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The New k-Pieri coefficients of Francois and Mark

Introduction
Francois and Mark set define the coefficients cf,k,), by setting
hitH u[ X5, Z c(k)H [X;q,1] I.1
vCrpu

where “v Cj, 117 means that the partition v is contained in 1 and p/v has k cells. Remarkably they conjectured
that these coefficients can be recursively obtained from the classical c,(},)j coefficients. They derived this
recursion from a conjectured symmetric function identity identity which I noticed could be obtained from
the Macdonald polynomial toolkit we developed in the 90’s. Frangois and Mark also conjectured some truly
surprising summation formulas that may actually provide us with new tools in our attempts to prove the
Shuffle Conjecture. Prompted by this possibility I explored various avenues for establishing and extending
their formulas. In particular, to follow the classical development we need to consider the cftk)y as the “dual
Pieri” coefficients with the “Pieri” coefficients d,L » defined by setting

6;@[%]1{[ [X;q,t] Z d(k)H [X;q,1] I.2

MOV

where “up Dy 17 means that the partition p is contains in v and u/v has k cells. In particular this reveals
that the summation formulas of Francois and Mark really directly involve the dflkl), rather than the cffl. Our
main results are general summation formulas for the c,(f,), and the d,(f)y which naturally extend the classical
results for the k = 1 case. These notes cover most of the results I obtained in these efforts. For the benefit

of the reader we will precede our presentation with a Macdonald Polynomial toolkit.

1. Auxiliary identities

The space of symmetric polynomials will be denoted A. The subspace of homogeneous symmetric
polynomials of degree m will be denoted by A="". We will seldom work with symmetric polynomials expressed
in terms of variables but rather express them in terms of one of the six classical symmetric function bases

(1) “power” {p,}, , (2) “monomial” {m,}, , (3) “homogeneous” {h,},
(4) “elementary” {e,}, , (5) “forgotten” {f,}, and (6) “Schur” {s,}.

We recall that the fundamental involution w may be defined by setting for the power basis indexed

by p= (p1, ps -+ -5 i) 10
WPy = (_1)n_kpu = (_1)W‘_l(#)pu 1.1
where for any vector v = (vy,ve, -, v;) we set |v| = Zle v; and I(v) = k.

In dealing with symmetric function identities, specially with those arising in the Theory of Macdonald
Polynomials, we find it convenient and often indispensable to use plethystic notation. This device has a
straightforward definition which can be verbatim implemented in MAPLE or MATHEMATICA for computer
experimentation. We simply set for any expression E = E(t1,ts,...) and any power symmetric function py

pelE] = E(th k). 1.2
This given, for any symmetric function F' we set

F[E] = D2, ... , 1.3
[E] Qr(p1,p2,--) pes Bt )
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where Qr is the polynomial yielding the expansion of F' in terms of the power basis. Note that in writing
E(t1,ts,...) we are tacitly assuming that ¢1,%9,ts,... are all the variables appearing in E and in writing
E(tk,t5,...) we intend that all the variables appearing in E have been raised to their k" power.

A paradoxical but necessary property of plethystic substitutions is that 1.2 requires

pe[—E] = —pr[E] 1.4

This notwithstanding, we will still need to carry out ordinary changes of signs. To distinguish it from the
“plethystic ” minus sign, we will carry out the “ordinary ” sign change by prepending our expressions with a
superscripted minus sign, or as the case may be, by means of a new variables e which outside of the plethystic
bracket is simply replaced by —1. For instance, these conventions give for X,, = z1 +xo+ - - + x5

=X = (MY, 15
i=1
or, equivalently
pel—eX,] = —€ fo = (—1Dk? fo
i=1 i=1
In particular we get for X = x1 + a0 + 23+ - -
wp[X] = pr[—"X].
Thus for any symmetric function F' € A and any expression F we have
wF[E] = F[-"E] = F|—¢€E]. 1.6
In particular, if F € A=F we may also rewrite this as
F[-E] = wF[E] = (-1)fwF[E]. 1.7

