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CHAPTER 1.

Polynomials and differential operators.

1.0 Preliminaries

Let X,, = {a1,22,...,2,} be an alphabet of commuting variables. Throughout this writing

we shall denote by
R = Qay,22,...,2,)

the ring of polynomials

P(X,) = P(zy,z2,...,8,) = Z cp b
P
with rational coefficients ¢,. Here and in the following we let

o = eh? o oxPr and 9P = o1 ob? - Obn

h
where ) _i ) _ﬁ o _ P
1_61‘1 ’ 2_61‘2 T "_690”

are the partial derivatives with respect to the given variables.

Given a formal power series f(X) = Zq fq x? we let

f(a) = f(alaaZa'“aan) = quaq 0.1
q

(*) Work carried out under NSF grant support.
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denote the corresponding differential operator. Of course the action of f(J) on a polynomial is

simply a linear extension of the action of the monomial 37 on the monomial #P. That is we set
n
of of o aftak? - al = T pitpi =1 (pi—a+ 1™
i=1

Note that if P is a polynomial of degree M and f is given by 0.1 then

foyp = > [P,

lg| <M

where we have set |¢| = ¢1 +¢2+ - -+ ¢,. Thus no questions of convergence arise when dealing with
formal power series as differential operators acting on polynomials or with polynomial differential

operators acting on formal power series.

In particular if we set

01
101412024+ +t20n _ q _
e = 11— ( where ¢! = qlga! - -qn!)

then it is an immediate consequence of Taylor’s theorem that for any polynomial P we shall have

et161+t262+”'+t"a"P(1‘1,xz,...,xn) = P(ei+t,ma+ta,...,x0+1t,) . 0.2

1.1 The invariant scalar product.

There is a natural scalar product on R which will play a basic role in our later developments.

To define it, let us denote by L, the linear operation of evaluating a polynomial at 0. That is
Lo P(x1,29,...,2,) = P(x1,22,...,20) lp1=0s=2,=0 1.1

This given we shall set
(P, Q) = L,P(9)Q(x) . 1.2
It is easy to see that this scalar product makes the monomials {#}, into an orthogonal basis. In

_ [0 ifp#g
<1‘P’x(1> — {p! iFpo g

fact, we have

This scalar product has a number of useful properties. Let us recall that the action of a permutation

( 1 2 ... n )
o =

0'1 0'2 PR Un
on a polynomial is simply defined by setting

o P(ey,22,...,20) = P@oy, %oy, Zo,) - 1.3
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Since for any differential operator f(9) and any polynomial ) we have

o f(NQAXn) = f(05,000,.,00,)Q(X6,, %0y, ., Ts,) 1.4

it follows that <P, Q> is invariant under permutation action. That is, for all ¢ we have

(oP,0Q) = (P, Q) . 15
We can proceed a bit more generally and define an action of GL(n) on R by setting, for
any n x n matrix A = ||a;;[|?;=, and any monomial z*
T, lj{lx1272...x£n — H(Tij)Pj ’ 1.6
ji=1

where, for each j = 1...n we let
n
TA Ty = Z Lilis .
i=1

This action extends, by linearity, to all polynomials P(x1,®2,...,2,) € R. Perhaps it is best to

think that the argument # in a polynomial P(#) is a row vector = (21,22, ..., %,) and then write
TqaP(z) = P(zA) 1.7

where A denotes matrix multiplication of the 1 X n vector & by A. We can easily see that this is
in complete agreement with 1.6.
An 1mportant special case of 1.6 is obtained when A is taken to be the matrix which

corresponds to the action of a permutation. To be precise, note that if for a permutation o € S,, we

set
Plo) = |Ix(i = oj)l7;=1 1.8
then
Tpioyaiah? - -abm = abrab2...pbe

Thus in this case 1.6 reduces to 1.3.
This given we see that 1.4 and 1.5 are but special cases of the following general identities:

Proposition 1.1
For any orthogonal matriz A and any pair P,Q € R we have

Ta P(9:)Q(z) = (TaP)(0:) (TaQ)(x) 1.9

wm particular

(TAP, T4 Q) = (P, Q) . 1.10

Proof
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Clearly it is sufficient to show 1.9 when P and ) are monomials. That is we need only show

that for all pairs of exponent vectors p, ¢ we have
Ta (Op)F 20 = (0, A)F (A) . 1.11

Letting a = {aj,as,...,a,} and b = {by,bs,...,b,} be two new commuting alphabets, we can

represent all of the identities in 1.11 by the single identity

TAe(a,(’)z)e(b,x) — e(a,(’)zA) e(b,l‘A) , 112
where (#,y), for any two vectors  and y, denotes the customary inner product

(z,y) = ziy1 +22y2+ -+ TnYn -

Indeed, 1.11 may be derived from 1.12 by equating the coefficient of the monomial a” 47 on both
sides of 1.12. This given, note that the orthogonality of A gives

(a,0,A4) = (aA™,0,) and (b,zAd)= (bA™" z) , 1.13
thus 1.12 may be rewritten as

TAe(a,az)e(b,l') — e(aA_l,az) e(bA_lvx) . 114

But now, 0.2 gives
e(@0e)e(br)  —  clbota) —  (ba) (bx)

similarly

-1 -1 -1 -1 -1 -1 -1
e(aA ,6I)e(bA ) 6(bA w+aATT) 6(bA JaA )e(bA )

bl

and 1.14, using the definition 1.7 and 1.13, becomes

e(0a) (bwA) _ (bAT aATY) (brd)
However, this holds true because the orthogonality of A also yields that
(AT aA™Y = (b,a) .
Finally, note that since the definitions 1.1 and 1.7 give that for any formal power series f
LTaf = Lo f

we see that 1.10 is simply the special case = 0 of 1.9. This completes our proof.
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1.2 Homogeneous subspaces.

It will be convenient here and in the following to denote by =, the linear operator on

polynomials defined by setting

Pgf =
o 2P if |p| = m,
Tom £ = {0 if [p| #m . 2.1

Clearly, m,, extracts the homogeneous component of degree m out of a polynomial. In particular,
given a collection V of polynomials we shall let H,, (V) denote the image of V by m,,,. In other words

Hm (V) simply consists of the collection of homogeneous components of degree m from elements of

V.

This given, we have the following
Definition 2.1
A subspace V. C R is said to be homogeneous if and only if

Hn(V) C V (Vm>0) 2.2

We can easily see that every homogeneous subspace V admits the direct sum decomposition

V = Ho(V) & Hi(V) & Hao (V) & - 2.3

A homogeneous subspace V C R, although possibly infinite dimensional, behaves in many
ways like a finite dimensional subspace. Indeed, each of its homogeneous components H,, (V) is
finite dimensional. In fact,

dim(Hn(V)) < dim(Hn(R)) = (n o 1)

n—1

This circumstance yields, as we shall see, a number of properties that are not available for more
general subspaces. First of all, we can write down the generating function of dimensions of the

components H,, (V). This is the formal series

Fy(q) = Y ¢™ dim(Hn(V)) 2.4

which is usually referred to as the Hilbert series of V. Secondly, because of 2.3, we can always produce

a basis B(V) for V consisting of homogeneous polynomials. We shall also have the decomposition

B(V) = > Bu(V)

m>0

where B,,,(V) denotes the collection of elements of degree m in B(V), and ” Y7 here simply means

disjoint union. This gives us the useful formula

FV((]) — Z qdegree(b) ) 2.5
beB(V)
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In particular we see that

» 1
FR((]) — Z qdegree(x ) — Z qP1+P2+ +rn  — (1 — q)n . 2.6
P P

Another facet of the finite dimensional qualities of homogeneous subspaces can be stated as

follows

Proposition 2.2
The orthogonal complement U = VL of a homogeneous subspace V, with respect to the

scalar product in 1.2 | 1is also homogeneous. Moreover, we have

) Vit o= v

2.7

Proof

Let By, be an orthonormal basis for H,, (V). Let us then apply the Gramm-Schmidt ortho-
normalization procedure to the ordered collection consisting of the elements of B, arranged in any
order followed by the monomials {” }|,|= in lex order. This produces an orthonormal basis Cp,
for Hm (R) which consists of By, followed by an orthonormal set A,,. This given, any polynomial
P € R may be written in the form

P=3 (X (Paya + > (P.0)b). 2.8

m>0  a€A,, bEBm

Thus the polynomials P that are orthogonal to V are those of the form

P = Z Z <P,a>a.

m>0 a€A,,

In other words {Am}mZO is an orthonormal basis for U = V<. This implies that U is a homoge-

neous subspace of R and that 2.7 a) & b) are immediate consequences of 2.8.

A basic example of homogeneous subspace, is the collection of solutions of a fixed system
of homogeneous differential equations. To be precise, if f = {fi, f2,..., fe} is any collection of

homogeneous polynomials, let us set

S(fl,fz,...,fk) = {PERZ fl(ﬁ)on,fz(ﬁ)P:O,,fk(ﬁ)P:O}

It is easy show that if f1, fa,.. ., f are all homogeneous then S(f1, fa, ..., fz) itself is a homogeneous
subspace. Indeed, if

M
P =3 Py ( with P, =mnP )

m=0
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and degree (f;) = m; then degree(f;(9)Pn) = m — m;, and we cannot have

0 = fi(OpP = Z fi(9) Py

without each of the individual summands f;(0) P, being equal to zero as well.

Note further that every P € S(f) is also annihilated by every differential operator in the
ideal generated by the polynomials fi, fa, ..., fr. That is we have Q(0)P = 0 for every polynomial
@ of the form

Q = Afi + Aofo + - + Af 2.9

with A1, Aa, ..., Ap arbitrary polynomials. As customary we shall denote the ideal generated by
fi, f2, ..., fr by the symbol
(fl’fz""afk)~

It is easy to see that if fi1, fa,..., fr are homogeneous then (fi, fo, ..., fr) is also a

homogeneous subspace. Moreover we have

Proposition 2.3
The orthogonal complement of the ideal (f1, fa, ..., fr) is simply given by the solution

space S(f1, fa, -, fr)-

Proof

It is clear that S(fi, fo,..., fx) is contained in (fi, fo, ..., fr)&. Thus we need only
show the converse. To this end note that if f € (f1, fa, ..., fr) then also the product #¢f is in
(fi, f2, ..., fr) for any monomial z¢. This implies that if P € (f, f2, ..., fr)' then P must

be orthogonal not only to f but to ?f as well . In other words we must have
Lo f(O)P(X,) = (f,P) = 0

for arbitrary ¢. That is, the polynomial f(9)P(X,) and all its derivatives must be equal to zero at
the origin. From Taylor’s theorem we deduce then that f(9)P(X,) must be identically zero itself.

This proves the reverse inclusion

(flafZa"'afk‘)J_ g S(flafZa"'afk)~

Q.E.D.
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1.3 Graded representations.

Let GG be a finite group of n x n matrices and let V be a homogeneous subspace of R which is
invariant under the action of GG. More precisely, we assume that for each A € G and P € V we have
T4 P € V. Since the operator Ty preserves the degree of a polynomial each subspace H,, (V) is also
invariant under (. Thus the action of G on V decomposes into a direct sum of finite dimensional
representations. Let then yY denote the character of the representation corresponding to Hp, (V)
and set

M) = Dty 3.1

m>0

This is in complete analogy with what we did in the definition 2.4. Indeed, Fy(¢) is none other than
the evaluation of xV(gq) at the identity element of G. We shall refer to V as a graded G-module,
and to xV(g) as the corresponding graded character. When convenient we shall also use the symbols
char and char, to denote characters and graded characters respectively. In particular we may write
char,V instead of xV(q).

Note that if B 1s any homogeneous basis of V. C R we may obtain the corresponding graded

character at an element A of G| by the formula

V(Aig) = D gt Tab |y 3.2
beB

We shall also refer to the representation of GG corresponding to the basis B as a graded representation

of GG.

Remark 3.1

We have another way of obtaining graded representations, that is in a sense dual to what
we did above. We start by giving a G-invariant homogeneous ideal I and then let Ry = R/TI denote
the corresponding quotient polynomial ring. The homogeneity of I makes Ry into a graded ring and
the G-invariance of I allows us to define an action of G on Ry as well as on each of its homogeneous
subspaces M, (Ry). In complete analogy to what we did before we can then define the graded
character of Ry by setting

chary Rr = quchar Hno(Ry) .

m

For any two polynomials P, Q) set

(P,Q); = = Y (TaP,TaQ)

A€G

and let Hy be the orthogonal complement of I with respect to this scalar product. This is the
standard construction of a G-invariant complement of a G-invariant subspace. In our particular
situation Hy turns out to be a graded G-module with the same graded character as Ry. More

precisely, we have
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Proposition 3.1
Every homogeneous basis for Hy = It is also a basis for Ry = R/ and

chary, Ry = char, Hy = char, R — char, 1 . 3.3

Proof
Let H,,, (Hy) be the homogeneous component of degree m of Hy and let B, = {Py, P2, ..., Py}

be any basis of Hp,(Hy). From the direct sum decomposition
Ha(R) = Ho(Hp) @ Ha()

we derive that every homogeneous polynomial P of degree m can be uniquely written in the form
M
P=> P + E

i=1

with F an element of I. This shows that B, spans H,(Rr). On the other hand the relation
M
i=1

can only hold for ¥ = 0. Thus Py, P,..., Py are also independent as elements of H,,(Ry). This
implies that By, is a basis for ", (Ry). This establishes our first assertion. Finally, the identity in
3.3 must hold true because the action of G on 5, is expressed by one and the same matrix whether

we consider By, in Hy,(Hy) or in Hp (Ry).

From 1.6 we derive that for a monomial 27 of degree m we have

Tyz? = Z 2P (Tqxf?) |pr .

lp|=m
Thus the action of T4 on the subspace H,,(R), when expressed in terms of the basis
Moy ={a? : |p| =m} |
is given by the matrix
A = [(Taa?) fon]| (Ipllgl=m ) . 3.4
This is what is usually referred to as the m'® symmetric power of A.

