlq,) = Hﬁ, property (i) is an immediate consequence of Theorem 3.1 and Propo-
sition IT.4.1. Since there is no trace of any alphabet in the Garnir elements, we see that (i) — (i7).
To show (iii) we note that our construction gives that the polynomial

0P Ar (x)

is homogeneous of the same degree as z¢. Thus the collection in 3.23 is a homogeneous basis for
H,,. We can thus use formula I.2.5 and derive that the Hilbert series of BH,, is given by the sum

Fa,(q) = Y g% 3.26
e €B,

This allows us to apply Proposition I1.5.2 and obtain that B,, is a basis for gr R, as desired. Finally,
property (iv) is an immediate consequence of (iii) and the recursion in 3.12.

Theorem 3.1 has also the following beautiful corollary.

Theorem 3.4
The S,,-modules H,, are nested into each other according to reverse dominance. More pre-

cisely we have
v>pu — H, CH, 3.27

Proof

It is sufficient to show that at least one Garnir element of shape v is in H,,. Again we only
need to prove this when v is an immediate successor of y in the dominance order. Suppose that v is
obtained from p by lowering a square as depicted in 3.14. Given an injective tableau 77 of shape u
let T» be the tableau of shape v obtained by lowering the (j, b)-entry of 77 into the square (5 + 1, a)
and leaving all the other entries unchanged. We see from the definition 3.15, that Ap, differs from
A, only in the two factors corresponding to columns j and j + 1. In the other case, when v is
obtained from p by lowering a corner square from a row to the row immediately below, the situation
is again the same. In summary we can pair off each Garnir element of shape p with a Garnir element
of shape v by changing only two column factors. The change resulting from the transfer of just one
of the variables from one the Vandermonde determinants to another one of smaller size. Now we
can show that, as long as Ap, is obtained from Ag, in this manner, then Ay, can be obtained from
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A, by a differentiation followed by a suitable S, action. A moment of reflection should make it
clear that this is an immediate consequence of the following identity.

Proposition 3.6
For any 0 < h < k we have
ok 41, k4 h) OFP Y Ay, o, -, k) A(Tpp1s Thyay - Thpn) =

3.28
(k=D A(zy, @2, wp—1) A(Tpgr, Toga,s + Thoths Th) -

Where for any set of integers A the symbol [A] is to denote (as in A. Young []) the alternating sum
of all the elements of the symmetric group Sa.
Proof

The case h = 0 is immediate. In fact, we should read 3.28 as

a/;]c—l A(xhx??"'axk:) = (k—l)!A(l']_,.'I)g,"',xk;_l),

and this clearly obtained by differentiating the last row of the Vandermonde determinant A(X}) =
det||x§_l||ﬁj:1 k — 1 times with respect to xx. To deal with the case h > 1 we expand A(Xy) with
respect to the last row and obtain
k_ . .
AXy) = (=D (=)™ A(Xpy) zh 3.29
0

1=

[

where A;(Xg_1) is a polynomial in x1,x9,...,2xx—1 which reduces to A(Xy_1) when i = k — 1.
Differentiating 3.29 k — 1 — h times with respect to xx, and noting that

ATt Ty Tpan) = k+1Lk+2, . k+h) 2 ah -2}
we can write
[k,k+1,....,k+h] 85}:’7'_1 Axy, T,y xk) AXpg1, o, Thph) =
k—1
(—1)* (1) Aj(Xp—1) (Dp—1-n X 3.30

i=0
ok + 1, k+R) [k+1,...,k+h) o Fht a0 o oo 2l

+h
However, using the group algebra identity
kk+1,....k+h) [k+1,....k+h) = W[kk+1,....k+h]
the last factor in the i*” summand reduces to the determinant
b k41, k+ R i7" 2 oy 7x2;}1L

which vanishes except for i = k — 1 where it evaluates to

ATkt 15 Tht2s - - o Thophs Th) -
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Thus the right hand side of 3.30 collapses into the single term
(—1)2k h' (k — 1)k717h A(kal) A(l‘k+1, Lh42y -+ s Lk+h, {Ek) 5

which is precisely the right hand side of 3.28. This establishes the proposition and completes the
proof of Theorem 3.5

There are a number of relations which are easily derived from the combinatorics of the orbit
[a,,] which yield very useful elements of the ideal defined in 3.24. In particular we may derive in this
manner a complete set of generators for Z,,. The mechanism for constructing these relations is best
understood if we identify each row increasing injective tableau T' of shape p with the orbit point
b(T') defined at the beginning of this section. The idea is to construct polynomials whose failure
to vanish at a given tableau forces conditions which cannot be satisfied by any orbit tableau. For
instance if g = (u1 > po > ... > pg > 0) then the non vanishing of the polynomial

P(z) = (v —ai)(w; —az) (2 — ag) ,

at the point b(T) implies, that the entry ¢ cannot be in any of the first & rows of 7. But this is
clearly impossible if T is to be of shape p. In other words P(z) must vanish at all the points of
[a,]. This gives that P(x) € Jj,,) and therefore its highest homogeneous component must belong to
7, = gr Jja,)- We thus obtain that 2% 22 0 modulo Z, for any i = 1,2,...,n. In the same manner
we can derive the following general result.