The formal power series
Pk
@ = en(LF)
a3
k>1
combined with plethystic substitutions will provide a powerful way of dealing with the many generating
functions occurring in our manipulations.
Our developments crucially depend on the operators Dy, and D} defined by setting for every F' € A:
a) DiF[X] = F[X+ 2]Q[-2X]]|,
~ (t) for —oco<k <40, 1.8

b) Dj F[X] FIX - X2]10[zX]|

2k
where M = (1—-¢t)(1—-¢q), M = (1-1/t)(1 —1/q), and for convenience
Q[—zX] = Z 2Mhy|—-X] = Z (=) z2"en [ X]. 1.9
m>0 m>0

“

Here

.. denotes the operation of taking the coefficient of z¥ in the preceding expression,

(f) The symbol “ |Zk” denotes taking the coefficient of z* in the preceding expression.
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coarm
J

To present our Macdonald polynomial kit, it is convenient to identify

partitions with their (french) Ferrers diagram. Given a partition p and a cell I T 1
¢ € p1, Macdonald introduces four parameters | = 1,,(c), I' = },(c), a = a,(c) H |

n
lattice cells of p strictly NORTH, SOUTH, EAST and WEST of ¢, (see attached H

figure). Following Macdonald we will set

and o' = a/,(c) called leg, coleg, arm and coarm which give the number of ‘“*(a

;

()

n(p) = Y ) = > () = > (i—1u. G=)

cep cep i=1
Denoting by p/ the conjugate of u, the basic ingredients playing a role in the theory of Macdonald

polynomials are

T, = t"Wg™W) | B,(q,t) = ZtlL(C)qaL(C) T (g, t) = H(l ETACCACH
cep c€p;c#£(0,0)

Du(q’ t) = MBH(q,t) -1 s w,u,(Q7t) — H(qau(c) _ tlu(C)"rl)(tlu(C) _ qCLu(C)'i‘l)7
ceEp

1.10

together with a deformation of the Hall scalar product, which we call the “star” scalar product, defined by
setting for the power basis

(pr . p), = DM = )1 = ) 2 x(h = ),

where z,, gives the order of the stabilizer of a permutation with cycle structure p.
We also recall that we set
VﬁH(X;q,t) = TNﬁH(X;q,t)
The operators in 1.8 are connected to V and the polynomials H » through the following basic iden-

(1) DyH,, = —-D,(q,t)H,

(ZZ) Dk Ql — Ql Dk = MDk+1

(ii7) Ve, V' =-D; 1.11
(iv) V3%etV=2LD,

(’U) Dk 61 — Ble = Dk,1

where e, is simply the operator “multiplication by e1”, and 0, denotes its “Hall 7 scalar product adjoint.

tities:

Recall that for our version of the Macdonald polynomials the Macdonald Reciprocity formula states
that

Hul+uDg]  Hg[l+uD,]
[leca (X —ut"q") [Leep(l—utq™)

We will use here several special evaluations of 1.12. To begin, canceling the common factor (1 — u) out of

(for all pairs «, f3). 1.12

the denominators on both sides of 1.12 and then setting u = 1 gives

H,IMB Hs[MB
o[M Bg] — s[MBa] (for all pairs a, f3). 113
I, g
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On the other hand replacing v by 1/u and letting «w = 0 in 1.12 gives

(‘UIM% = (—DW% (for all pairs «, 3). 1.14
o B

Since for 8 the empty partition we can take ﬁg =1 and Dg = —1, 1.12 in this case reduces to

Ho1-u] = JJa-ut"¢") = (1-wu) i(fu)reT[Bﬂ —1]. 1.15
cea r=0

This identity yields the coefficients of hook Schur functions in the expansion.