The celebrated Master Theorem of Macmahon [25] may be viewed as a formula for the
generating function of the traces of the successive symmetric powers of a given matrix. In other
words, the Master Theorem yields a closed form for the graded character of the action of the operator

T4. Using this notation we can state
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Theorem 3.1(Macmahon)

1

my A(m) — 2| TazP) lgp = —— . 3.5
> qmtrace > " (Taat) | det(I — qA)
m>0 P

Proof
We note first that the definitions 1.6 and 1.7 immediately imply that for any two n x n

matrices A, B we have

A B = (AB)™) 3.6

This given, since the trace function is invariant under similarity, we only have to check the validity of
3.5, for triangular matrices. However, if A 1s triangular and A1, As, ..., A, are its diagonal elements,

then 3.5 reduces to the trivial identity

1
D gt A e = Hl—qx : 3.7

P i=1
This proves the theorem.

By letting A = P(o) and setting y®(P(c); ¢) = x®(0; ¢) we derive the important corollary:
Theorem 3.2

For any permutation o € S,

V- = pA(U)(laQaqza"') 3.8

R _ Pl P —
XHova) = Zq o0 lor = . 1(1—(12')”%(0)

n
1
P 1=

where m; (o) denotes the number of cycles of length ¢ in o, and A(o) denotes the shape of o that is

n

Moy = JTim™) .

i=1

Proof.

For the second equality it i1s sufficient to note that the characteristic polynomial of the
matrix corresponding to a cycle of length 7 is precisely given by 1 — ¢'. We recall here that py
denotes the power symmetric function indexed by partition A = (A1, Az,..., A,). That is

n
pa(e1, 20, 23,...) = Hpkj(xl,xz,xg,...). 3.9
ji=1

with
pr(z1, @2, 23,...) = Zl‘f

Thus the last equality in 3.8 is obtained by making the replacements A — A(¢) and z; — ¢*~! in

3.9.
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Making use of the Frobenius expansion of the power symmetric function we can transform

3.8 into a combinatorial identity which will turn out to be very useful for us here:

Theorem 3.3

Floa) = ¥ o) et 310
R =~ (e (D RN (D
where ¢(T) denotes the "cocharge” of T
Proof.
The Frobenius expansion [24] gives that
pA(U)(laQaqza"') = Z XA(O-) S)\(laQaqza"') 3.11

Abn

and 3.10 follows from the well known ([24] ex. 14 p. 49) identity

ZTGST(,\) g7

T ol-¢) A .

S)\(la q, qza o ) =

Remark 3.1

Given a standard tableau T' the cocharge tableau C(T) corresponding to T is the column-
strict tableau of same shape obtained by the following procedure. We first replace the entry 1 of T'
by 0. Then, inductively, having replaced the entry ¢ of T' by ¢, the entry ¢+ 1 is replaced by ¢ again
if i+ 1iseast of ¢ in T and by ¢+ 1 otherwise. The cocharge ¢(7') may then be defined as the sum of
the entries in C(T'). This given, it is easy to see that the smallest possible value of ¢(7') as T varies

among all standard tableaux of shape A is given by the integer

n—1

n(A) = Y it 3.13

i=0
which is the cocharge of the so called superstandard tableau of shape A. This is the tableau obtained
by filling the successive rows of the shape A with the integers 1,2,... n from left to right starting
with the longest row. We see then from 3.10 that the smallest m for which Hp,(R), as Sp,-module,

contains the irreducible representation with character x* is precisely given by n(}).

1.4 Ideals and their associated graded versions.

Our ultimate goal here is the calculation of the graded character of certain remarkable
Sp-invariant homogeneous subspaces of polynomials. Thus we shall be concerned with the case
G = S,. Nevertheless, before getting into our material, it will be good to review a few basic facts
and constructions concerning general graded representations. Our calculations of graded characters
hinges on a few elementary facts concerning ungraded quotients and their associated graded versions.
We shall include them here since we need them in a more constructive form than they usually appear

in the literature.
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We need to adopt a partial order on monomials 2P = &{'z5? ---zf» which is defined by

setting 2P << x? and saying that «F is contained in 29 if and only if

plgqlaPZSQZa"'apTLSQH .

We also recall that an element zP of a collection C of monomials is said to be minimal if it does not

properly contain any other element of C.

This given, we shall say that i/ is an upper ideal of monomials if and only if
el & 2z >> 2 — zlel .

In words, every monomial which contains an element of I/ is in . Clearly, if we take any finite

collection of monomials C = {my, ms, ..., mp} then the collection
UC) = {z? : 2! >>my for some m; €C }
is an upper ideal. Remarkably the converse is also true. More precisely, we have

Theorem 4.1(Gordan) J. de Math. Pures et Apll. 6 (1900) 141-156, see also Grace-Young # 151
p. 178)

Every upper ideal of monomials has a finite number of minimal elements
Proof.

We shall proceed by induction on the number of variables. Clearly, the assertion is true for
n = 1. Assume then we have shown it to be true whenever the alphabet has cardinality less than
n, and let V be a given upper ideal of monomials in the alphabet X,, = {1, 22,...,2,}. Choose
once and for all an element z? = x({lxg2 <o-xd~ € V. For agiven i = 1..n and for s < ¢; let V;; be a

collection of monomials in the alphabet X,, — ;
Vis = {aP/e}] @« pp=s & P eV } .

In words, V;, is obtained by removing «; from every monomial in V which has «; raised precisely to
the power s. It easy to see that V;, is an upper 1deal of monomials; and since the alphabet involved
has less than n letters, by induction, we can find in V;; a finite set of monomials

Cie = {m(l) mt?) m(k)}

is 0 'hs 0t T

with the property that every element of V;; contains an element of C;;. That is we shall have

We claim that each element 2P of V contains one of the monomials in the collection

{xq}U{xfmgg) for i=1ln | s<q & j=1.ki } 4.1
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Indeed, if 2P does not contain z? then for some 7 € [1..n] we must have p; < ¢; and this places
«F [z in the ideal V;,,. Thus each minimal element of V must belong to the collection in 4.1. This

completes the induction and the proof of the theorem.
Remark 4.1

We should note that Theorem 4.1 could have been stated for any collection whatsoever of
monomials. Indeed, if € is such a collection then since C and U(C) have the same minimal elements,
the result for C follows by applying Theorem 4.1 to U(C).

We shall derive next a somewhat sharper version of Hilbert’s basis theorem than is usually
given. To this end we need a total order on monomials that refines both containment and degree.
More precisely, we shall order our monomials by increasing degrees, breaking equal degree ties
lexicographically. Perhaps we should recall that the lezicographic order of monomials is defined by

setting #F <r y? if and only if we have
PL=q1,P2=q2, -, Pi-1=qi-1 & pi<q; for some i€ [l,n].

Thus according to the order we adopt here, #” comes before z? if and only if, either |p| < |q| or

”

lp| = |q| and «? <p y?. To avoid confusions we shall denote our order by the symbol “<pr” and

refer to it briefly as the dlex order.

Remark 4.2

Up to this moment we have tacitly assumed that the degree of a monomial «{*2%? - -z is given
by the sum p; 4+ p2 + - - - + p,,. It should be noted that in most of our considerations the degree can
just as well be given by the sum dypy + daps + - - - + dppn, where the coefficients d; are some given
fixed positive numbers. In other words under this notion of degree the variable z; is assigned degree
d;. Of course, when a group action is involved then the coefficients d; must be restricted so that
the operators T4 (for A in the given group) do retain their degree-preserving property. We shall
have occasion in the sequel to use to advantage this additional freedom in the choice of degree. A
typical situation in which such freedom is possible is when the matrices A € (G all break up in the
same block diagonal fashion. In this case, we can assure that the action of G will preserve degree,
by simply requiring that the degree function assigns the same degree to the variables indexing any

given block.

For a given polynomial P let us then denote by A(P) the dlex largest monomial appearing
in the expansion of P. We shall refer to A(P) as the leading monomial of P. Note then that if J

is an ideal of polynomials then the collection of leading monomials
MIT) = {XP) : PeJ}

is an upper ideal of monomials. By Gordan’s theorem the minimal elements of M(J) will form a
finite collection. Let us denote it by V(7). Clearly, we can find elements {f1, fo, ..., fi} in J which
give

VIT) = {M[),A(f2), - Afw)) - 4.9
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It 1s good to think that the f1, fo, ..., fi are listed in increasing dlex order of their leading monomials.
Keeping this in mind we have
Theorem 4.2

If J is an ideal of polynomials and the elements f1, fa, ..., fr are constructed so as to satisfy

4.2 then every element P € J may be expressed in the form

k
P =Y Af 4.3
i=1
with the coefficients A; polynomials satisfying the conditions
degree(A; f;) < degree(P) (for i=1.k) . 4.4

Proof

Given P € J let us denote by f(P) the first f; whose leading monomial is contained in
A(P), and set p(P) = A(P)/A(f(P)). Note that if ¢ is the ratio of the coefficient of A(P) in P by
the coefficient of A(f(P)) in f(P) then the polynomial P — cu(P) f(P) as an expansion of the form

P o— cep(P)f(P) = > et 4.5

l‘q<DL>\(P)

This is because A(P) cancels out and all the other terms in p(P) f(P) involve monomials which are
dlexicographically less than A(P). We can now prove 4.3 and 4.4 by induction on the lexicographic
order of A(P). Note first that since every A(P) contains one of the A(f;), the lexicographically
smallest A(P) is A(f1). But then we can have A(P) = A(f1) only if P = f; for otherwise, because of
4.5, P—c¢ f(P) would have a leading monomial dlex-smaller than A(f;) and this would contradict the
choice of f;. Now let the assertion of the theorem hold true for all P € J whose leading monomials
are dlexicographically less than the monomial #¢ and let P € J have leading monomial z¢. From

this assumption and 4.5 we can then write
k
P = qu(P)F(P) + 3 Ak
i=1

with the A; satisfying 4.4. But since degree(pu(P) f(P)) = degree(A(P)) = degree(P) we see that
the expansion in 4.3 will hold for P with coefficients satisfying 4.5 as well. This completes our

developments.

The method of proof we adopted here has some very desirable consequences. Indeed, not
only it provides an algorithm for the actual construction of generators of given ideals, but it also
yields a number of additional results. A useful example is given by the following corollary of our

proof of Theorem 4.2.
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Theorem 4.3

For a given 1deal J let B 7 denote the collection of monomials that is complementary to the

monomial ideal M(J). Then By is a basis for the quotient ring
Ry = Qlzy,2a,...,2,]/T 4.6

Proof.

Let M = )", My, denote the basis of Ry obtained by applying Gauss elimination (mod J)
to the monomials arranged in dlex order. That is, proceeding in this order, a given monomial &P
is taken if and only if it is not a linear combination (mod [J) of the dlexicographically preceeding
ones. Here My denotes the collection of monomials of degree k that survive the process. We claim

that M and B s are one and the same. Indeed, the inclusion
M C By 4.7

is immediate. For if an element ¥ € M were to be in M(J) then (using notation in the proof of

theorem 4.2), for suitable ¢'s, we would have

2P = ep(xP)f(2F) + Z cqu? = Z cqx? (mod J)

ri<prx? rI<prx?

and this plainly contradicts the very choice of . In the presence of 4.7, to complete our proof we
need only show that any finite collection of elements of B 7 is independent. We proceed again by

contradiction. Let there be a finite linear combination

Z pr? € J

z?PeEB

but then the very definition M(J) yields that the dlex largest monomial in this sum must lie in
M(J). This contradicts the definition of B 7.

Remark 4.3

The basis By takes a particularly nice form when for some integer k, all monomials of
degree larger than k, belong to M(J). In this case we can construct a finite antichain of monomials
(with respect to containment)

M:{mlamZa"'amh}

with the property that a monomial P belongs to B if and only if it is contained in one of the
monomials of M. In other words B reduces in this case to the (containment) lower order ideal
generated by the elements of M. The reason for this is quite simple. If a monomial z? belongs to
B, then every monomial below zP must also belong to B 7. In other words B s is, in any case, a
lower order ideal. When all monomials of degree larger than k, are in M(J) then each monomial
in B 7 must be contained in a maximal element of B 7. Thus in this case we may take M to be the

set of maximal elements of B ;.
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Remark 4.4
It will be good to note here that the simple definition of B 7 yields the remarkable fact that

for any two ideals 7, J we have

7 ¢ J = By C Br.

This is immediate since 7 C J implies that M(Z) C M(J), and the desired inclusion follows by

taking complements.

We are now in a position to derive the identities we need in the calculation of the graded
characters we plan to study. Basically, these identities are obtained by relating the characters of a

quotient module A and its associated graded version gr A.

Let then
A = Q[xlaxZa"'axn]/j .

for some ideal J C Q[a1, @2, ..., 2,]. Our point of departure is to define gr A simply as the quotient
ring

gr A = Qlry,xe,.. ]/ gr T 4.8

where gr J is the ideal generated by the leading homogeneous components of the elements of 7.
More precisely, for a polynomial P, let A(P) denote its homogeneous component of highest degree.
Then

grJ = (R(P): PeJ) . 4.9

Since the dlex leading monomial of a polynomial f must lie in A(f), and the equality h(h(f)A) =
h(f)h(A) holds true for any pair of polynomials A, f, we can easily deduce that

M(T) = M(grd)
Thus Theorem 4.3 immediately yields the following beautiful corollary.

Theorem 4.4

The two rings A = R/J and gr A = R/grJ have By as common basis. In particular, in

the bounded degree case, they have the same dimension.

It will be good to be able to refer by name to the collection {f1, fa, ..., fix} satisfying 4.2
and the corresponding basis of monomials B 7. To this end we shall respectively call them a standard

basis for J and the standard monomial basis for R 7 and gr Ry

Our next application involves an additional ingredient. We shall assume that J is invariant
under a finite group G of matrices A acting on polynomials according to the definition 1.6. For
simplicity, we shall restrict ourselves to the bounded degree case. That is we shall assume that every

monomial of degree larger than &, lies in 7.
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Clearly, by the degree preserving properties of the operators T4 we necessarily have that
gr J itself 1s also G-invariant. This allows us to define a G-action on the two quotient rings A and
grA. Since grA is a graded ring it is a direct sum of its homogeneous components. Denoting by
Hi(grA) its homogeneous component of degree k, we can define as before the graded character of
grA by setting

chary grA = Z ¢* char Hp(grA) . 4.10
E>0
Going back to the proof of theorem 4.3, we can easily see that the component My of the common
basis M = B is a basis for H(grA). Let us then denote by ASF the linear span (modulo J) of
the elements of the union ), ., Mj. It is clear, again by the degree preserving property of the
G-action that AS* is also a G-invariant subspace of A. This given, we have the following important
fact.