Proposition 3.7
For any any s € [1,k] and any subset S C [1,n] of cardinality at least

T+ pst1+ -+ pg 3.32

we have
[Licgzi =0 (mod I,,) . 3.33

Proof
If the polynomial

P@) = [] @i—an)@i—as)- (2 —a)

i€S

fails to vanish at the point b(T") then none of the elements of S can be in any of the first s rows
of T'. This forces them all in the remaining k — s rows. However, since these rows have a total of
Wst1+ -+ -+ p squares, we are left with an impossibility as soon as the cardinality of S exceeds this
number. Thus P must vanish at all points of [a,]. This places P in J, and its highest homogeneous
component in Z,,. QED

We should mention that the identity 3.3 was used in [] to study the action of S,, on the
highest homogeneous component of the quotient gr R, = Q[X]/Z,,. We shall show next that an ideal



CHAPTER III ORBIT HARMONICS Copyright Garsia-Haiman March 1, 2002 35

basis for Z,,, first introduced by Tanisaki in [|, can also be obtained by a similar tableau argument.
To this end we need to modify a bit our notation concerning partitions. Given p F n, it will be
convenient in this context to present the partition conjugate to p as an n-component vector of the
form

p=0<py <py <o <) .

We shall also set

ds(p) = pL+ph+- -+ (for s=1,...,n) . 3.34
For a given subalphabet S = {x;,, Zi,, ..., xi, }, let €,(S) denote the elementary symmetric function
er(Tiy, Tiy, ..., x;,) if r < s and 0 otherwise.

Proposition 3.8
The ideal Z,, contains the collection of partial elementary symmetric functions

{e(S):SCX, &r>|S|—ds/(p) } 3.35
Proof
Let S be of cardinality s. We are to show that
es(S), es—1(S) s -y es—a (uy+1(5) 3.36
all belong to Z,,. Since Z,, is an .S,,-invariant ideal, it is sufficient to show this for S = {x1, z9,..., x5}

This given, note that if s > n — u; then at least s — (n — ;) of the labels 1,2, ..., s must necessarily
spill into the i*" row of any orbit tableau of shape p. This implies that the polynomial

Plt;z) = (t+z)(E+mx2) - (t+x5)

must contain the factor (¢ + ;)* "+ at any orbit point. Letting ut denote w if u > 0 and zero
otherwise we see that, at any orbit point, P(¢;z) must be divisible by the polynomial

k
— ] @+ agerem
i=1

Set for a moment

k
m = deg M = > (ui+s—n)", 3.37
i=1

and let Q(¢; x, o), respectively R(t;x, ), denote the quotient and the remainder of the long division
of P by M. That is

P(t;z) = M(t;a) Q(t;z,a) + R(t;z,«) ( with degs R < degs M ) . 3.38
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Note that since P(¢;z) is homogeneous of total degree s in the variables ¢, z1,...,zs and M (t; a) is
homogeneous of total degree m in ¢, aq, ..., ax then Q(¢; z, ) itself must be homogeneous of total
degree ¢ = s — m in its arguments. Setting for convenience

q

M(tia) =Y M)t and Qi)=Y Qiwa)tt .

m
=0 =0

we see that the coefficient @Q;(x, @) must be homogeneous of total degree ¢ —i = s —m — i as a
polynomial in {x1,xa,...,2s, a1, q9,...,a;}. Clearly, the divisibility of P by M at any orbit point
simply means that all the coefficients of R(t;z, o) belong to the ideal J,. Now from 3.38 we derive
that the coefficient of t* in R(¢; x, o) has the expansion

Ry(z,0) = esu(S) — Y Qi(z,0) My_(a) . 3.39
=0

Since M contains no x s, each of the terms coming out of the sum in 3.39 has z-degree at most
s —m. Thus if s — u > s — m, the highest homogeneous component of R, (z,a) must be es_,(S).
In summary we can conclude that the partial elementary symmetric functions

es(S9),es-1(9), ..., s—m+1(5)

must all belong to the ideal Z,, = gr J,,. Comparing with 3.36 we see that to complete our proof we
need only show that m = ds(u). In other words (in view of 3.37) we must have

k
D= (=)t = bt
=1

However this is geometrically obvious since both sides of this equation count the number of squares
of the diagram of u that are strictly to the right of column n — s. QED

The collection C,, was used by Tanisaki [] to simplify some of the arguments of DeConcini-
Procesi in their study [] of the quotient ring gr R,,. It is shown in [] that C, generates the ideal
Z,, = gr Ju. Garsia and Procesi in [] made a crucial use of this fact in their calculation of the graded
character of gr R,,. Our final task in this section is to give at the very least all the basic steps in
the identification of this character. We must therefore include the Tanisaki result that Z,, = (C,).
It develops that in proving it we shall have to establish a number of properties of the quotient ring
Q[X,]/(C,) which forcedly duplicate what we already know about gr R,,. When we finally obtain
that Q[X,]/(C,) and gr R, are one and the same we shall end up with alternate derivations of
several propositions we have already established. We trust that the redundancy of this development
is compensated by a deeper and multisided understanding of this remarkable .S,,-module.