HyX50,1) = ) su[X]Kau(a:t). 1.16
AFlul

Recall that the addition formula for Schur functions gives

(~wr(L—u) ifp=(n—r1")
spll—u] = 1.17
0 otherwise
Thus 1.16, with X =1 — u, combined with 1.15 gives for - n
<ﬁu ) S(n—r,lr)> = 67"[B/L - 1]
and the identity e,h,—r = S(_p,17) + S(n—r—1,17-1) gives
(H,, erhn—y) = e;[B. 1.19
Since for 8 = (1) we have H g =1 and IIg = 1, formula 1.13 reduces to the surprisingly simple identity
H,[M] = MB,II,. 1.20
Last but not least we must also recall that our original Pieri formulas were defined by setting
a) enH, = Z dwffu , b) ellffu = Z CWIL , 1.21
pO1v vCip
To be consistent with the notation in the introduction we need to set
c,(}g, = ¢y, and df}?, = ﬁdu,y
These Pieri coefficients are thus related by the identity
ab, = 1g., = Yo, = Y 1.24
I M %u w, " wy, M

Recall that our Macdonald Polynomials satisfy the orthogonality condition

(Hx, H,), = x(A=pwulgt). 1.25
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The #-scalar product, is simply related to the ordinary Hall scalar product by setting for all pairs of symmetric
functions f, g

<f7 g>* = <f5 W¢g>, 1.26

where it has been customary to let ¢ be the operator defined by setting for any symmetric function f

o f1X] = fIMX]. 1.27
Note that the inverse of ¢ is usually written in the form

ff1X] = fIX/M]. 1.28
In particular we also have for all symmetric functions f, g

(f,9) = (frwg), 1.29

The orthogonality relations in 1.25 yield the “Cauchy” identity for our Macdonald polynomials in the form

H,[X]H,[Y]

[
Q[-eXF] = > 0, el 1.30
o

which restricted to its homogeneous component of degree n in X and Y reduces to

en [AX] = ZH‘L[{})?“[Y]. 1.31

Note that the orthogonality relations in 1.25 yield us the following Macdonald polynomial expansions

Proposition 1.1
For all n > 1 we have

0 el = X nuensliy) = 0 BT gy ) - 37 Dot
pEn I uFn 0 prot "
d) (=1)""'p, = (1—tn)(1—q")z%“[‘x]
pEn H
) alX/M]" = ZH:‘U[XWIW?) "
pEn H

) en =

pukEm

Finally it is good to keep in mind, for future use, that we have for all partitions p

T,wH,[X;1/q,1/t] = H,[X;q,t]. 1.33
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Let us now recall that the Pieri Coefficients (for £k =1 ) yielded the following summation formulas

Y hys1[Dulg t)/tq) ifk>1,

> g, t) (T/T)F = 1.34
v By(g:1) ifk=0 .
(—1)F L ep 1 [Du(q, )] /M ifk>1,
> dl) (g, 1) (T,/T,)F = 1.35
pey 1/M ifk=0 .

Note that if we set, for any symmetric function F[X]

T F[X] = F[X +4] 1.36
then we have the development
ruFIX] = ) ufhp FX] 1.37
k>0

Using the operator 7,, we can derive the following useful identities

Proposition 1.2

a) Dph: — ht Dy = Dj_1hh

m—1 >
b) Djhk: — hi: D; —D;_, h

m—1 -

1.38

In particular we also have

a) Dyhi — hi Dy, = Di_ ,
) Pr o T P 1.39
b) Djhi — hi D} = —-Di_, .

Note that for F[X] = e, we derive from 1.11 (i) that the corresponding operator may be computed
from the formula

Ae, = 3;(1-D,) 1.41

Let us recall that the translation by u operator 7, may simply defined by setting

nFIX] = FIX+u] = Y u*hiF[X] 1.42
k>0

Now we have the following basic identity

Theorem 1
ﬁuD,lTu = Tule, — ATy 1.43

Proof
The identity in 1.41 gives

Tule, — Aoy T = %Tu(l —-D,)— %(1 — D,y = ﬁ(DoTu — TuDo)
and 1.43 becomes (canceling the ;)

uD_17y, = Doty — 14D, 1.44
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Now for any F[X] we have
uD_17,F[X = uF[X+ % +u)Q[-2X] 1.45

while
(Dot — TuDo)FIX] = FIX +X 4 4]Q[-2X]| — FIX + % +u)Q[—2(X +u)]| . 1.46

But
Q—z2(X +u)] = Q-2X|Q[—2u] = Q-2zX]|(1 - zu)

and 1.46 becomes

(Doty — TuDo)FIX] = F[X + % 4+ 4)Q[-2X]

— PIX + Y 4+ 4)Q[—2X](1 — zu)

20 20

= 2wF[X + M 4 y)Q[—2(X +u)]| = uD_17,F[X]

20
In view of 1.45, his proves 1.44 and therefore also 1.43.

The following fundamental identities, shown in “explicit”, play a crucial role in many later develop-

ments as well as here.