Theorem 4.5
The characters of the G-modules AS* are related to the graded character of grA by the
following identity
chary grA = (1 —gq) Z ¢* char ASF . 4.11
E>0

In particular, in the finite degree case, when A = AS*e we shall have

Fo—1
chary grA = ¢“ochar A + (1-4¢) Z ¢* char AS* . 4.12
k=0
Proof.

Let {f1, fa,..., fs} be chosen as to satisfy 4.2 (with k replaced by s), and let {e1,ea,..., 65}
be their respective highest degree homogeneous components. Since, A(f;) = A(e;), from 4.9 and
theorem 4.2 we derive that {ej,es, ..., es} generate grJ. Let us then express the action of G on
A<= in terms of the basis Bs. We shall have for any monomial b € > n<r My and a generic element
v=Tas € G: N

b = Z Z b oap () - ( mod J) 4.13

h<k b'EMy

char ASF — Z Z app 4.14

h<k bEM,

On the other hand from 4.13 and theorem 4.2 we derive that if degree(b) = k then

vb = Z Z b abzyb(’y) + ZAZfZ , 4.15
i=1

<k b'EMy

This gives that

with degree(A; f;) < k. Letting ¢; = f; — e; and substituting in 4.15 we finally get

vb = Z Z b ayp(v) + ZAigi (mod grJ ), 4.16
i=1

h<k b'EMy
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However, since degree(A;g;) < degree(Af;) < k, the last summation in 4.16 yields a polynomial
of degree stricly less than k. But since grA is graded, we can equate homogeneous components of
degree k on both sides of 4.16 and get identity

b= D Vayu(y) (mod grJ) .

b'eEMp

This gives that the coefficient of b in 4 b in grA is also given by a; 3(7). Thus we must have

charg grA = Y e gy, 417
bEBJ

and the desired formulas 4.11 and 4.12 are immediately obtained by combining 4.14 and 4.17.

Remark 4.5

We should note that this theorem gives useful information even in the case when G reduces
to the n X n identity matrix, for then formulas 4.11 and 4.12 reduce to the following expressions for
the Hilbert series of gr A:

Fopalg) = (1= q)Z ¢" dim ASF 4.18
E>0
and in the finite case
ko—1
Foralg) = Fedim A+ (1-4¢) Z ¢" dim ASF 419
k=0

We terminate this section with two immediate but useful consequences of the definition of

gr J:

Proposition 4.1
A collection of homogeneous polynomials which is independent in gr A is necessarily also

imndependent in A. In particular we get that any homogeneous basis for gr A is also a basis for A.

Proof
Let b1,b2,...,b, be given homogeneous polynomials, and for some constants ¢y, cs, ..., ¢m,
set
P = cbi4eba+- -+ cnbny
and let

h(P) = ¢ibi, +ciybi, + -+ i by

be the highest homogeneous component of P. Clearly, P € J implies that h(P) € gr J. Thus
if by,bs,..., b, are independent in gr A, then P cannot be equal to zero in A without all the ¢;

vanishing. But this is precisely the first of our assertions. Clearly, the second assertion is trivial in
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the finite dimensional case. In the infinite dimensional case, we resort to formula 4.18 and derive

that for any k£ we must have

> dim Hy(grA) = dim ASF 4.20
<k

This given we see that if b1, ba, ..., b, are the elements of degree < &k in a homogeneous basis for
gr A then m must be equal to dim AS*. By what we just proved, bi,bs,..., b, must then be
independent in A. They also all lie in A<* and their number is equal to the dimension of ASF,

Thus they must be a basis for AS*. Since this must hold true for arbitrary k our proof is complete.
Combining this result with Proposition 3.1 we deduce the following useful fact.

Theorem 4.6

Let J C R be an ideal and A =R/J. Let H = (gr J)*. Then any homogeneous basis for
H s also a basits for A and gr A. Moreover, if J is G-invariant then gr A and H are equivalent
graded G-modules and

chary H = chary grA = (1- q)Z ¢* char ASF . 4.21
k>0

Proof

The proof of Proposition 3.1 yields that if 5 is a homogeneous basis for H then its elements
of degree m yield a basis for Hp,(gr A). Thus B itself must be a basis for g A. Proposition 4.1 then
gives that B is also a basis for A. The last assertion follows from Proposition 3.1 and the identity
in 3.3.

Remark 4.6

It might be good to point out here that formula 4.11 is equivalent to the sequence of identities

k
char ASF = Z char H;(gr A) 4.22

i=0
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UCSD LECTURE NOTES 1991-92

CHAPTER 2.

Orbits and their associated graded modules

1. The G-module Ry, and its graded versions.

Here and in the following we shall work with a finite group G of n x n real orthogonal

matrices. We shall also assume that we are given a distribution of degrees dy,ds, ..., d, for our
variables 1, s, ..., z, so that the degree of a monomial is given by the expression
n
degree ¥ = Z pid; 1.1
i=1

and that degrees computed in this manner are invariant under G.

Given a point

a = (al,a2;~~~,an) ’
we shall then denote by [a]g or simply by [a] the finite set

[a] = {ad : Ae G} 1.2

where aA denotes the matrix multiplication of the row vector a on the right by A. In other words

[a] is simply the orbit of @ under the action of G on ambient space. For a given point a the subgroup
G, = {A€G :ad=a} 1.3

is usually referred to as the stabilizer of a. We shall say that a is regularif G, reduces to the identity.
We see that this happens if and only if and only if the cardinality of [a] is equal to the order of G.
We may write this as

lal = Il . 14

In any case we set

Ja = {P(x): P(ad)=0 VAedG} . 1.5

In other words Ji; denotes the ideal of polynomials that vanish in the G-orbit of a. We also let
R = Q[]/Jw 1.6

This quotient may be viewed as the coordinate ring of the orbit [a] considered as an algebraic variety.
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There are a number of algebraic constructs associated with the orbit [a] that will be our
object of study here. Our first goal 1s to produce a working basis for the associated quotient ring
Ryy. To this end we assume that we have been able to construct a polynomial ¢.(x) (*) which is
of minimal degree among those which have the value 1 on @ and vanish on all the other points of the
orbit [a]. Tt will be convenient to denote by G/G, a set of representatives for the right Gy-cosets
of G so that every element of [a] may be uniquely represented in the form ar~! with 7 € G/G,.
Of course, when a is regular then G/G, reduces to G itself. With this notation, the conditions on

¢ (x) may be expressed in the form

1 ifx=a,
de(e) = {0 ife=ar ! with 7€ G/G,and ar™ #£a . ~ L

This given we set for any v € G/G,,

dy(x) = T,y delx) = do(zy) . 1.8
Clearly )
. 1 ife=ay™ ",

¢r(@) = { 0 ife=ar"!with 7€ G/G, and ar™! £ay™t . L9

This implies that for any polynomial P(z) we have

P(x) — > Play™")¢y(x) = 0 Vield .
YEG]Gq
In other words
P(x) = > Play™") é,(2) (mod Jiay ) - 1.10
YEG]Gq

This means that the polynomials {¢- }yeq/q, are a basis for Ry, and that the dimension of Ry, as

a vector space, is equal to the cardinality of [a]. The definition 1.8 gives also that
Tp ¢a(z) = ¢c(xBA) = ¢pa(z) .

Thus we see that when a is regular, the action of G on Ry, when expressed in terms of this basis
is none other than the left reqular representation. When a has a non trivial stabilizer, we see that

we shall have

Tp,¢a(x) = Tp,0a() (Vzeld),

if and only if
aA_lBl_1 = aA_lBZ_1 .

In other words these two polynomials are equal mod 7,, if and only if B; A and By A represent the
same right G4-coset. Clearly, the polynomial ¢ 4 itself only depends (mod J,) upon the right coset of

(*) Here and after e will refer to the identity element



CHAPTER II ORBIT HARMONICS Copyright Garsia-Haiman November 7, 1994 22

A. Putting all this together we see that, in terms of our basis {¢~ },eq/a., G acts on Ry, precisely
as it acts on the right (4-cosets by left multiplication.

Note further that if degree(¢.) = ny then 1.10 shows that each P € R can be expressed
(mod Jiq;) as linear combinations of polynomials of degree at most n,,. In fact, the minimality of

¢. yields that we must have
R, = R <= k
[a] [a] > Ny - 1.11

This is easily seen, for if equality in 1.11 did take place earlier than ny,, then ¢. itself would be
equal (mod Jiq; ) to a polynomial ¢, () of degree smaller than ny,. But this means that . (x) must
be equal to 1 on a and zero on all other points of [a]. However, this would contradict the minimality

of ¢..

We can now bring into this setting all the ingredients we introduced in the previous sections
and set
gr Ry = R/gr Ty and Hy = (97 Ta)® 1.12

These observations combined with the facts we gathered in sections 3. and 4. immediately yield us

the following basic result.

Theorem 1.1
For any G-orbit [a] the coordinate ring Rig has a mazimum degree given by ny,y. Moreover,

each of the G-modules Ryqy, g7 Riq and Hy,y ts a version of the action of G on the right cosets of
G, with

n[a]—l
chary Hiqy = charg gr Ry = ¢" charRy + (1—9) Z ¢" char R[%lk ‘ 113
k=0

The important point here is that we now have a mechanism for constructing a variety of
graded versions of right coset actions for any finite matrix group. As we shall see, this mechanism
has some rather remarkable applications. We shall start by deriving some applications to reflection

groups. To this end we need to review some basic facts from invariant theory.

2. Invariants and harmonics

We recall that a polynomial P is said to be G-invariant if and only if
AP = P VAed .

It is customary to denote the ring of invariants by the symbol RY. Clearly, R“ is a homogeneous

1
PG = T4 Z TA )
S

subspace of R. In fact, if we set
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then the image pe @ of any polynomial @ is necessarily G-invariant. Thus RY may be viewed as the
projection of R by the degree preserving linear operator pg. We recall that pg is usually referred
to as the Reynolds operator corresponding to (. It should be noted that invariants behave like

constants with respect to pg. More precisely, if P is any polynomial and @ is G-invariant then

pe QP = Qpa P 2.1

It will be convenient, here and after to let
RY = @m>1 Hn(RY) and Je = (RY) .

In other words J¢ is the ideal generated by the homogeneous invariants of positive degree. This
given, we set
He = (RO = J5 . 2.2

Note that, the polynomial

loll = a¥+az 4 Fap

belongs to R for any of the groups under consideration here. This is simply due to the fact that
an orthogonal matrix does not change the length of a vector. Thus it follows from the definition 2.2

that every polynomial P € H satisfies the Laplace equation

Zn:aﬁlp = 0.
i=1

For this reason the elements of Hy are usually referred to as the harmonics corresponding to G.

We shall later see that in the cases we consider these polynomials are harmonic in an even stronger

sense.

The following basic fact is one of the crucial reasons why the spaces Hj, are worth a special
study
Theorem 2.1

For any finite group G of orthogonal mairices and any orbil [a] we have
H, C Hg (or equivalently) Je C gr T - 2.3

In particular we deduce that
dimHg > |G| 2.4

Proof

We simply note that if P(z) is invariant under G then it is constant in [¢] and the polynomial

P(e) — P(a)
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must therefore belong to Jj,;. On the other hand if P is also homogeneous and of positive degree
then it is the highest homogeneous component of P(z) — P(a) and as such it must also belong to
g7 Jiay- In other words Rf is contained in gr Ji,; and 2.3 immediately follows from the definitions
of Hy,, Hg, gr Jo and Jg. To establish 2.4 we simply use 2.3 with « a regular point and note that
we always have

Remark 2.1

We should perhaps point out here that for any of our groups GG the regular points form a
non empty open set. Indeed, if a is not reqular then for some element A € G we have ¢4 = a.
This implies that the non-regular elements of G' form a closed set consisting of a finite number of
hyperplane intersections. The assertion follows then immediately from the fact that ambient space

i1s not a union of a finite number of hyperplanes.

Proposition 2.1

For any finite matriz group G we have

e 74 2.6

X

Moreover, we can always construct a finite collection of monomuals M and a set of invariants

I, Is, ..., I such that every polynomial P may be written in the form
P o= > Q1. In)a? 2.7
TPEM
with Qp(I1, Io, ..., In) a polynomial in its arguments.
Proof
For a given a = (ay, as,...,a,) let
) = JI - (x4,0)
AeG

It 1s clear that
|G|

Eg(t) = 19 + Y9 (—1)f ep(w;a)

with ex(z;a) € Rf. Since Fig(t) [i=(z,a) = 0, we get that

|G|
(2, ) = 3 (@, )l (=) ep(5a)
k=1
Taking a to be the #* unit coordinate vector u(") = (0,0,..., 1,...,0) gives
il
|G|

xLGl = Z xLGl_k (—1)16_1 ek(x;u(i)) . 2.8
k=1
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In particular, 2.6 must hold true as asserted. Moreover, this relation yields that every P € R can

be written in the form

P = Zcpxp—I—iAiIi, 2.9

rPeEM i=1

with M the set of monomials ¢ with ¢; < |G|, A; € R and {I;,I», ..., I,,} given by the collection
{ep(z;u®) s i=1ln&k=1.G} .

Since the coefficients A; themselves may be expanded in this manner as well, we can easily see that

2.7 can be derived by successive recursive uses of 2.9.

There are three immediate consequences of this Proposition:

Theorem 2.2 For any finite matriz group G
(i) The ring RY is finitely generated.
(ii) The space Hg is finite dimensional.
(iii) If Br is any homogeneous basis of Hg then every polynomial P has an expansion of the

form
P o= > Ayb (Ay €eRY) 2.10
beBy
Proof
To derive (7) we simply apply the operator pg to 2.7 for an invariant P and obtain (using
2.1)
P = > Q... Iy pca . 2.11
TPEM

However, this gives that R is generated by the collection {.J1, Jo, ..., Jar} consisting of Iy, Io, - - -, I,
followed by the invariants pg z? with ¢ € M.

To get (i¢) we simply note that 2.9 also says that the ring R/Jg is finite dimensional.
Thus the finite dimensionality of H¢ is simply due to the fact that Hg and R/J¢ have the same
dimension.

Finally, to obtain (¢%i) we use Proposition 1.3.1 and deduce that By must also be a basis
for R/Jq. Since Ji,Ja, ..., Jar also generate Ji we must be able to express every P € R in the

form

M
P = Zcbb—l— ZAZJZ (AZER)
beEBH i=1

Using this recursively, as we did in the proof of 2.7, yields the expansion in 2.10 with the coefficients
Ay polynomials in the invariants Jq, Ja, ..., Jyr.