To carry out our program we need to establish a number of important properties of the
collections C,,. We shall express them as two separate propositions.
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Proposition 3.9

37

(i) The collections C,, are nested into each other according to the dominance order of partitions.

That is we have
v<u — C CC,.

(ii) Each C, contains the elementary symmetric functions
e1(x1, .., xn), ea(T1, .oy Tn)y ooy en(T1, ., Tp) .
(iti) For any partition p with k parts we have
@ € (Cu)
Proof
It is well known and easy to show that we have v < p in dominance if and only if
v+ vh vl < ol b+l (for s=1...n) .
Thus, when v < u, the condition
r>Ss—v —Vh—— U

is more stringent than

TS =y =y =

3.40

3.41

3.42

3.43

In view of the definitions 3.34 and 3.35 we see that 3.40 must hold true as asserted. Note that for
s = n 3.43 reduces to r > 0 thus all elementary symmetric functions in the full alphabet X,, must

belong to each C,,. This gives Property (i7). In a similar vein we note that for s = n—1 3.43 reduces

to
r>n—1—(Mn-—u,) = pu,—1.

Thus when p has k parts this condition can be rewritten as
r>k.
Thus the definition 3.35 gives
ex(z1,...,Zn—1) € Cp .
On the other hand from (i7) we can easily derive that

1

m >~ (1—txy)(1—txg) - (1 —tzy_q) (mod (C#)) .

Equating coefficients of t* we then get

x’fL > ep(x1, @, ..., Tp_1) - (mod (Cu)) .

3.44



CHAPTER III ORBIT HARMONICS Copyright Garsia-Haiman March 1, 2002 38

Combining with 3.44 yields 3.42 as desired.

The next result shows that each collection C,, is finely intermeshed with each of the collections
C,». More precisely

Proposition 3.10
When p is a partition with k parts then for any i = 1,...,k and for any e.(5) € Cu we
have the following congruence modulo the ideal (C,,)

0 if |S|<n—1-—p; and

i1 ~ '
T er(S) = { —ake,—1(S) i [S|>n—1—py 345

Proof

It will be again helpful if we identify each partition with its own Ferrers’ diagram. Recall
then that (¥ is obtained by removing from p the corner square in column g;. This means that
strictly to the right of this column px(9 and p have the same number of squares, while to the left
1" has one less square than p. This simple fact implies that we must have

@y — ds1(1) ifs<n—1—p;
L {ds+1(ﬂ)—1 ifs>n—1—p; ° 3.46

To show the first equality in 3.45 we resort to the identity

—

m—

er(8) 2™ = (=)™ erpm(S) + (1" ) (=2) eram—;(S,2) 3.47
j=0

j=

which can be obtained by equating the coefficients of "™ in the trivial relation

m—1
[[a-ta) =)™ = J[ 0 —ta) QA —t2) D (ta2)’
z€S €S =0
This given, setting z = x,, and m =i — 1, 3.47 becomes
e (S) it = (=) tepii1(S) + (1) (—2n) €rqic1—5(S,zp) . 3.48
j=0

Now, if S is a subalphabet of cardinality s < n — 1 — u; then r > s — dy(u(¥) and 3.46 give

r>s—dep1(p) =s—ds(p) — plyy - 3.49

Note that each of the subscripts r +7 — 1 — j in the summands of 3.49 must then be greater than
s+ 1 —ds41(p) and this forces all the summands in (C,). Note next that since each column of p
strictly to the right of column p; has length less than 4, then for s + 1 < n — p;, we must have
Wsypq <4 — 1. Thus 3.49 gives

r+i—1>s—ds(n) .
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which forces the first term in 3.48 to lie in C,,. This establishesthe first congruence in 3.45.
Note next that for s > n—1—p; the second case of 3.46 converts the inequality r > s—d(1(?)
into
r>s+1—dsp1(p) -

Thus when S is any s-subalphabet of X,,_; and s > n — 1 — y; then e.(5) € C, implies that
er(S,xn) €Cy .
But then the trivial identity e,.(S, z,,) = e,(S) + zne,—1(5), multiplied by 1 yields

i le (S) = a7 te (S xn) — aher_1(S) =2 — zle,1(S) . (mod (Cp)) -

n
This establishes the second congruence in 3.45 and completes our proof.