Proposition 1.3 (Glenn’s Formula)
For any symmetric function f and partition i we have

(f,mH,), = V'r_f 1.40

2. The Francois-Mark identities

Our first result is a proof of the Frangois-Mark Conjecture

Theorem 2.1
For any k > 1 and p+ n we have

1
o) 5 > BT T, 2.1
mY yCiaCin
or equivalently
v_lelLVhé = hé—klAh - Aelhé—i-l 2.2
Proof
Equating coefficients of «**1 in 1.43 gives
ﬁD—lhIJ{ = ht}-lAel - AfilhlJc_+1

Using 1.11 (iv) gives
vil ef‘th = hé_-t,-lAel - A€1hé_+1
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This proves 2.2. Next we apply the right hand side of 2.2 to ﬁu [X;q,t] and get

(h’é_-i-lAe Aelhk‘-‘rl) ] = B,u(q’ t) Z Cg?jl)gv - Z Cgfjl)BV(Q7t)gI/
vCpt1p vCphi1p 93
= Z C/(Lk;;rl)Bu/u(q,t)Hu
vkt
Now the left hand side applied to H u[X;q,1] gives
V0, Vhir Hy[X;q,t] = V70,V Y cF) Ho[X;q,1]
aCrp
aCrp '
T, ~
= Dl D L Xia1]
aCru Y vCia

Equating the right hand sides of 2.3 and 2.4 and equating the coefficients of H,, on both sides gives 2.1.

The next, more general identity, of Frangois and Mark we have not been able to prove and we will

leave it as a

Conjecture 1.1(Frangois-Mark)
Forall k,l v C kju

1 T.
(k) — - oD Lo (k) 925
CLV 4, ¢ ¢,V .
! ek[Bu/u] VC;CW Hoe v o
or equivalently
k
VI Vi = Y (1) A i A, 2.6
r=0

Note that for £k = 1 2.6 reduces to
VIRIVET = B, — Anhi,

which is easily seen to be none other than 2.2.

Remark 2.1

Following Francois the equivalence of 2.5 and 2.6 is shown as follows

k k
Z(*l)rAhThé_-s-lAekau = Z(*l)Tek—r[Bu]AhrhiﬂHu
r=0 r=0
k
= Y (-D'exr[B)] > EDh[B,H, 2.7
r=0 uCkH,u
k
= > Y aBlal-B) = Y dielB, ),
vChpip r=0 ASPERYY;
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On the other hand if we apply the LHS of 2.6 to f{ we obtain

V' VhH, = V7'hy Y D TLH,
aCip
= v! Z Cﬁ’)aTa Z c&k,)jﬁ
aCip vCpa
T, .
= 2 2 ey clli,
aCiprvCra

Equating coefficients of H, on both 2.7 and 2.8 gives 2.5.
Remark 2.2

January 3, 2014

2.8

Francois attempts to prove 2.5 by inductive applications of 2.1. This suggests that 2.6 should be

derivable by an inductive process from 2.2 but I failed to see how this could be done. Computer data confirm

both 2.5 and 2.6.

We should point that the same relation we have seen in 1.24 holds true for any £ > 1 as well,

Proposition 2.2

dk) = k) v
© 1y w,,
Proof
Note that from the identity
hy Hu[X;q,) = Y B H,[X;q.1]
vCpp

we derive that
<h,i‘ﬁu[X;q,t], I:IV>* = ),
Thus from 2.2 it follows that
cl(tk)yw,, = <hﬁfI,L[X;q,t] , w¢>ﬁy>
= (H.[X;q.1, hhwoH,)
= (H,[X;q.1, woerH,) = (Hu[X;q,1], efH,)

and the definition in 2.1 gives

completing our proof.