Proposition 2.1 has a variant that is worth recording at this point.
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Proposition 2.2
If G 1s a finite matriz group and Iy, I», ..., I, are homogeneous G-invariants which generate

Ja then every P € RY may be written in the form
P = Q(L,Iz....1In)

with Q a polynomial in its arguments.

Proof
For convenience let d; = degree(I;). Note that we need only show that if P is a homogeneous

G-invariant of degree k > 0, then P may be written in the form

P = > B,

ds<k

with B; a homogeneous G-invariant of degree k —d;. For then an obvious induction argument yields
the desired result.

By hypothesis every homogeneous G-invariant P of positive degree has the expansion

with A; suitable polynomials. However, we can assume that the coefficients A; are also invariant,
for if not an application of pg to both sides of this equation, replaces As by pg As, and the latter is
G-invariant. Now if P is also homogeneous and of degree k then applying the operator «j, (defined

in 1.2.1) to both sides of the equation gives,

where,

B, :{0 ifd, >k

ﬂ-k—dsAs if ds S k

This completes our proof since the G-invariance of A; implies that each of its homogeneous compo-

nents, in particular each coefficient B; must be invariant as desired.

Note that if f is an idempotent element of the group algebra of G then the linear operator

pro= Y J(A)Ta .

A€G

acts as an idempotent on each of the spaces H,,(R), in particular, its range p¢R is a homogeneous
subspace. This simple observation combined with Macmahon’s Master theorem yields a beautiful

formula for the Hilbert series of the spaces p;R.
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Theorem 2.3
For any finite matriz group G and any idempotent f € A(G) we have

A
For(q) :<E%E;%t%25' 2.12

In particular, the Hilbert series of the ring of invariants RY is given by the formula

1 1
F = — - . Moli 2.1
R () G [é:G JlT=ah) (Moliens) 3

Proof
Since, Hn(psR) = pr Hpn(R) we see that the dimension of the space Hp,(psR) is given by

the rank of the matrix

A= 3T fa) At

A€G

However, the idempotency of f together with the fact that the map A — A(™) is a representation
see 1.3.6), yields that (™) itself is an idempotent. Since the the rank of idempotent matrix is given
Py g

by the sum of its eigenvalues, we get that

rank pgfm) = trace pgfm) .

In summary we must have

dim Hp,(psR) = trace pgfm) = Z f(A) trace AT
AEG

Multiplying, by ¢ and summing gives

For(e) = Y J(A) > ¢ trace AT

A€G m>0

and 1.3.5 then yields 2.12 as desired. Note that if we let f be the trivial idempotent 1/|G], then p;
reduces to the operator pg defined at the beginning of this section. Thus 2.13 is a special case of
2.12. This completes our proof.

Our proof of part (i7) of Theorem 2.2 yields the extravagant bound
dimHg < |G|" . 2.14

On the other hand, Theorem 2.1 yields that the smallest possible value for this dimension is the

order of G itself and in that case, for each regular point a we must have

H, = Hg . 2.15
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It develops that when this takes place the three spaces R, R and Hg have a remarkably tight
relationship. This can be stated as follows.

Theorem 2.4
Let
dimHg = |G| 2.16

and let Bg = {ba(2)}aca be a homogeneous basis of Hg indexved by elements of G. Then every

polynomial P may be uniquely expressed in the form

P =) byA, (As ERY) . 2.17
a€G

In particular, the Hilbert series of Hg and RY are related by the identity

1

T = e Frelo) 2.18

Proof
Part (¢ii) of Theorem 2.2 asserts that the expansion in 2.17 is always possible. We are left
to show that 2.16 implies uniqueness of the coefficients. To this end we start by expanding in this

manner each interpolating polynomial ¢35 and get

¢ = D baAap (Aas €RY) . 2.19
a€G

Evaluating this identity at the orbit point ay~!, 1.9 and the G-invariance of 4, g yields

XB=7) = Y balay™) Aaps(ar™) = Y balay™) Aas(a) - 2.20

a€G a€G

This identity may be interpreted as saying that the matrices

1ba(ay™lly,e and  [[Aa g(a)las

multiply to the identity matrix. Thus they are both invertible. Suppose then that for some invariants

0 = ZbaAa.

a€G

A, we have

Evaluating again at the orbit point ay~"' yields

0 = > balay™") Au(a) .

a€G

But now, the invertibility of the matrix ||bo(ay™")||y o implies that

Agla) = 0 Vae G .
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This means that the polynomials A, must vanish at all regular orbit points. Since the latter, as we
already observed constitue a non empty open set, this can only hold true if all the coefficients A,
vanish identically. Thus the expansion in 2.17 must be unique as asserted. Let now, A,, and By,
denote bases for H,,(Hg) and H,,(R%). Uniqueness in 2.17 implies that the dimension of H,,(R)

is given by the expression
> Al 1Boi] -
E>0

Multiplying by ¢™ and summing gives 2.18 as desired.

3. On groups generated by reflections

In view of Theorem 2.4 it is worthwhile investigating under what conditions equality holds

in 2.16. To this end we need to review some additional standard facts. Given a vector
a=(og,a9,...,0p)
we set for any x = (21, 22,..., %)
oot = ¢ — 2z, a)af(a,a) . 3.1
We recall that an orthogonal matrix A is said to be a reflection if for some o we have
xrA = o,x V. 3.2

Clearly, this condition does not uniquely determine «. To get uniqueness we need to properly restrict
the vectors « that are used to represent reflections. To this end we shall denote by PU the collection
of unit vectors « (that is (e, @) = 1) whose first non vanishing component is positive. We may refer

to the elements of Pl as positive unit normals. For any of our groups G we shall then set
N(G) = {a€ePU : 0, €} 3.3

where (with a slight abuse of notation) we write o, € G to mean that the matrix defined by 3.2
belongs to G. In words, we may say that A'(G) is the set of positive unit normals to the reflecting
hyperplanes of G. We shall also let

R(G) = {04 : 0 €N(G) } . 3.4

denote the set of reflections of G. It develops that equality in 2.4 has a very beautiful characterization
given by Steinberg in [].
Theorem 3.1

The dimension of the space Hg s equal to the order of G if and only «f G is generated by

reflections.
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The proof will be obtained by combining a number of propositions we shall present in this
and the coming sections. We shall start by deriving a number of results that are interesting in their

own right. If GG is a group generated by reflections (GGR in brief) we set

Ag(z) = [ (=0 . 3.5

a€N(G)

The polynomial Ag is usually referred to as the discriminant of G. To study Ag and for

later purposes we need the following useful fact.

Proposition 3.1
For any « and P € R the polynomial

P - o, P 3.6
is divisible by (z, «).
Proof
Let us chose an orthonormal set of vectors 3, ..., 3, orthogonal to o and set
y1 =(z,a) ; y=(x,6;) for i=2,...,n
In terms of the coordinate system y1, ys, ..., y, the action of ¢, reduces to

OaYi = —Y1 3 Cu¥i=Y Vi=2,....n

Thus for any monomial y* = y{* 52 - - - yb» we get that

¥o— ooy = (I-(=D)y # 0

if and only if p; is odd. This implies that y; always divides y? — o,9” and thus the same will hold
true for any polynomial. QED

This result enables us to establish three crucial properties of the discriminant.

Theorem 3.2
If G is a GGR then
(a) caAg = —Ag v OzEN(G)

(b) If P € R is such that 0,P = —P VYa € N(G) then P =AAg with A€ RY.
(¢) Every element P € Jg kills Ag (that is P(93)Ag =0).
(4) If P € R kills Ag then P € Jg.

Proof
Note that for any o € A (G) we can write

Ag(z) = cx,a) [ @8 ][] (.80 0up) . 3.7

N *
ﬂeﬂ&c) BEN*(G)
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where N*(() is to represent a subset of A'(G) with the property that every element of R((G) that
does not commute with o, is given by o3 or by o, s for some § € N*(G). The reason we can
find such a subset is that o, acts on R(G) (by conjugation) as an involution with fixed point set
{og : B € N(G)&B L a}. The constant factor ¢ in 3.7 (which must be £1) must be included to
compensate for the fact that for some elements 3 € N*(G) the vector 0,3 may not be in PU. This
given, property (a) follows from the fact that the products (z, 5)(z, 0,f5) are left invariant by o,
and oz, o) = —(2, ).

Property (b) is an immediate consequence of Proposition 3.1. In fact, 0, P = —P gives that
pP= %(P — 0, P) and thus P itself must be divisible by each factor (#, «) appearing in the definition
of Ag. Denoting by A the quotient of P by Ag we can easily see that A must be left invariant by
every element of R(() and thus also by every other element of G.

To prove property (¢) we note that if P is a homogeneous G-invariant polynomial of positive
degree then the polynomial @ = P(J;)Ag must also be skew (that is 0, = —Q V o0, € R(G)).
But then property (b) yields that @ must be a multiple of Ag. However, since the operator P(J;)
lowers degree, to avoid a contradiction we must conclude that @ = 0. In other words every generator
of J¢ kills Ag and thus the same must hold true for every element of J¢.

We are left to verify that (d) holds true as well. To this end we start by observing that we
need only prove (d) for P homogeneous. Furthermore, in view of proposition 2.1 (see 2.6) there is
nothing to prove if the customary degree of P is greater than n|G|. So we may proceed by reverse
induction on degree. Assume that any polynomial of degree larger than d which kills Ag is in J¢.
Suppose that P kills Ag and is homogeneous of degree d. Note then that, for any given « the
polynomial

Qx) = (v, a)P(x)
must kill Ag as well. Since @ is of degree d + 1 the induction hypothesis gives that we must have

(z,0)P(zx) = ZAi(x) Ji

with A; € R and {J; }i=1 s the set of invariants constructed in the proof of Theorem 2.2. This

implies that
M

(z,0)(P+0aP) = Y (Ai—0adi) Ji
i=1
but proposition 3.1 gives that (z, «) divides each factor A; — 0, A;. Letting B; denote the result of

this division, we deduce that
M
P+o,P = > B,
i=1
In other words
P = —0o,P (mod Jg ) .

Since this must hold true for every o, € R(G) and G is supposedly generated by R(G) we must
have

P = det(A) T4P (mod Jg )
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for all A € G. Averaging this relation over all elements of G' we get

p = L > det(A) Ty P (mod J¢ )
v

Note that the polynomial

P* = % > det(A) Ty P
v

is skew. Thus, property (b) gives that one of the following alternatives must hold true

0 (at least when d < degree(Ag))
P* = cAg  with d = degree(Ag) and ¢#£0) . 3.8
AAg  with d > degree(Ag) and A€ Rf

Now, since P kills Ag and P — P* is in Jg property (c¢) gives that P* itself must kill Ag. This
eliminates the second alternative in 3.8 since then Ay would have to kill itself, which is absurd. If
the last alternative holds then P* lies in Jg, and since P — P* is already in Jg, P itself must lie in
J. Thus we see that in any case we get that P =0 (mod Jg) as desired.

This theorem has several remarkable consequences connecting the invariants and the har-

monics of groups generated by reflections.

Theorem 3.3
If G is GGR then

(i) For every regular point a we have
H, = Hg .

(ii) The G-module Hg is a graded version of the left regular representation of G. In particular
dimHg = |G|

(iii) Heg is the linear span of the partial derivatives of the discriminant, and we shall express
this by writing
Hs; = L[0E Ag]

(iv) If Br is a homogeneous basis of Hg then every polynomial P may be uniquely expressed in
the form
P o= > b4 (A4, €RY) 3.9
beBy
v) For any regular point [a] the minimum degree nyy is equal to the degree of the discriminant.
F l int [a] th ] d la] ¢ lto the d the discriminant
(vi) The graded character of Hg is related to the Hilbert series of R by the identity

1

det(l = qA) Fra(q) x™(4;9) (VAEG) 310
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Proof
Part @) of Theorem 3.2 shows that the map A — det A yields a non trivial one dimensional
irreducible representation of . Thus, for any regular a, H, must contain a non-trivial skew

polynomial A;. That is one which doesn’t vanish and satisfies

TAAl = d@tAAl (VAEG) .

This polynomial must be homogeneous for otherwise the multiplicity of det A in Hj, would be

greater than one. Part b) of Theorem 3.2 then yields that we must have

Ay = QAg

with @ = const # 0 or with Q) € Rf. However, the second alternative must be excluded, because
then Ay € Jg and then the second inequality in 2.3 (i.e. Jg C gr Jiq)) would imply that Ay € gr Jiq

and thus 1t would have to be orthogonal to itself. The remaining alternative yields that

Since Hy,; contains all the derivatives of everyone of its elements we deduce that

L[0F Ag] € Hy .
On the other hand part d) of Theorem 3.2 is equivalent to the statement that
L[oF A € Ja
and this in turn is the same as
Ho C L]0 Ad) |
In summary, for any regular point a, we must have the string of inclusions
He C L[07 Ag] € Hg C He .

This forces (i), (i¢) and (i4é). This given, part (iv) now follows from Theorem 2.4. Part (v) is a
trivial consequence of part (¢¢é). To complete the proof and verify (vi), we shall use formula 1.3.2
with a suitably chosen basis of the polynomial ring R. To this end let A and B denote homogeneous
bases for RY and H¢ respectively. The uniqueness part of (iv) then yields that the collection
{ab: ae A, be B} isabasis for R. From 1.3.2 we then get that

1 R d
- - @ = A: — egree(a) degree(b)T ba )
Jet(T — o) X (A q) YD q 4 ablap

a€AbEB
But, since Ty ab = aT4b we see that this can be rewritten as
1 degree(a degree(b
dei(r =gy = (o 0 ) O O T bh)
a€A beB

and 3.10 then follows by applying formula 1.2.5 to R and formula 1.3.2 to Hg.
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4. Cones.