Remark 3.1
It will be convenient to denote by C,,(«) the collection consisting of all the coefficients of all
the remainders of the divisions

s k

H (t + ij) / H (t + ai)(uﬁ-s—nﬁ 7

i=1 i=1

obtained as {z;,, Zi,, ..., x;, } varies over all s-subalphabets of X, and s runs from 1 to n. The above
argument shows that the collection C, is obtained by taking the highest homogeneous components
of the elements of C,,(«). It will be good to keep this in mind in the sequel. We shall refer to the
elements of C,,, respectively C,, (), as the homogeneous and non-homogeneous Tanisaki polynomials.

Theorem 3.5
The collections C,, (o) and C,, generate the ideals J,, and I, = gr J,, respectively.

Proof
The argument is a beautiful example illustrating the power of Proposition 11.4.3. We shall
to use it here with the set S (occurring in the statement of the proposition) specialized to the orbit
la,], the Q; s, and the P;’s, specialized to the elements of the collections C,(«) and C,,. To apply
the proposition we need to check that condition I1.4.18 is satified. That is we are only left to verify
that
dimR / (Cy) < llad]l -

We can actually prove a bit more and show that the collection B, defined by the recursion 3.12
spans the quotient R / (C,,). We shall give a recursive algorithm for expanding (modulo (C,,)) every
monomial z” in terms of the monomials in the collection B,. We proceed by a double induction.

We assume that, for each ¢ = 1,...,k, we know how to expand (mod (C,u) ) any monomial
o 2Pt in terms of the collection B,i). We also assume that we know how to expand (mod

(C,.)) every monomial

P1 DPn—1_Dpn . .
et (with p, >1d) .
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in terms of monomials in the subcollection

k

>i+1 7—1

B = E B, z3,7
j=ir1

then complete the induction by showing how to expand (modulo (C,)) any monomial

e

in terms of the collection BEi. We should note that for n = 1 the result is trivial. Thus to verify
that such an induction can be carried out, we need to check that for any given n and p we have a
starting point for the descent process indicated above. Now part (iiz) of Proposition 3.9 enables us

to start our descent at i = k. In fact, 3.42 yields that all the monomials z}* - -- 2" 7' 2* expand to

0. It should be clear how the induction is completed. Indeed, given a monomial x}* - --zP 7 zi-1

by induction we produce the expansion

Pn—1
aftealn )t = E ab(Xn-1) + E
beB (i)
n

with an error term F € (C,,»). This means that the difference

P Pr—1_i—1 -1 _ i—1
b ey — g e b(Xp1)z,, - = Eux 3.50
beB (i)
M

has an expansion of the form

Ezim! = Z Ansxite (S)
67-(5)66“(1')
where the coefficients A, g are suitable polynomials in z1,zs,...,z,. But now Proposition 3.10,

Pt xPr with p, >4, all of

yields that this error term is a linear combination of monomials z* - --zb"7 >

which, by the other induction hypothesis, can be expanded (mod (C,,)) in terms of BEi‘H. Combining

DPn—1

i1 s >
ne1 T, = in terms of BZ

these expansions with 3.50 gives the expansion of our monomial z{* - - -z
and completes the induction.

Remark 3.2
Some comments are in order concerning this theorem and its proof. First of all we see that
a biproduct of the equality (C,) = J, is that gr R, = Q[X,]/(C,). In particular we must have

dim Q[Xn]/(cu) = |Bu|-

This forces B, to be a basis for Q[X,]/(C,) and for gr R, as well. Thus we see that through
the collections C,, we have been led to an alternate way of establishing part (ié¢) of Theorem 3.2.
However,the argument here yields a bit more. Indeed, a close scrutiny of the expansion algorithm
reveals (see []) that we have essentially proved that B, is in fact the standard monomial basis Bz
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discussed in the Remarks 1.4.3 and 1.4.4. This fact shows in particular where Propositions 3.2 and
3.4 are coming from. Indeed, we see that 3.13 can be derived (using 3.13) directly from Remark
1.4.4. While Proposition 3.4 can be seen to be a natural consequence of the fact that a basis B is
by definition always a lower ideal of monomials. However, the most significant uses of the collections
C,, are yet to come. Indeed, they play a crucial role in the identification of the graded characters of
the modules H,,. The next theorem may be seen as a first step in this direction.

It will be convenient here and in the rest of this section to set
p'(t) = charygrR, = char,H, .

Proposition 3.10 and Theorem 3.5 may now be used to derive the behaviour of this character upon
restriction to S, _1.

Theorem 3.6
If ubn has k parts then

k

L i— (4)

P s, = >, T 3.51
=1

Proof
Let the action of a permutation

0= (Ula ) O-nfl) € Sp1
on a monomial z¢ = z{' -+ 2" € B, have the expansion
ozt = Z x" a%f)e(a) + F, 3.52

x" GB“(Z')

with the error term FE in (Cu“))' Then the graded character of the action of S,,_; on the module
gr R, evaluated at o, is given by the expression

Yoty = S oatle 9t = 3T al)(o) tdes 3.53

JIZEEBH(I-) 3?5€Bu(i)

pN

Now, 3.52 multiplied by z¢~! gives

€

71—
oxx;,

1 = Z "zt oW (o) + Eaxil . 3.54
x"EBH“)

From the identity 3.45 we can derive (as we did in the previous proof) that the error term Ezi~!
has an expansion (mod (C,)) which involves only monomials of the subcollection BZ**'. Since B,
is a basis for quotient ring R,, we must necessarily have

E.’Z:‘271

n

i—1 == O .
v

X,
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Thus equating coefficients of 2€2% 1 in both sides of 3.54 gives

cxtalit| i = agfz(o) .
Since this must hold true for every i = 1,...,k we derive that the character p#(t) evaluated at o

has the expansion

k
plost) = Y alle) o
i=1

z<€B, i)
Using 3.53 we can replace the internal sum here by ! (t) and obtain 3.51 as desired.

Now let

P = 3 N Colt)

A>p

be the expansion of our graded character in terms of the irreducible characters and let

ClXnit) = Fp'(t) = Y Sa[Xa] Cau(t) 3.55
A

denote its Frobenius image. As we have indicated in 3.3 it follows immediately from the construction
of the orbit [a,] that
C)\p,(t) |t:1 = K/\p, . 3.56

Our final goal in this section is to present the basic steps of the Garsia-Procesi [| proof that
Chu(t) = kku(t) . 3.57

We shall use the same notation as in [| so that we may freely refer to that paper for some of the
more tedious technical details.

We start by observing that the Frobenius image of operation of restriction to S, is precisely
the operator I'y defined in 2.38. More precisely we have

Proposition 3.11
If M is an S,-module with character xM then the Frobenius image of the character of the
action of S,—1 on M is given by the identity

Fuc1 M s,.,) = T Fux™ . 3.58

Proof

To avoid ambiguity, since two symmetric groups are involved here, we have denoted by F,,
and F,,_; the Frobenius maps corresponding to S,, and S,,_;. This given, since both I'; and the
Frobenius maps are linear operators, it is sufficient to verify 3.58 when M is an irreducible module.
So let xM = x*. Now it is well known since the work of Young [] that

s = DX,
=
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where the sum is over all partitions A~ which immediately precede A in Young’s lattice (i.e. obtained
by removing one of the corner squares from the diagram of ). So the left hand side of 3.58 in this

> S
e

On the other hand the classical Pieri rule [] giving the multiplication of a Schur function by the

case reduces to

elementary symmetric function e;[X,,] has a dual version which may be written as
S)\/l = Z S/\— .
'

In view of our definition 2.38 we see that in this case both sides of 3.58 evaluate to the same thing.
This establishes the Proposition.

Using this proposition and the definition 3.55, the recursion in 3.51 may be rewritten as

h(w)
i— (%)
Dy Ca[Xpst] = > 71 pho(t)
i=1

Comparing with Theorem 2.7, we see that we have just established the case k = 1 of 2.40 when

H,[X,;t] is replaced by C,[X,;t]. Although this equation by itself is not sufficient to imply that

Cp[Xn;t] = HuXn,:t] 3.59

we have shown (Proposition 2.3) that all of the equations in 2.52 do indeed suffice. Thus our approach
to the proof of 3.57 will be to show that the graded characters p*(t) satisfy all the recursions

Ty ph(t) = 3 gir—ltia—lbebin=1 @ gy 3.60
1<y <ia <+ <ip<h(p)

Where with some abuse of notation we are using the symbol ' also for the linear operator on class
functions defined by setting
T x® = ¥V . 3.61

Clearly, the equations in 2.52 and 3.60 are equivalent since the former are the Frobenius images of
the latter. However, before we can proceed to verify them we need to find out what kind of operation
on the module gr R, produces a module with character I';» p*(t). To answer this question we need

some notation.

For a given alphabet A let us denote by S|4 the group of permutations of the letters of
A. If A and B are disjoint alphabets we shall also denote by S[4) ® Sip) the subgroup of Si4p
which leaves A and B invariant (as sets). We can assume here, without loss, that A = 1,2,... h
and B=h+1,h+2,....,h+k with h+k=mn.1Ifos € Sy and op € S|p] with

S <1 2 ... h) and  op = <h+1 h+2 .- h+k)’

g1 02 -+ Op Oh+1 Oh+2 *°° Ohtk
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then we shall set

(1 2 -+ h h+1 h+2 - h+k
op-0OB = .
0 02 ** Oh Ohtl Ohy2 *°° Ohtk
Finally, for an alphabet B we shall let N[B] denote the sum of the signed elements of Siz). More
precisely,
N[B] = Z sign(op) op .
oB GS[B]

The idempotent N[B] is what Young refers to as the negative symmetric group of B. We shall also
view N[B] as an idempotent in S;4) ® Sip). In fact, we shall systematically identify each element of
oA € S[a) with the element 04 - €p and each element op € S|p) with the element €4 - op. Here of
course €4 and ep denote the identity elements of S|4 and S|p) respectively.