A vector space V of polynomials or formal power series in x1, s, ..., &, shall here and after
be called a cone if it is the linear span of the partial derivatives of one of its elements. Extending

the notation introduced in the last section, we shall express this by writing
V = L[OPA] (for some A €V) . 4.1

The element A itself will be referred to as a summiet of V. In the same vein, given a finite collection
{Ay, ..., A}, we shall write
V = L[PA; ci=1...M] 4.2

to indicate that V is the linear span of the derivatives of the A;’s. When the A; ’s are polynomials,
equation 4.2 has a useful characterization which is dual to that expressed by Proposition 1.2.3. For

convenience set
In = XAy, ...,Ay) = {feR : f(F,)A; =0 for i=1...M} . 4.3
In words, In denotes the ideal of polynomials which kill all of the A;’s. This given, we have

Proposition 4.1
For any finite collection of polynomials {A;}M |, the space V given by 4.2 is the orthogonal
complement of the ideal I(Ay, ..., Apr). In particular 'V is a cone with summit A if and only if

V=1A)" . 4.4

Proof
Note first that a polynomial @) is orthogonal to the space V defined by 4.2 if and only if we
have

0 = (Q, FA) = LQO)EA = L,Q(0.)A;

for all ¢ = 1..M and all exponent vectors p. In other words, the orthogonality of @ to V holds
true if and only if @(9;)A; and all its derivatives vanish at the origin. By Taylor’s theorem this is
equivalent to each of the @(8,)A; 's vanishing identically. This gives that

Vi = I(A.. Ay, 45

and our assertion follows since for a finite dimensional space V C R we always have

vit = v
It is good to note that

Proposition 4.2
If a cone V' is a homogeneous space of polynomaials then it has a homogeneous summat which

1s unique up to a constant factor.

Proof
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Let V. = L[OPA] and let A; denote the homogeneous component of highest degree in A.
We aim to show that
V = L[PA] . 4.6

By the homogeneity of V we must have A; € V. This gives that
Ay = A(Gy)A (for some A € R). 4.7
This enables us to define a linear map ¢ : V — V by setting

6 Q)N = Q(Oa)A1 .

This given, to prove 4.6, we are left to show that ¢ is injective. Suppose then that for some

homogeneous @) we have

QO)A, = 0.

Using 4.7, we then get that
Q(I:)A(0:)A = 0 .

This gives that QA € I(A) and therefore, since I(A) is homogeneous, that each of the homogeneous
components of QA are in I(A). Now note that the lowest homogeneous component of QA is given by
the polynomial A4(0)Q@, where A(0) denotes the constant term of A. In fact, A(0) # 0 since otherwise
4.7 would imply that degree(A1) < degree(A). This yields that @ € I(A), and that ¢ is injective as
desired. The uniqueness of homogeneous summits is an immediate consequence of the fact that we

cannot have As = A(9;)A; with Ay and A homogeneous (of the same degree) without A = const.

Remark 4.1
It may be worth pointing out that, by formal power series methods, we can quickly deduce
that 4.7 implies 4.6. In fact, since 4.7 yields that A(0) = 1, the polynomial A has an inverse 1/A4

given by the formal power series

F= D a-am.

m>0

Applying, f(9y) to both sides of 4.7 then immediately yields that
A = f(0:)Ar € LIFA],

and 4.6 must then hold true as asserted.

The homogeneous summit of V whose leading coefficient is equal to one, will here and after
be referred to as the summit of V. These two propositions enable us to establish the following basic

result.
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Theorem 4.1
Let 'V be a homogeneous cone, let A be its summit and let n, = degree(A) then
a) mazdegree(V) = n,.
b) If B is a basis of R/Ia (or even if B is a homogeneous basis of V itself) then the collection

B = {b(d:)A : beB} 48

1s also a basis for V.
¢) The Hilbert series of V is symmetric, that is

Fy(q) = Fv(l/g)q™ = > dig* (with dy = dp,—1 ) - 4.9
k=0

Proof

Property a) is immediate since V. = L[0? A] implies that all the elements of V have degree
at most n,. Note further that that proposition 4.1 yields that V and R./IA have the same dimension.
Thus to prove part b) we need only show the independence of B*. However, this is an immediate

consequence of the definition of Ia, since the relation

> ab(@)A = 0

beBB

is equivalent to the statement that the polynomial

Zcbb

beBB

belongs to In. Thus the independence of B mod Ia forces the vanishing of all coefficients ¢,. In
view of the first part of proposition 1.3.1 we see that the same conclusion must hold true when B is

also a homogeneous basis of V. This proves ). Finally, if B is such a basis, 1.2.5 and b) give

FV((]) _ quegrée(b(az)A) — ano—degree(b) — Fv(l/q) qno )

beB beBB

and this proves c).

One of the main goals of these notes is the study and characterization of conical orbits, that
is orbits [a] whose corresponding space of harmonics Hy, is a cone. We have seen in the previous
section that, when G i1s GGR, all regular orbits are conical. However, as we shall see there are some
remarkable, and fundamental examples of conical orbits even in cases when G does not have a single
reflection. For this reason it will be quite important for us to develop a package of tools for the study
of orbits under the weakest possible assumptions. We shall deal first with some results concerning

coordinate rings of finite sets.
For a given finite set S let

Js = {PeR: Px)=0YzeS} . 4.10
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and, in analogy with what we did when S = [a], set
Rs = R/Js , grRs = R/grJs , Hs = grJst . 4.11
However, here we shall consider an additional ingredient, namely the space
s = Jst . 4.12
We should note that Proposition 1.2.3 yields that we may also define Hg and I'g by setting
Hs ={P:Q0:,)P=0V QegrIs} and Ts={f:Q0:)f=0V Qels} . 413
It is important to note at the onset that I's 1s not a space of polynomials. Indeed, we have

Theorem 4.2

The space T'g is always a cone of exponentials,
(i) with the collection { e : b€ S} as basis, and
(ii) with summit given by any linear combination

= Y gelh (b #£0 YbeS) 4.14
besS

Proof
Note that if b 1s a point of n-dimensional ambient space and P is any polynomial in
x1,%2,...,T, then

P(9,) ™8 = P(b)el®b) 4.15
This means that if & € S we shall have P(d,) el®?) = 0 for all P € Jg. This shows that all these

exponentials lie in T'g. Tt is not difficult to show that exponentials with different exponents (z,b)
are independent. Thus to show (7) we need only show that the collection in (¢) does span I's. To
this end let {¢3(x)}ses be polynomials chosen to satisfy

1 ife=b
olz) = {0 ifzeSkastb 416

Now let f be an arbitrary element of I'g. Since the difference
L= > é@)
besS

vanishes throughout S, 4.13 gives that

=22 0 [ 417

beS

Now it develops that the term f3(2) = ¢3(0;)f is a constant multiple of e(*®). To see this observe
that 4.16, for b = (b1, ..., by) also gives

b ifw=b N
zi o) = {0 fresuegs = ba) (modJs) .
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But this implies that
Oz, fo(x) = bi folz) .

Since this must hold true for all ¢ = 1..n, we inevitably conclude that
fole) = f(0) ™D

This gives (¢). To show (i) we need only observe that if

f= Y el

beS

and

then, when ®. is given by 4.13, we must have

Q) @ = > %Ebe<x,b> = 7.

besS
Thus we see that I's 1s a cone and the expression in 4.13 may be taken as a summit.

It is not always easy to find a good basis for the ideal Jg and even more difficult to find one

for gr Jg. The following criterion will turn out to be useful in the sequel.

Proposition 4.3
Let Q1,Q2,...,Qn be polynomuals vanishing on a finite set S and let Py, Py, ..., Py be
homogeneous elements of the ideal gr (Q1,Q2, . .., QN) with the property that

dimR/(Py, Py, ..., Py) < |5 4.18

Then we have

(1) Js = (Q1,Q2,...,Qn) and (2) grds = (P, Py...,Py) .

Proof
Since the vanishing of the @); on S gives that

(QlaQZa"'aQN) g JS 5 4.19

we deduce that
S| = dimRg < dimR/(Q1,Q2,...,QN) . 4.20

On the other hand the containment

(PlaPZa"'aPM) g gr(QlaQZa"'ﬁQN) 4.21
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gives
dimR/(Ql,Qz,...,QN) = dimR/gr(Ql,Qz,...,QN) S dlmR/(Pl,Pz,,PM) . 4.22

Combining this with 4.20 and 4.18 we see that equality must hold throughout in 4.22 | 4.20 and
4.18. But then 4.19 and 4.21 must be equalities as well. Q.E.D.

There is a close relation between the two spaces Hg and I's which 1s in a sense dual to the
relation between Jg and gr Jg. To state it we need some definitions. For a given formal power series
f in the variables z1, 29, ..., 2, let m(f) denote the homogeneous component of smallest degree in

f and Im(f) be the dlexicographically least monomial in m(f).

Remark 4.2
The operation f — m(f) should be used with some care. To get better acquainted with

it, some additional notation is required. For a formal power series (or polynomial)

— P1 P
= E E Cp1,..pn *1 rp"

p120 Pn20

we shall set

— P P P
fle = E: Cp 8 = E: Cp1,...pn T "

lp|=F it +pa=k

and let
k k-1
Flae = > Flo s flaw = D Fln -
h=0 h=0

with an analogous meaning given to the symbols f |>; and f|». When convenient these symbols

may also be abreviated to

f:k‘ ) fﬁk ) f<k‘ ) ka‘ ) f>k .

Clearly, all these operations are linear, and we shall refer to f |p as the homogeneous component of

degree k of f even in those cases when f |, = 0. In contrast, m(f) is defined by setting

m(f) = flk,

if and only if
fl<k, = 0 and fle, #0 .

Thus we can see that m(f) is not a linear operator on formal power series. It will be good to keep

this in mind in the sequel.

Proposition 4.4
For any finite set S we have

Hs = L[m(f): feTs] 493
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Proof
Let @ be any polynomial of degree d and let f be a formal power series. If degree m(f) =
ko > d then

QO [ = Q=al0:) fot, + Q<al8s) fzr, + Q=a(0c) [k, + Q<a(02) f5k, -

Note that all the monomials that may come out of the first term have degree precisely k, — d, and
since none of the three remaining terms can produce a monomial of that degree we must necessarily

have

QO:)f lko—a = Q=a(0:) fzx, = h(Q)(Ix) m(f) .

Thus if @ € Jg and f € I'g, then the second equality in 4.13 gives

@) (8z) m(f) = 0 .

In other words m(f) is killed by every element of gr Js and so, by the first equality in 4.13, we
deduce that m(f) € Hg. We are left to show that these elements span Hg. To this end let

®, Dy, ..., D, 4.24

be a basis for I's obtained by the Gauss elimination process on the basis { ¢(®*) : b € S} arranged
in an arbitrary order but eliminating the monomials z? in the increasing dlex order. In other words,

we are to produce this basis in such a manner that the sequence of least monomials
Im(®1) , Im(®y, )..., Im(Py) 4.25

is dlexicographically increasing. Clearly, this done, the resulting minimal degree homogeneous com-
ponents

m(®y), m(®y, )..., m(Py) 4.26

must be independent, for they will be triangularly related to the monomial basis of R. However,
since the elements in 4.24 are a basis for I's and dim IT's = |S| we must have s = |S| but then the
independence of the polynomials in 4.26 together with the fact that also Hg has dimension |S| yields

that these polynomials must necessarily form a basis for Hg. This completes our proof.
We are finally in a position to establish the basic result of this section.

Theorem 4.2
A G-regular orbit [a] is conical if and only if the Hilbert series of Hygy is symmeltric.
Proof

In view of theorem 4.1 we need only show sufficiency here. So let a be a regular point and

no
a, = deqk ’
k=0

let
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with
dy =dn, 1 - 4.27

Since d, = 1 symmetry gives that d,,, = 1 as well. So there must be a homogeneous polynomial A,
of degree n, in Hy,; which is unique up to a multiplicative constant. We aim to show that Hy,; is a
cone with summit A,. To this end note that, since the action of (G preserves degree, we must then
have constants e(A) such that

Ta A, = €(A)A, (VAEG) . 4.28

Clearly, the map A — ¢€(A) is a representation of ¢, and as such the constants e(A) cannot
vanish. As we know, the regularity of @ implies that Hy, is a graded version of the left regular
representation of . Thus the (necessarily irreducible and non-trivial) representation ¢ can only
occur with multiplicity one in Hy4. This means that any element of Hp,) that transforms as in 4.28

must be a constant multiple of A, itself. This given, set

O = Y e(B)elmB) 499
BeG

Note that for any 4 € G we have (recall that GG is a group of orthogonal matrices)

Ta®u = 3. «(B) P = 37 (BA) ™) = ((A) @y 4.30
BeG BeG

Set, for a moment,

A = m(Pp) , 4.31

and note that since GG preserves degree we must have m(T4 f) = Tam(f) for any element f € T'y,.
In particular, 4.30 yields that
Ty Ay = e(A) Ay - 4.32

Since proposition 4.4 gives that A, € Hpg) we must conclude that Apg) must be a constant multiple
of A,. Since, A, was originally determined only up to a multiplicative constant, we can assume here
and after that Ap, = A,.
Our plan is to show that
Hy = L[} Alg ] 4.34
by an induction argument. More precisely, let B be a homogeneous basis for Hy,, and let By be the

subset of elements of degree k in B. We shall assume (in the notation of Remark 4.2) that

It P(0:)®q]) l<n,—x = 0 implies that P is congruent mod Ji4 to a polynomial Q
of degree < k.
and

2 Hp,—p(Hg) = L[b(0:)A) : b€ By]

hold true for all £ < k, then show 1j, and 23, must hold as well.
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Before we start our argument we must make two important observations which we shall here
and after refer to as OBy and OBs.

OBy : To show that an f € D'y ts zero it is suffictent to show that all s homogeneous

components of degree < n, vanish.

This is simply due to the fact that by assumption n, = mazdegree(Hy) and thus for any f # 0,
m(f) € Hyg implies degree(m(f)) < n,. In particular this implies that, up to a constant factor,
®[,) is the only element of I'yy which satisfies 4.30.

OBz : To show that a polynomial Q) belongs to Iy we need only show that it kills ®py).

In fact, the definition 4.29 and 4.15 yield that for any @

Q(ax) <I)[a] = Z E(B) Q(aB) e(x,aB)

BeG

and thus when Q(0;)®[,) = 0, the non-vanishing of the ¢(A)’s together with the independence of
the exponentials e(*94) (for a regular @) imply that @ must vanish throughout [a].
This given, we can start by checking the validity of 1y and 2y. Note that 1y says that any
P such that
P(0:)®a) I<n, = 0 4.35

must be congruent to a constant mod Jy,. Note that if P(@x)q)[a] |, also vanishes then OB gives
that @ kills ®,) and thus OB, yields that @ is congruent to zero. On the other hand, if P(9:)®(a] |n,
doesn’t vanish then since the homogeneous elements of degree n, in Hy,y are all multiples of A,

we must have

Q(0:)®a) In, = cAlq

for a suitable constant ¢. But then all the homogeneous components of degree n, or less in

(Q(0r) = ) Pa]

must vanish and OB; and OB» again yield that () — ¢ € J,;. This gives 15. Finally, since we may
assume that By reduces to the constant 1, we see that 2 simply says that H, (H,) consists of
constant multiples of Afg), which is indeed true by our construction of Ap,.