This given, it can be shown that if M is an S44pj-module with character x then the
restriction of N[B] M to the subgroup S ® €4 is an S4-module with character I';x x. In fact, we

can even be more constructive and state that
Proposition 3.12

Let M = {mi,ma,...,mn} be a basis for an Spsyp)-module M with character x Then
the action of Spay on the linear span of N(B)M = {N(B)mi, N(B)ma,...,N(B)mu} induces a
representation with character T'ix X.

This is not difficult to show and it is but a very special case of a more general result whose
statement may be found in []. Thus we refer the reader to [| for the proof.

To obtain the general recursion in 3.60 we aim to use this proposition with

M = grR, , M = B,
A={1,2,...,h} , B={h+1,h+2,...,h+k},

where for convenience we have set h = n — k. Let us also set
XA = {1‘179327 e ,xh} and XB = {$h+17$h+2, . ,LL’thk} .

We shall use the same notation as in section 2 and follow closely the notation in []. Our point of
departure is the equation 3.12 which in this context should be written in the form

h(p) _
BN = Z Bu(qz) X l‘i;l . 3.62
i=1
Carrying out k recursive uses of this equation yields the expansion

_ p1—1,.p2—1 pr—1
B, = E B;ﬁp) x a7 T - 3.63

n—1
pP1p2-Pk
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Since the monomials in B, only depend on the variables in X4 the application of the antisym-
metrizer N(B) to each monomial in B, results in the expansion

NB)B, = > Byw x NB)ah labztall 3.64

Tn1
Pip2 Pk

Now, the expression N(B) xﬁlflw’f:ll R 71;&-1 vanishes identically whenever two of the p; s are
equal and when they are all distinct it evaluates to the determinant

Ay(Xp) = det ||z (with i€ B, je[l.k]) . 3.65

Thus 3.64 may be rewritten as

NB)B, = Y. Buw x Ay(Xp) . 3.66
P1P2 Pk
distinct
It is important to have a close look at the exponent vectors (pi,p2,---,px) that occur in this

summation and the nature of the corresponding partitions p(?). It will be helpful if we visualize the
mechanism that produces the terms in 3.63 as paths in the tree ’Z; of the recursion 3.62. Basically,
'Z; is the same as the tree 7, we used at the beginning of the section. Only here we label the nodes
of 7? by partitions and the edges by the exponents p;. More precisely, we label the root by p. Then
recursively, we label the out edges of a node labelled by v, from left to right, by

v )

We can see then that each term in 3.63 corresponds to a path of length k out the root of 'Z? Then
by reading the labels of the edges along the path we get the exponent vector p1,pa,...,pr and the
label of the end node gives ;u(?). We also see that, when pips - - - i, are all distinct, the vector

I, = (i1 <idg < -+ <ig) 3.67

obtained by rearranging py, pa, - -, pg in increasing order represents a subset of [1, A(u)]. This given
we can construct the partition p(/») by the operation described in section 2. Now it develops that
the partitions p(P) and p(/») are related in a manner which is crucial in our proof of 3.60.

Proposition 3.13
If p1 > pa > -+ > pi then
M(p) — M(I’“) ) 3.68

More generally if p1,p2,...,pr are all distinct then in the dominance order we have

M(p) > H(Ip) ) 3.69
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Proof

If we follow the path of ’j; which yields the exponent sequence p = (p1,p2,...,DPr) We pass
through the sequence of partitions

M(m) , M(Plpz)’ e M(mm---m) )

To get uPY) we must hit (from the right) the diagram of p at height pi, climb up its vertical face
to the nearest corner square and then remove it. Next to get x(P1P2) we hit the diagram of p(P1) at
height ps climb up its vertical face to the nearest corner square and then remove it, ...etc. Let us
imagine that while we do this we label by p; the i*® square that is being removed. Let us refer to
this as the standard labeling process corresponding to the construction of p(?).

In the case that p; > py > -+ > pg let us carry out an alternate process. Let us first label
the squares at the end of rows pi,ps,...,px by p1,p2,--.,pr respectively. Then let the labelled
squares bubble up to the top of their column (without changing the order). We claim that in this
case, we obtain the same final labelling as from the standard labeling process. The reason for this
is quite simple. When p; > py > --- > pg, the standard labeling process places these labels in the
diagram of p exactly in this order when read from top to bottom. Moreover, these labels will occur
tightly packed at the top of their column. But this is precisely, the labeling that results from the
alternate process. Now recall that given a subset

I={1<ii<ig < - <ir<h(u}

the partition px(!) was obtained from p by replacing its parts Whiys Migs oo Mip DY pi; — 1, ptgy —
1,..., s, — 1 respectively, then rearrange the parts back in weakly decreasing order. Now it is not
difficult to recognize that the partition thus obtained is the same as that obtained by applying to p
the alternate labeling process described above for p = (ig,...,42,71) and then remove the labelled
squares. A moment’s reflection should reveal that this yields the equality in 3.68.

In the general case when pi,ps,...,pr are only known to be distinct the reason p(® must
dominate p'») should now appear quite clear. In this construction of x(/») the labelled squares only
bubble up their columns to reach their final destination. On the other hand, at the i*" step in the
construction of p(®)| the square which bears the label p; is either on the same column as can be
found in the construction of u{!») or, in the the worst case, in a column west of it. The reason for
this is simple. The removal of squares due to the previous i — 1 steps could have so depleted the
column which originally contained the label p; that there no longer is a square at level p; in that
column. Thus to reach the boundary of this new diagram, at that level, we are forced to go further
west. This ultimately results in the label p; landing westward of its final position in the construction
of ur). Tt follows then that, on and to the right of any column, the diagram of p(®) contains as
many squares as the diagram of x(!»). And this implies that x(”) dominates p(!#). QED

This yields us the following basic result.
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Theorem 3.7

The collection of polynomials

> B izt Diyigiy (X5) 3.70

h(p)>ig > >ia>i1>1
is a basis for the S,,-module N(B) gr R,

Proof
Proposition 3.12 yields that the expression in 3.66 is a spanning set for N(B) gr R,,. How-
ever, note that 3.69 combined with Proposition 3.2 gives the containment

B,» € Bup -

Moreover, rearranging the components of p = (p1, p2, . . ., pr) only changes the sign of A,(Xp). This
means that when p1,pe,...,px is not a decreasing sequence and I, = {i1,42,...,4;} then the col-
lection B, A, (X)) only adds terms that can already be obtained from Bﬂ(ik...im) A(ik...iQil)(XB).
This shows that there is no loss in dropping the former terms. Thus our spanning set is also given
by the summation in 3.70. To complete the argument we need only show that the number of terms
produced by 3.70 is equal to the dimension of the module N(B) gr R,,. To this end note that since
fort=1H 1[Xn;t] reduces to the homogeneous symmetric function

HM[XM 1] = hu[Xn]
by setting ¢ = 1 in 2.40 we derive that

Ty hy[X,] = > hyyeizin) -

h(p) > > i >4 >1

Moreover, 3.56 gives that h, is the Frobenius image of the ungraded character of gr R,,. Thus this
ungraded character must satisfy the recursion

Ty ph(1) = 3 Y () 3.71
h(p)>ig>-ig>i1 >1

Now Proposition 3.12 gives us that this is precisely the ungraded character of N(B)gr R,. Thus its
dimension must be given by the formula

dim N(B)gr R,, = > dim gr Ry, cyizin) - 3.72

R(p)>ig>-ip>i1 >1

Since B iy, -ipi1) 18 a basis for gr R ,-ipiy) We see that the sum in 3.72 yields precisely the cardinality
of our spanning set 3.70 which is the only fact we needed to complete the proof.

Before we can proceed with our proof of 3.60 we need to relate the ideals (C,,r)) to the ideal
(Cy). Recall that by our conventions, the partition y’, conjugate to y, has parts

phy < phy <o <l
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with p) giving the length of column n + 1 — ¢ in the diagram of u. To simplify our language, let us
refer to column n 4+ 1 — i simply as bar[i| of the diagram of p. Now given a subset T = {i; < iy <
- < I,y € [1, h(p)], we see from our construction of u(!), that we may write,

dj(u(l)) = dpy;(n) — my ( for j=1,2,....n—k) 3.73

where m; denotes the number of squares, we have removed from p to obtain D that are weakly to
the right of bar[k + j]. The reason for this is that, since puD is a partition of n — k what we should
call bar[j] of u!) coincides with bar[k + j] of . Thus the number of squares of the diagram of p()
that are weakly to the right of its bar[j] is precisely given by the right hand side of 3.73. This given
we have the following extension of Proposition 3.10

Proposition 3.14
Let T = {iy < iz < -+ < I} C[1,h(p)], and S be any s-subset of X4 = {x1,22,..., 210},
(with h =n — k). Then

e, () €Cuny  or equivalently r > s— dy(u)) 3.74
forces
x};;llx;f_:; e x;;;i-_kl er(Sa Th41yLh42y .- - ,(L'h_t,.ms) S (C#) . 3.75

Note that using 3.73, condition 3.74 becomes
r > s+ms— dsrg(p)
so when all the removed squares are weakly to the right of bar[s + k|, that is when ms = k, then
r > s+k—dsr(p)

and we necessarily have the stronger result

er(S, The1, Thyo, - Thgr) € (Cu) -

We see that this extends the second case of 3.45. The proof in the general case requires manipulations
with symmetric functions similar in nature to those that yielded the identity in 3.48. Since it is
somewhat tedious we shall omit it here and refer the reader to [| where it is already given in the
fullest detail.

To proceed we need to break the collection in 3.70 into the summands

k =d Z X
NBM = Bu(ik"'i2il) Aik"-izil( B) ’
n(p)2ig > >i 21
i1 —14--Fip—1=d

and set
d

B = Y B, B = Y

d'>d d’'>d
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Note that since all the elements of Bwk...im) are monomials in the alphabet X4 = {x1,z2,..., 25}
with h = n — k, we shall represent the generic element of Bﬂ(ik»-»iQil) by 2§ = x{'z5? - -z}, This
given, we can convert Proposition 3.13 into an algorithm for expanding the elements of N(B) gr R,
in terms of the basis in 3.70.