We are thus in a position to proceed with our induction, and we shall assume that 13 and
2; hold for all £ < k,. We start by proving 2;,. To this end note that by symmetry (4.27 for
k = k,) we need only show that the elements {6(9,)A[q] : b € By, } are independent. So let there
be constants ¢ such that

> @ b(@)AE = 0 4.36

b€ By,

and set

P(x) = > b 4.37

b€ By,
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Now, 4.36 implies that
P(3:)®pq) |<ny-k, = 0 .

However, this brings us into 1;,-1 and by induction we can find a polynomial @ of degree < k,
congruent to P modulo Jy,;. But now, since degree P = k, > degree () and P is homogeneous, we
deduce that P € gr Jy,;. Combining with the fact that by construction P € gr J[G]J‘ we finally get
that P itself must vanish identically. The independence of By, then yields that all the coefficients
¢, must vanish as well. Thus 2;, must hold true as desired.

Next we show 1, . So let
P(02)®pa [<no—k, = 0 . 4.38

If P(0r)®[q) = 0 then by OBs we must have P € Ji;; and we are done. If P(0;)®[,) doesn’t vanish
then 4.38 gives that

degree m(P(0:)®)) = no — k1 (withky <k, ) .

By 2j, which is now available up to and including &, we can find a homogeneous polynomial @1 of
degree ky such that
m(P(af)q)[a]) = Ql(ax) A[a] . 4.39

This in turn implies that

(P(0:) — Q1(02))®r4] |<no—t, = 0 .

However, since k1 < k,, this brings us down into the domain of 1;,_1, so we can use the induction
hypothesis and conclude that P — @) is congruent mod J,; to a polynomial ()» of degree at most
ko — 1. In other words we have shown that P is congruent mod J,; to the polynomial @) = @1 + @
which is of degree at most k,, which is precisely what we needed to show. This completes the

induction and our proof.

5. Some classical examples.

To illustrate the power of the results we have gathered so far and motivate some of our later
developments it will be good to work out some examples. We start with G = S, acting according
to 1.1.3. It is well known and easy to show that this action of 5, is generated by reflections and we
can take

N(G) = {u(i)—u(j):1§i<j§n} 5.1

with the u(®) /s the unit vectors given in 2.8. Thus A in this case is the Vandermonde determinant

As, = [Jxi—z;) = det]la}™] . 5.2
i<y

The tools we have in our possession readily yield (as we shall see in more than one way) the following

collection of basic properties:
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Theorem 5.1
For the standard action of S, by permutation matrices we have

(i) Hg, is a cone with summit Ag,_ and dimension n!. In particular all regular orbits are conical
and have the same harmonics.

(ii) The collection of monomials
A = {af* i 1 0<eg<i—1} 5.3
is a basis for R/ Js,, .

(iii) The harmonics
(000 As, 1 0<e<i—1} 5.4

form a basis for Hg, .

(iv) Every invariant P € R® has a unique expression as a polynomial in the elementary sym-

metric functions

ex(z) = Z Ty, T, 5.5

1<i1 < <ix<n

(v) More generally, every P € R has an expansion of the form

P o= Y aAder,...en) . 5.6

Te€A
with coefficients A. polynomials in eq,...e, uniquely determined by P.
(vi)
1 & _
(a) Frsa(q) = o (0) Fas () = [[0+a+--+47" . 57

(1=q)--(1—¢")

(vii) The graded character of Hg, has the expansion

Hen(oig) = > Moy DY, o 5.8

AFn TeST(N)

Proof
Note first that these various properties are connected to each other and to our previous
results as follows:

(i) is a specialization to S, of part (iii) of theorem 3.3.

(vi) (b) is an immediate consequence of (ii).

(vi) (a) follows from (vi) (b) and formula 2.18.

(vii) follows by combining (vi) (a) with formulas 1.3.10 and 2.3.10.
(v) follows by combining (iv) with part (iv) of theorem 3.3.
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Note further that

(iii) follows from (i) and (ii) using part b) of theorem 4.1
and conversely

(ii) follows from (iii) using part (c) of theorem 3.2.
Indeed, part (c¢) of theorem 3.2 yields that

Z ccxt = 0 (mod TJs, )

T€A

implies that

Y ecdiAs, = 0.

reEA
Thus the independence of the polynomials in 5.4 implies the independence (mod Jg, )of the mono-
mials in A.

This leaves us with showing (ii) or (iii) and (iv). Moreover, since we know (by (i)) that

Hg, has dimension n!. We need only show that the monomials in .4 span or that the polynomials
in 5.4 are independent. Before we reach the end of this section we shall encounter 4 different ways
of establishing what remains to be proved. We start by giving what we adopt as the official proof
of (ii) since it yields (iv) as a biproduct and thus enables us to complete the proof of the theorem.
To this end, note that

(e1,€9,...,e,) C Ts, . 5.9
Moreover, since
(I—zt)(I—aat) - (1 —2zpt) = 1 (mod (e1,..,en)) , 5.10
for every k > 1 we must have
(I=wt) (1 —ap_1?) ! (mod (e1,..,en)) . 5.11

(1 —apt)--- (1 —apt)

Equating coefficients of t* in this relation yields that the homogeneous symmetric function hy,(zg, .., z,)

lies in (eq, .., e,). That is

k-1
hi(@r, . tn) = xl,z + Z 2y hp—s(Xpg1, o n) =0 (mod (e1,..,en)) . 5.12

5s=0
This immediately implies that, at the expense of an increase in the exponents of the variables
Zh41, Thy2,---, Ty We can always reduce the exponent of the variable z; to a value less than k.

More precisely, using 5.12 for £ = 1, which simply reduces to

X1 —gy— L3 —...— T, (mod (e1,..,en))

we can express (mod (eq, .., €,)) any monomial 2P as a linear combination of monomials in which z;

doesn’t appear. Recursively, having expressed every monomial zP as a combination of monomials
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in which each #; appears only to a power less than ¢ (for ¢ = 1,2,...,k — 1), by means of 5.12, we
can complete the induction by expressing the latter monomials in terms of monomials in which zy

itself is also raised to a power less than k. This shows that the monomials in A span the quotient
R/(e1,..,en)
In other words we have shown (using 5.9) that
nl=dimR/Js, <dimR/(e1,..,e) < |A|=n! . 5.13

Thus equality must hold throughout and therefore A spans R/Js, This gives part (ii) of the theorem.
However, since equality in 5.13 forces equality in 5.9 as well, proposition 2.2 yields also part (iv) as

desired.

It will be instructive to go over alternate paths to the proof of this theorem, since this will
build up our repertoire of tricks for the study of orbit harmonics. We shall present this material as

a collection of remarks.

Remark 5.1 (Alternate proof of (7))

Note that equation 5.12 yields that, under the appropriate dlex order of monomials, the
monomials 2% belong to the ideal of monomials M(Z) with Z = (e1, es,...,¢€,). This implies that
no monomial in Bz can contain % as a submonomial. In other words (using Remark 1.4.4) we must
have

B.7< gBIgA

Sn

But if we know that dim R/Js, = n! then equality must necessarily hold throughout. This not only
shows (i) but the remarkable fact that A = By, . A more general result of this nature is proved

in [].
Remark 5.2 (Alternate proof of (ii7))

We can obtain a direct derivation of (#if) by combining part (iié) of theorem 3.3 with the

following general fact.

Proposition 5.1

q1 |

If A is homogeneous and x? = i -l is its leading monomial (in an appropriate dlex

order) then the family of polynomials
Ba = {07 A :p<q} 5.14

15 an independent subset of the homogeneous cone with summit A. In particular, if in addition we
have that

(I+q)(I+q2) - (L+qn) = dim LIOFA] 5.15

then Ban must necessarily also be a basis of the cone.
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Proof
Since the polynomial 2 A has leading monomial 27P)  the family Ba is triangularily
related to the set of monomials { #? : p; < ¢; } and a-fortiori must also be independent. The last

assertion follows since the product in 5.15 gives the cardinality of Ba.

Clearly, all the conditions of the proposition are satisfied for the Vandermonde determinant
since its leading term is 7 1227%... 22" and (i) of theorem 3.3 yields 5.15. This type of argu-
ment can be carried out verbatim for other reflection groups. For instance for the hyperoctahedral

group we have

N(B,) = {uD vt 1<i<j<n} 5.16

thus its discriminant is

A, = H xl(xlz —sz) ,

i<

whose leading monomial is

2n—1_2n-3 1
Ty Ty T -

this gives 5.15 since the corresponding product evaluates to 2 n! which equals the order of B,,. It

should also be noted that the official proof of part (ii) can also be carried out almost verbatim for

By, upon replacing ey (x1,xa,...,2,) by ex(2},23,...,22) in the argument. Thus in particular, in

more than one way we can conclude that the family of monomials

{elel? el 0<pr<2n—2i4+1} 5.17

n—1

is a basis for R/Jg,, .

Remark 5.3 (Alternate proof of (iv))

Let a be a regular point for Sy, that is any point with distinct coordinates. In particular

we could take a¢; = i. Since we must necessarily have
(e1(2) = e1(a), ex(a) — ea(a), . en(2) — en(@)) € T
and the official proof of (i7) yields that
dimR/(e1,ea,...,en) < nl |

we can make use of proposition 4.3 with @ = e (x) — e (a) and P, = e; and conclude that
gr T = (er,e2,...,¢en) .
This given, (iv) follows from theorem 3.3 () which gives gr Jj,) = Jg, and proposition 2.2.

We have already seen three different ways of completing the proof of Theorem 5.1. The

fourth one, which we are about to present, is based on a remarkable result (theorem 5.2 below)
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which will turn out to be a crucial tool in the study of orbit harmonics. We start by introducing

some notation and establishing three auxiliary propositions.

For a given collection B of polynomials, we shall set
BSt = {beB : degree(b) <i} and BT = {beB : degree(b) =i} .

Recall, that if ' is a polynomial h(F") denotes the homogeneous component of highest degree in F|
here we shall also set r(F') = F' — h(F') and refer to it as the remainder of F'. This given we have

Proposition 5.2
Let B be a basis for R/ T, let n, = maxdegree R/J and sel

Frygr 7(¢) = Z di ¢* . 5.18
i=0

Then the equalities
B = d,+dy+ -+ d; (i=0,1,...n,) 5.19
imply that the collection of homogeneous polynomials
h(B) = {h(b):beB} 5.20

is a basis for R/grJ .

Proof
We need only show that the collection A(B)=* is an independent set mod grJ (for any
k < n,). To this end let Fy, Fy, ..., Fayr be a standard basis for J, that is one that satisfies the
condition 1.4.2, to the effect that the corresponding set of leading monomials yield the minimal
elements of the monomial ideal M(J). Suppose that for some non vanishing set of constants ¢; we
have
> ah(b) € grJ . 5.21
beB=k
Note that since, M(J) = M(grJ), the collection {h(F1), h(F2),..., h(Far)} must give a standard
basis for gr J. We can thus use theorem 1.4.2 with J replaced by ¢gr J and f; = h(F;), and derive

from 5.21 that there must be homogeneous polynomials A; such that
M
> ah(b) = > Ah(F) 5.22
beB=F i=1

with
degree(A;h(F)) < k (i=1,2,...,M) . 5.23
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However, we may also rewrite this as

Z cp b — Z e r(b) = ZAZFZ - ZANQ(FZ)

beB:k beB:k

and this in turn yields that

Z cp b= Z ey r(b) — ZAiT(Fi) (mod J) , 5.24

beB:k beB:k

Moreover, the definitions of r(b), »(F;) and 5.23 guarantee that the polynomial on the right hand
side of 5.24 1s of degree k— 1 at most. Note now that equation 1.4.20, combined with our assumption
5.19, yields that the subspace R<%/ 7, linear span (mod J ) of monomials of degree < i has dimension
precisely

do+di+---+d; = |B].

This means that B<*~! must necessarily be a basis for R<¥~1/7. In particular, the right hand
side of 5.24 must be expressible as a linear combination of elements of B<¥~1. However, this plainly
contradicts the assumption that B is a basis for R/J. Thus 5.21 can only hold true when the

coefficients ¢; are all equal to zero. This completes our proof.

Proposition 5.3

Let a be a regular point, set
n, = maxdegree Ry . 5.25

Suppose that
dim Hno(gr R[a]) =1 ; 5.26

and let A, be a polynomial of degree n, which does not vanish (mod gr Jiq). Then
Ta A, = e(AA, VAedG 5.27

and the map A — €(A) is a non trivial representation of G. Moreover, for any polynomial P of

degree strictly less than n, we must have

ST A T4P = 0 (mod Jiay ) 5.28
AeG

Proof

Recall that the regularity of a implies (Theorem 1.1) that gr Ry, is a version of the left
regular representation of (G. In particular all its one dimensional constituents must occur with
multiplicity one. Note further that, since each of the homogeneous components of gr Ry, is G-
invariant, 5.26 gives that, we must have constants e(A) yielding 5.27. The map A — ¢(A) must be a

non-trivial representation of ¢ since otherwise gr R}, would have more that one occurrence of the
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trivial. For the same reason, ¢ itself must also occur with multiplicity one in gr Ry4. Finally, note

that whatever P may be, the polynomial

TP = Y (A)TaP 5.29
AEG

transforms by € under the action of G. More precisely we must have
Tpn. P = e(A)n P VAeG . 5.30

If P is of degree less than n, then 7. P either vanishes mod J4 or yields an occurrence of ¢ in the

submodule R[%]Tlo_l. However, formula 1.4.22 for & = n, — 1, which in our case specializes to

Nne—1
char RE°™1 = Z charH;(gr Ryq) 5.31

i=0
immediately yields that € must also occur in one of the submodules H;(gr Ryq;) (for i < n,). But

this would assure another occurrence of ¢ in gr Ry and the latter is excluded as we have already

noted. Thus 5.28 must hold true precisely as asserted.

When a 1s a regular point and 5.25, 5.26 hold true, this proposition enables us to construct a
remarkable involution on the module Ry,;. This involution is easily described in terms of the family
of interpolating polynomials used in section 1. More precisely let {¢pa(z)}aece be a collection of

polynomials satisfying

ba(a) = 1 ifz=aA and
AT 1 0 ifze=aB withBeGand B# A |

Then, for any polynomial P we have

P(z) = Z P(aA) ¢a(z) . (mod Ty )

A€G

This given, under the hypotheses of Proposition 5.3 we set

0. P = > e(A) P(ad)ga(x) 5.32

where € is the representation yielding 5.27. Clearly, the map 6, 1s well defined since polynomials,
as elements of Ry may be simply represented by their values at the points of [a]. Moreover, 0, is
invertible since e(A)e(A™1) = 1. Now let (, )4 denote the scalar product on Ry, defined by setting
for any two polynomials P, @

(P,Q) = > P(ad)Q(ad) . 5.33

A€G

This given, equation 5.28, can be translated into the following remarkable result.
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Proposition 5.4

If a is a regular point, then under the hypotheses 5.25 and 5.26, the map 6. defined in 5.32

sends the subspace R[%]k wmto the orthogonal complement of R[%]n”_k_l with respect to the scalar

product in 5.33. In short we may write

1
6. RSP C (ano‘k‘l) : 5.34
and we must have
dim RS + dim R < |G| (for k=1,2,... . n,—1) . 5.35

Proof

Note that if P is a polynomial of degree at most £ and ) is a polynomial of degree at most
n, —k —1 then the product is of degree at most n, — 1. We can thus substitute P@) for P in equation
5.28 and obtain

D e(A) P(zA)Q(zA) = 0 (mod Jiay )

AEG
But this means that the polynomial on the left hand side must vanish at all points of [a], in particular,
setting & = a gives

<95P,Q>[a] = 0.

This establishes 5.34. The inequality in 5.35 then immediately follows since 6, 1s a non singular and

dim Ry = |[a]| = |G].
We are now in a position to derive the basic result of this section.

Theorem 5.2
Let a be a regular point. Set

n, = maxdegree Ry . 5.36
Suppose that B s a basis for Ry, with
BSte =B and |BS|=d,+di+---+d; (i=0,1,...,n,) . 5.37

Then the equalities
dl' = an_Z’ (i:O,l,...,no) 5.38

mmply
(%) h(B) = {h(b) : beB} is a basis for grRyy

(i) Fpry(9) = Fagle) = > dig,
i=0
(#i1) Hyy 4s a cone.

Proof
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Note that we need only show part (¢¢). For once this is established part (¢) follows from
Proposition 5.2. Moreover, part (#4) combined with the symmetry condition 5.38 places us in a
position to use Theorem 4.2 which then yields part (di¢) as well.

As we shall see part (i¢) is an immediate consequence of Proposition 5.4. Thus we start
by showing that our hypotheses yield us also condition 5.25. To this end note that we must have
d,, > 0. For otherwise 5.37 forces B="° to be empty. This in turn implies that R, is spanned
by B<">~1_ Since the latter consists of polynomials of degree less than n,, we would then be led
to contradict 5.36. However, d,,, > 0 and 5.38 give that d, > 0, but since there can only be one

constant in a basis, we must necessarily have

do=d,, =1 . 5.39
So let ¢ be the unique element of 5 of degree n,, and set

A, = h(¢) .

Let m = «P be a monomial of degree n,. Since B is a basis for R, there must be constants ¢, ¢
yielding
m—co — Z b € T -
beB<no—1
This implies that m — ¢A, (which is the highest homogeneous component of the left hand side) lies
in g7 Jiq;- In other words

m = cA, (mod gr T ) - 5.40

Since this must hold true for any monomial of degree n, we must conclude that
dim Hn (97 Rygy) = 1. 5.41

To be precise, 5.40, in principle only shows that this dimension is at most one. However, if it were
to be zero then maxdegree gr Ry would have to be less than n, contradicting again 5.36, (recall
that 1.4.12 gives that gr Ry, and Ry, have the same maxzdegree). Thus we can be assured that
A, # 0 (mod gr Jiay). With 5.41 we are in a position to use Proposition 5.4 which combined with
5.37 gives

dimRS + dimRE " < do+di 4+ dn, 5.42

Note now that since B<? is (mod J,) an independent set of polynomials of degree at most i, we
must have

do+di+---+d; < dimRy . 5.43

Using this for ¢ = k and ¢ = n, — k — 1 in 5.42 gives
dytdi+die + dotdittde,_po1 < dotdytotdn,
which simplifies to

do+d1++dk S dno—k+dno—k+1+"'+dno .
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However, the symmetry condition in 5.38 converts this into
dotdi+-+dp < dp+dioy+--+d,
which forces 5.42 to be an equality. In particular we must have
T <k
do+di+---+d, = dlmRm] . 5.44

But then formula 1.4.20 for A = Ry, gives that

k
dy+di 4+ +d, = ZdimHi(gTR[a]) .

i=0

Thus part (é¢) of the theorem must hold true as desired and our proof is complete.

Remark 5.1
An interesting by-product of this proof is that under the assumptions 5.25 and 5.26 of

Proposition 5.3, the condition
6. RSH = (RS"O—’H)l (for k=1,2,...,no—1) 5.45
is necessary and sufficient for Hyy; to be a cone. In fact if we set d; = dim H;(H;q) then 1.4.20 gives
do+dy+ - +d; = dimRg|

and 5.45 1s then equivalent to

do+d1++dk = do—|—d1+"'+dno - (do+d1+"'+dno—k—1)

(for k=1,2,...,n,—1)
= dno—k+dno—k+1 + +dno

which is easily seen to hold if and only if dy = d,,,_j for all k.

Remark 5.2

Note that when Hy, is a cone, the standard monomial basis By,,, constructed in section 1.4
does satisfy 5.37 and 5.38. Indeed, 5.37 with d; = dim H;(gr Ry ) must hold true because (Theorem
1.4.4) Bz, 1s also a basis for gr Rq and then 5.38 just expresses the symmetry of the Hilbert series
of gr Ry, which (by Theorem 4.2) is characteristic of conical orbits. Thus the mere existence of
such a basis is not a further restriction. Nevertheless, as we shall see, Theorem 5.2 does lead to a
practical mechanism for establishing orbit conicity. This is due to the fact that it provides a powerful
bridge for transfering combinatorial properties of an orbit [a] and its corresponding modules Ry,
I'i4; into algebraic properties of the graded modules Hy,; and gr Ryy. This transfer is provided by
the following heuristic process for constructing natural bases for our coordinate rings Ry,. This
process consists in choosing a natural total order <,, for the given orbit [a] and then proceed to

construct the desired basis as a collection of polynomials B = {m;(x)}e[q) statisfying the conditions

1 ifz=%b and

my(x) = { 0 ife=0 withd €[a]and ¥’ <, b , >4
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where, in the construction of my(z) we try to assure that its total degree is as as small as possible.

We shall see that this process may be carried out quite successfully even when [a] is not regular.

To get across what we have in mind, it is best at this point to illustrate the process on a
specific example. To this end, we shall show how, in this manner, we may use Theorem 5.2 to derive
by yet another path, part (ié) of Theorem 5.1. We shall take ¢ = (1,2,...,n) and G = S,, with
the customary permutation action. Clearly, the elements of [a] can be identified with permutations
o =1(01,02,...,0,). It is then natural in this case to order the elements of [a] lezicographically. Let
us denote this order by <p. Our goal is then to construct, for each o € S,, a polynomial m, (z) such
that

{ 1 ifz=0c and 547

mo(x) = 0 fz=c¢" witho' €5, and o’ <y o .

We illustrate this construction in a special case. We take n = 8 and
o = (4,3,1,8,2,6,7,5) .

We shall put together m,(z) as a product of linear factors & — ¢ each of which is to vanish on a
portion of the permutations lexicographically preceeding o. To get across the basic 1dea we shall
use a terminology which helps the visualization of the construction process. Note that the natural
position of 1 in a permutation is as far to the left as possible. Thus, to find it in the third position
as it is in the permutation o given above we must kick it there. This i1s achieved by the factor
(z1 — 1)(x2 — 1). By this we mean that any polynomial m(z) containing this factor can fail to
vanish only on permutations in which 1 is at least in the third position. This given, the natural
position of 2, is now the first. To kick 1t in the fifth position we may be tempted to use the factor
(1 — 2)(x2 — 2)(w3 — 2)(x4 — 2). However, the term (23 — 2) is superfluous. Crudely speaking, 1
has lexicographically first priority in occupying position 3, when it cannot be in any earlier position.
Thus under these circumstances we do not need to kick 2 out of position 3 since 1 already achieves
that end. Thus to save on total degree, the factor (#3 — 2) is not included. Similarly, to assure that
3 does not fall in the first position we kick it out of there by means of the factor 1 — 3. Now 4 has
first priority in position 1 and it is precisely there in ¢, thus we need no extra factor for 4. As for
5, 1t only needs to be kicked out of positions 4,6, 7 since it can’t occupy positions 1,2, 3,5 because
1,2, 3,4 have lexicographic priority for these positions. So to force 5 in the last position we throw
in the factor (z4 — 5)(we — 5)(w7 — 5). Similarly, the positions of 6 and 7 are assured by the factors
(x4 —6) and (24— T7), since both 6 and 7 have priority over 8 to occupy position 4. Finally, no factor
is needed for 8 since it will have to occupy the only remaining available position. In summary, this

process leads to the choice

(1= (w2—1)(z1-2)(w2—2)(24—2)(21-3)(z4—5)(x6—5)(x7=5)(x4—6)(zs—7)
(4= 1)(3— 1)(4—2)(3—2)(5— 2)(4—3)(5—5)(6—5)(7—5)(5—6)(5—T)

m43182675(l‘) =

It should not be difficult to see that the point (4,3,1,8,2,6,7,5) is lexicographically the first element
of the orbit of (1,2,3,4,5,6,7,8) where this polynomial does not vanish. The choice of denominator

1s to assure that its value at this point is equal to 1.
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The construction of m,(z) in the general case should be quite clear now. To assure that o;

falls in the ¢** position we throw in the factor

I @=-e,

{i<i, o5>0:}
and the resulting choice should then be
n—1
Hi:l H{]<Z R Uj>0,} ($] - O-i)
n—1
Hi:l H{]<Z R Uj>0,} (U] - O-i)

The collection B = {m,(x)}ses, will then satisfy 5.47 and therefore it will be a basis for Ry, , . n).

Moreover, we clearly see that the degree of m,(z) is none other than the number of inversions of o,

thus
Z qdegree me Z qinv(a) )

gES, gES,

5.48

my(x) =

Since reversing a permutation complements the number of inversions, it is also clear that if we set
d; = dim(B=") then the condition 5.38 will also be satisfied. Thus Theorem 5.2 applies and we derive
that the highest homogeneous components of the polynomials m,(x) are a basis for gr Ry, . . n).
However, it is easy to see from 5.48 that the collection A(B) in this case is none other than the basis
A given by 5.3. Moreover, we also get that Hf, , ,jis a cone with summit given by the polynomial
A, of degree n, = (g) which obeys 5.27, with € the unique non trivial one dimensional character of
Spn. Up to a constant, this forces A, to be the Vandermonde determinant in x1, @2, ..., z,. Property
(), which is assured by Theorem 3.3, then gives that H, , ] = Hs, or which is the same that

FESRRE]

Jhyeon] = Js,. Thus A must be a basis for R/Js,. This shows that the above construction

does indeed lead to an alternate proof of part (éi) as asserted. Curiously, this argument yields a

combinatorial byproduct namely that

n

Z qinv(a) — H(1+q+~~~—|—qk_1).

gES, k=2

In the next chapter we shall see that there is a rich variety of results that can be obtained by the

salrne process.
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6. Characteristic properties of reflection groups

Some of the properties of S, stated in theorem 5.1 are actually characteristic of finite
reflection groups. We shall establish them in this section in full generality as further applications of
the background we have acquired. We shall do so by following the developments in a classical paper
of R. Steinberg [ ] and some UCSD lecture notes of I. G. Macdonald.

Our basic goal is to show that

Theorem 6.1
If G is a finite group of n xn matrices then any of the statements below implies the remaining

ones.

(A) G is generated by R(G),

(B) Hg is a cone,

(C) Hpg = Hg for all regular points,

(D) lelHG = |G|,

(E) If B is a homogeneous basis for Hg then each P € R has a unique expansion of the form

P = Z b Ay, AbERG,
beB

(F) If F\,Fs,...,F, € Jg are homogeneous and p1Fy + paFa + -+ ppFr = 0 then Iy ¢
(Fa, ..., Fy) implies that py € Jg,
(G) If I, Iy, ..., I; are a minimal set of homogeneous generators for R, then
(i) I, Ia, ..., I are algebraically independent, and

(ii) s =n.

The proof of this theorem will be carried out in stages. In a sequence of propositions we
shall show that each statement implies the immediately following one, then complete the picture by
proving that the last statement implies the first. For simplicity we shall carry out all our arguments
under the assumption that G is a group of real orthogonal matrices. The general case can be treated

essentially in the same manner by suitably enlarging the ground field.
Proposition 6.1

(4) = (B)

Proof.
This is simply part (iii) of theorem 3.3, which states that Hg is a cone with summit given

by the discriminant Ag.

Proposition 6.2

Proof.
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Of course we have shown (part (i) of theorem 3.3) that (A) = (C'). However, since one of
our goals is to show that (C') = (A) we cannot use (A) in the proof of this proposition.
By proposition 4.2, we can assume that Hg has a homogeneous summit A. Let ng =
degree A. Then the assumption that
Hs; = L[OPA] 6.1

immediately yields that
dimH,,(Hg) = 1. 6.2

Since each of the homogeneous components of Hg is G-invariant, 6.2 implies that the polynomial
T4 A must be a constant multiple of A for all 4 € G . Setting

Ti A = (A)A

we can easily see that the map A — €(A) is a non-trivial, representation of . For, we must have
¢(AB) = e(A)e(B), and if TAA = A (VA€ G) then A € JzNJz would imply that A = 0 which
is absurd.