Proposition 3.14
For any subset I = {i1 < ia < -+ < ix} C [1,h(p)] and any polynomial P(X4) =
P(xy1,xa,...,xp) we have the expansion

P(Xa)Ar(Xp) = > ccayA(Xp) + E (mod (C,)) 3.76
IZEB#([)
with )
a) ce = P(Xa) las in R,
. - 3.77
by E e LlFNB, Y
Proof

Note that if P is a constant there is nothing to prove. Indeed, in this case 3.77 a) and b)
become trivialities since the constant 1 is in all bases BM” and 3.76 reduces to a constant multiple
of A;(Xp) and E = 0. We shall thus proceed by induction on the degree of P. To this end let

P(Xa) = Y el (mod (C,,n)) ) 3.78

€8,

be the expansion of P in gr Ru“)' We are to show that 3.76 holds in R, with an error term which
satisfies 3.77 b).
Let us then write 3.78 as

P(Xa) — Y cealy = > Qus(Xa)e(S) . 3.79

IEAEBH(I) e,,.(S)ECH(I)

i1—1, 41 —2

Multiplying by ;'\ 7 2} 5 ~-~$Zk4jk1 and applying the antisymmetrizer N(B) to both sides of this
equation we derive that the error term in 3.76 has the expansion

E = Z Qr,s(Xa) N(B) ap a2} - ap ol en(S) . 3.80
@r(S)ch(I)

Now from 3.75 we deduce that, when e,.(S) € B, and [S| = s
»’821;11 e $§[Z:k1 er(S) = — Z er—j(S) €j(Thy1s - Thim,) 9521;11 T f;ﬂ:kl (mod (Cy) )
j=1

Note that we may write

— 1 Mk
¢j(@ntts e Tham,) = Y aphy o aly
n
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with n; = (1) and 71 +-- -+, = j. Thus the error term in 3.80 is (mod (C,)) equal to a sum of terms
of the form

Ersjn = Qrs(Xa)er;(S) N(B) x21;11+"1...z;f;k1+’7k . 3.81

Since (C#u)) is a homogeneous ideal, we see that if P is homogeneous of degree m then it can be
assumed that the factor @, s(X4) is homogeneous of degree m — r. This implies that the factor
Qr.5(Xa)er—;(S) in 3.81 is of degree m — j < m. On the other hand the term

N(B) x21_;11+771 . x;'Lk_;lirnk 3.892

is different from zero only if the exponents i1 — 14171, ... , i — 1 + i are all distinct. Moreover,
by Proposition 3.7, the expression in 3.82 will necessarily vanish if any of these exponents is greater
or equal to h(p). This means that if a term E, g ; ,, survives, then denoting by J = {j1 < jo < - ji}
the increasing rearrangement of {i; + 11, ..., 4 + nr} we shall have J C [1, h(x)] and

Ersjn = Q(Xa)Aj -1, 5-1(XB)

with a polynomial Q(X4) of degree less than m. We can thus use the induction hypothesis and

conclude that
Zj1*1+-"+jk*1]

E.sjn € LI*NB,

But since
n—14++j—-1 =41 —-1+--4+ixg—14+75 >4 —1+---F1 -1,

we can be sure that
>ip =14 tip—1
E.sjm € LI*NB, " R
Thus the same must hold true for £ as well. This completes the induction and our proof.

We are finally in a position to establish the main and final result of this section.

Theorem 3.8
The t-Kostka polynomials Kx,(t) give the multiplicities of the irreducibles in the graded
module R,,. More precisely we have

P = Y XN Kault) 3.83
A>p

Proof
As we have observed we need only establish the recurrence in 3.60. To this end, given a
subset [ = {i1 < iy <--- <} C [1,h(p)], let us express the action of Si4) on gr R, in the form

oazsy = Y. a% all(oa) . (mod (Cun) ) 3.84
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This gives that
pM(I) _ Z tdegree DN ag) . 3.85

,€

3 €8,
From Proposition 3.14 we then get that
oarqA(Xp) = Z a5 Ar(Xp) ai,I’)E(aA) + E . (mod (C,) )

o
Th EBH(I)

with _ _
E e £[rNB, T

Thus in N(B)gr R, we have

g A I;A](XB) |ivf4AI(XB) = agg(oA) . 386

Now since A;(Xp) is a polynomial of degree i1 — 1+ -+ + i, — 1, Proposition 3.12 gives that

Flk p”(t) _ E t2171+2271+.».+zk71 E tdegree x4y a;IE )
1<y <ig<--<ip <h(u) JZEBM(I)

Combining this with 3.85 the recursion in 3.60 follows as desired. This completes our identification

of the graded character p*(t).