Now suppose that a is a regular point. Since H, is the left regular representation, Hp
must contain the (irreducible) representation e with multiplicity one. This implies that there must

be a non-trivial polynomial A; € H,j, which satisfies

Clearly A; must be homogeneous since otherwise its homogeneous components would yield further

copies of ¢ in Hp,. Moreover, A; € Hg since Hpg) € Hg. This gives
Ay = B(9z)A 6.5
for a suitable homogeneous polynomial B. Now (again 1.1.9) gives
(A)A = TaAy = (TaB)(0y)TaA = e(A)(TaB)(d:)A

and thus
Ay = (TaB)(9z)A

Summing over all A € G and dividing by |G| yields
Ay = (paB)(9:)A

Since (pg B) € RY if B were of positive degree then pg B would kill A| yielding A; = 0. Since the
latter is excluded by assumption, we must conclude that B must be a constant and then 6.5 yields
that

A € Hp.

Since H, is closed under differentiation, (using 2.3 of theorem 2.1) we get

LOFA] € Hy C He = LOFA]
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Thus all these inequalities must be equalities. In particular (C') must hold true as desired.
Proposition 6.3

(€)= (D)

Proof.
We have proved (theorem 1.1) that if a is regular then Hi,) is the left regular representation
and thus in particular we will have dimHp,) = |G|. So, equality in (C') implies equality in (D).

Q. E.D
Proposition 6.4
(D) = (F)
Proof.
This is simply 2.17 of theorem 2.4.
Proposition 6.5 (Steinberg [ ])
(B) = (F)
Proof.
Let Iy, Fy, ..., F) € RY be homogeneous and assume that
pdh +pafo+ -+ ppFy = 0. 6.6
There is no loss in assuming that p1, ps, ..., pr are also homogeneous. Let then B be a homogeneous
basis for Hg, by (E) we can write
pi(z) = > b(x)Ap (), Ay; € RY. 6.7

beBB

Substituting in 6.6 gives

ZM@ZAM@M@:O

beBB

and uniqueness of expansions (guaranteed by (F)) yields

> Api(x) Fi(z) = 0, (Vb e B) .

In other words we must have

m@@@»:_zm@mm) 6.8
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Note that since B is a homogeneous basis, the homogeneity of py, ps, . . ., pr vields that the coefficients
Ap; in 6.7 must all be homogeneous as well. Note now that if for some by € B the coefficient A3, 1

happens to be a constant, then equation 6.8 for b = by yields that
P, € (Fz,...,Fk) .

Thus, if the latter is excluded, all the coefficients A; ; must be homogeneous polynomials of positive

degree. However, then equation 6.7 yields that p; € Jg as desired.

Q.E.D.
Proposition 6.6 (Chevalley [ ])
() = (G)
Proof.
Let Iy, I», ..., I, be homogeneous generators for RY set
degree(l;) = d; 6.9

and suppose that s is minimal. Let there be, if possible, a polynomial P(y1,¥ys,...,ys) such that

P(I, Iy, 1) = Y ppyp, VB2 100 = 0. 6.10
P
Note that this holds true if and only if each of the separate summands
Z cple"'}?s I{HI§2 Ifs (M: 1,2,..6tC)
pirditpadat+-+psds=M

vanishes all by itself. So there is no loss in assuming this holds with P, a polynomial of the form

P(yl’y2""’y8) = Z Cpipaps y1171y1272”.y€s .
pirditpadat-+psds=M

Now let
Pi ) sy Ys P ’ sy Ys
(Y1, 92 Ys) e (Y1, 92 Ys)
and set
Fi(z) = Pi(L(x), (2),...,1(x)) .
Clearly, F;(#) is homogeneous as a polynomial in 1, ..., z, and

degree Fy(z) = M —d; . 6.11

Differentiating 6.10 with respect to xj gives

ol ol 01,
F1_1_|_F2_2_|_..._|_Fs = O’ (Vk:l,?,...,n). 6.12
6l‘k 8l‘k xr
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It could very well be the case that a proper subset of Fy, Fs, ... Fs already generates the whole
ideal (Fy, Fa, ..., Fy). By relabeling the F’s we can assume that (for some m < s)

(P, Fa, ... Fpy) = (F1, Fa,.. . F) 6.13
and that no smaller subset of the F’s generates (Fy, Fa, ..., Fy). This given, we can write
Fj = Y Fi Ay (j=m+1,...,5) 6.14
i=1

and note that from the homogeneity of the F;(x)’s and 6.11 we deduce that there is no loss in

assuming that each A;; is homogeneous and

(1) A;; =0 ifdi <dj 6.15
(2) degreed;; =d;i —d; ifd; > d; . .

Substituting 6.14 in 6.12 and grouping terms gives
“ olI; L 0L
Fi(—~ —LA;) = 0. 6.16
Z (3l‘k + . Z Oy, 2
i=1 j=m+1
Since our choice of Fy, Fs, ..., Fy; excludes that
F, e (Fz, - Fm)

property (F)and 6.16 yields us that the coefficient

5

6[1 6Ij
= — —Ay; 6.17
Pik 91 + ' Z D 15
j=m+1
must lie in J¢. Since I, s, ..., I; generate Jg as well we deduce that there must be homogeneous

polynomials By, Ba, ..., Bs giving

pik = Z Bi(%) Ii().
i=1
However, note that the term in /; cannot occur in this expansion since 6.17 and 6.15 give that
degreep1p = di — 1.
So we must conclude that
pir € (Ia,..., 1), (Vk=1,2,...,n). 6.18

Multiplying by z, summing and using 6.17 we finally get

n

ol . =0l
— Ay — Iy, ... 1), 6.19
; Tk axk + Z 15 k; TE al‘k S ( 2, ) )

j=m+1
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Since each I; is homogeneous, Euler’s theorem gives that

=0l
Z l‘kaTJ = d]' I]'.
k=1 k

So 6.19 may be rewritten as

di Iy + Z Ay d; I; € (Iz,...,[s).
j=m+1

But this yields that
I € (Iz,...,[s)

which combined with proposition 2.2 would yield that Iy, ..., I, by themselves generate RY, con-
tradicting the minimality of s. Since the only unwarranted assumption in our argument is equation
6.10, we must conclude that Iy, I, ..., Iy must be algebraically independent.

What we have shown so far is more than is needed to complete the proof of the proposition.

This is due to the following result which is worth a separate statement.

Lemma 6.1
Let G be a finite group of n x n matrices and let Iy, I,..., Is be a set of algebraically
independent homogeneous generators of RY. Then setting dy = degree I, (k = 1,2,...,s) we must
have
(i) s=mn,
(ii) |G| = dids - - dy,
(iii) |IR(G)|=di —14+dy—14+---+d,—1

Proof.
The algebraic independence of Iy, I, ..., I; yields us that

1
Fra(t) = Ty T g 6.20

On the other hand, Molien’s theorem (eq. 2.13) yields that

1 1
Fro(t) = — S ——— 6.21
ro(!) G| E% det [T — ¢ A]

Note that from 6.20 we see that ¢ = 1 is a pole of order s for Fra(t). On the other hand, Moliens’
theorem yields that Fre(t) must have a pole of order n at ¢ = 1. In fact, the highest power of
1/(1 —¢) in the right hand side of 6.21 is given by the term corresponding to A = identity, (since
the latter matrix is the only element of GG that has all its eigenvalues equal to 1). Thus s = n. This

given, 6.20 gives that

: n B 1
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Doing the same with 6.21, yields

Thus (ii) must hold true as asserted.
To derive (iii) we need a slightly more refined argument. Note first that, using what we

have shown so far, we can combine 6.20 and 6.21 into the identity

dids - - -dy, 1 M

1
(e Bl e R ey R (v M

where for convenience

M = |R(G)]

denotes the number of reflections of G. The special form of the right hand side of 6.24 is due to the

fact that, apart from the identity term in 6.21 which contributes a pole of order n at t = 1, only the

terms corresponding to reflections can contribute a pole of order n — 1 at ¢t = 1, (this is because any

orthogonal matrix with n — 1 eigenvalues equal to 1 is necessarily the matrix of a reflection).
Multiplying both sides of 6.24 by (1 —¢)™ gives then

= 1+M
1+t+-- tdi-? + (1+41)

+O((1—1)). 6.25

- d; (1—1)

i=1
Now setting ¢ = 1 — € gives

Tdt4 - t5 D = 14l —ed1 =24 41— (d — 1)e+0(%)

L

= di(l @6)—1—0(62) )
Now clearly

% = 50 = 3+0E)

Using these two relations in 6.25 gives

- 1 M
= 14+ — 2.
3 N vy + 26—1—0(6)

i=1

Expanding each of the factors on the left hand side reduces this to

“Ldi— 1 M
1—|—<Z 5 )€—|—0(€2) = 1+7€+O(€2),

i=1

which yields (iii) by equating coefficients of e.
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To complete the proof of theorem 6.1 we need to establish two auxiliary results. It will be
implicitly assumed here and in the rest of this section that G is a finite group of n X n real orthogonal

matrices.

Lemma 6.2

If©1,0,,...,0, are algebraically independent and generate RY then

00;

Ly

det £ 0. 6.26

Proof

The result can be established without the assumption that ©;,...,0, generate G. How-
ever, for our purposes here we can throw in this additional condition and make our proof entirely
elementary. The idea is to make use of the identity 2.8, established in the proof of proposition 2.1,

to the effect that there are G-invariant polynomials Fj; giving

|G|-1
|G| s
xr, = E xy, Frs .
5s=0

Letting #}* be the least power of zj, that can be so expressed, and using our assumption we can

write
pr—1

= 3 ) Gre(01,0s,...,0y) 6.27
s=0
with Gys(01,...,0,) polynomials in their arguments. Differentiating 6.27 with respect to z;, after

simple manipulation we get the identity.

pr—1 n
00,
=1 s—1 N . ¢
[pkxi — ;Il s, Gks(@)] xtk=j) = ;_1 Bri(©1,...,0,) Tz 6.28

where, for convienence we have

P pr—1
Bki(®1a"~a®n) = 6_<Z xZGks(yl’y%""yn))
Y

v s=0

y;=0;

Clearly, the polynomial
pr—1
pr bkt — Z 5257 Gs(0)
s=1
cannot vanish since that would contradict the minimality of px. We can thus deduce from 6.27 that
the product of the two matrices || By;(©)|| and | g(;)]?
matrices must have a non-vanishing determinant. This gives 6.26.

is a non-singular diagonal matrix. Thus both

We can now combine the last two lemmas and obtain the following remarkable result
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Theorem 6.2
If©1,0,,...,0, are algebraically independent homogeneous generators of RY then we must
have 96
det 61‘; = cAg(z) = ¢ H (z, @), 6.29

for some constant ¢ # 0.
Proof
Note that if the differentials dxq, dxs, ..., dz, are ”wedge” multiplied by the rule

dx; A dl‘]’ = —dl‘]’ A dx;

then it immediately follows that for any polynomials Py, Ps, ..., P,

P
Zj
Let us now have G act on polynomialsin dzy, dzs, .. ., dx, by setting (as was done for #1, za,...,2p)
Tadz; = deiAij, (forAeGandj=1,2,...,n) 6.31
i=1

and extending this action multiplicatively. This given we can easily verify that for any polynomial
P(z1,...,2,) we do have

TydP = d(T4P).

In particular, if P € R then
ThdP = dP, VAed.

This gives
Ty (dOL AdO3 A+ AdO,) = dOLAdOs A ---ANdO,
and using 6.30 with P; = ©; we get

00,
890]»

7

890]»

(TA det dri ANdxa A -+ Ndxy, . 6.32

) Ta(dey Adea A---Ndry) = det

However, 6.31 and 6.30 (with P; = Tx ;) give
Ta(dey Adea A+ ANdey) = det A dog Adea A Aday, .

Substituting this in 6.32 yields

00,
890]»

00;

Ty det
4 e 890]»

= det A det

, VAeG.
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We can thus use part (b) of theorem 3.2 and obtain that

00;

Ly

det

= A(x)Ag(x), (with A € RY) . 6.33

However, note that if degree (0;) = d;, then lemma 6.1 with I; = ©; gives

n

degree Ag = Z(di_ 1) = degree det

i=1

)

Ly

and this forces A in 6.33 to be a constant. Moreover, lemma 6.2 guarantees that this constant cannot

vanish.
We are finally in a position to establish the last link in the proof of theorem 6.1.

Proposition 6.7 (Shephard-Todd)
(G) = (4)

Proof
Assuming (G), lemma6.1 yields that we must have n algebraically independent homogeneous
generators Iy, Iz, ..., I, for RY such that if d; = degree (I;) then

() di—14+dy—14---+d,—1=|R(G)|.

6.34

Let for a moment G* denote the group generated by R(G). Clearly (ii) of 6.34 guarantees that G*
is not a trivial subgroup of . We aim to show that G* = (. To this end, note that since G* is by

definition generated by its reflections, then the implications
(4)=(B) = ()= (D)= (F) = (F)=(G) ,

(which we have already established) yield us that G* itself satisfies (G). In particular we must
have algebraically independent homogeneous generators 17,15, ..., I} for RS such that if we set
degree (IF) = df then

(1) didy---dj, = |G|

. . . . . 6.3
(#%) dj—14+d5—14+---+d,—1=|R(G")].
Note now that since G* is a subgroup of (G, the polynomials I, ..., I, are also G*-invariant. This
implies that we must have expressions of the form
L, = PRI}, 0,...,I0) 6.36
with
Pi(y1,y2, - Un) = Z cz(,ll)...pn Yt ybe 6.37

p1di+--tpnd;=d;
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Differentiating 6.36 with respect to z; gives

I; "L OP; I
R i N R e

6l‘]’ el 8yk 6l‘]’
Thus, the non-vanishing of det || gg; (guaranteed by lemma 6.2) yields that
OF;
det n,... I 0.
6yk( 1 n) ;é
Now this in turn implies that for at least one permutation ¢ = (01, 09,...,0,) we must have

0P, 0P, 0P,
ayal 33/02 6yan

£ 0. 6.38

y,:I:‘(l‘)

There is no loss in assuming that o is the identity permutation since this can be achieved by a
relabelling of I3, I5,..., I. But for o; = ¢, 6.38 gives

OF;
dyi # 0

This implies that for at least one coefficient cz(,il)...pn (in 6.37) we must have p; > 1. But that can
only happen if
d; > df . 6.38

Combining all these inequalities with 6.34(ii) and 6.35(ii) we deduce that
R(G) = di—14+--+dy—1 > dj—1+---d; -1 = R(G").

Since trivally R(G™) = R(G), we see that we must necessarily have d; = d; (for i =1,2,...,n). But
then, 6.34(i) and 6.35(i) give that

G| = dieedy = diedy = (G

which forces G* = G as desired.