Another quite remarkable identity of Francois and Mark can be stated as follows.

Conjecture 1.1(Frangois-Mark)
For all k and v we have

or equivalently

2.9

2.10

2.11
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Remark 2.3
Following Francois the equivalence of 2.10 and 2.11 is shown as follows. Notice that the LHS of 2.11

V' hitVha[X] = Z Z WT

,ukn l/Cku

= > LA, 3 Do) (T2 2.12

is

vkEn—k Wy DRV Wy
T,H, .
(by29) = > =0 3 diz)’
vEn—k YoouDv
while the RHS is
- T, H,
S~V e[ A bk E] = S Zek e =B
r=0 vkEn—k Wy
and 2.10 follows since
Zek r ﬁ V} = ek[ﬁ - By]

3. Summation formulas
The following two summatiomn formular may be viewed as the (present) k& > 1 analogues of the
(former) k = 0 and k£ = 1 summation formula 1.35

Proposition 3.1
a) Y d¥) = el

,LLD)CL/

3.1
b) Z T = hgl;]  (Frangois-Mark)
HOrV
Proof
We start with Frangois-Mark proof of 3.1 b)
hichal3g] = Z > ) H[X;q,1]
/J,Fn VCkN
B TVHV[X;q,t] T,w, )
= Z " Z Tyw, Co 3.2
vkEn—k uIOpv
j;[ [X q, ] Tlt k
(by29) = Y 7% > Tl
vEn—k UV
On the other hand we have
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and this, combined with 3.2 gives

T,H,[X;q,t] T,H,[X;q,t] T,
> ] = YD e BN ST gral

w
vkEn—k v

Equating coefficients of H, gives 3.1 b).
The companion identity is obtained in a similar way:

Mheal] = 3 -3 X - s At s g

On the other hand we have

and this combined with 3.3 gives

Z d(k) = e ﬁ]

HO RV

11

3.3

It turns out that Glenn’s formula yields some truly general summation identities even for £ > 1.

The challenge will be to see to what extent the following result will deliver explicit results and applications.

Theorem 3.1

k
*PD,) = V*le;';_TVP’X

1
vCrp

S~ ¥ PD, Zek AV VP

HUO RV

Proof
Let us start with f = 7.V P, so P = V7_.P in the left hand side of 3.4, obtaining

S elPD,) = S B, nd), = (f, nhid,),

vCrp vk
= {f, hkﬁH> = (wof, hymH,)
= <hkw¢f, mnH,) = (woerf, mH,)
But
T-c€) = Zek r[arler Zek (3]
This gives
k
dEPID,] = Y Ve mrVP|
vCru r=0 -

proving 3.4.

3.4

3.5
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Let us now do the dl(fz, case. Proceeding as before with f = 7.VP, P = V7_.P, the left hand side
of 3.5 becomes

Z de’flP[D#] = Z dfff,(f, TlHu>* = <f7 Tlezﬁy>*

KO RV UOEV

k
= Zek—r[ﬁKfv er[% 7-II{ Zek r ]\% hr[X]W¢TII~{u>
; ~ ~
= Zekfr[$]<h7+fv W¢TlHu> = Zekfr[ﬁ]<h%f» TlHV>*
= Zek ” NLV T_Ehlf’ Zek . ﬁ 1th_ET€VP‘X=
- Zek \ 1hiVP’

proving 3.5.

Remark 3.1

The nature of the right hand side of 3.5 makes one wonder if Conjecture 1.1 can play a role here.
In fact , 2.12 gives that

T.H T,
v = Y e 5 g ey
akFn—r @ popa
and from 2.10 we derive -
-1 1 X TQHOZ 1
\Y hr th[ﬁ] = Z w er[ﬁ - Ba]
akFn—r «

Now setting P = h,,[2] in 3.5 we obtain

_ T.H,|[D,
Z d(k)h MB,L 1 Zek , ﬁ L[]ET[ﬁ — B.]

HORV aFn—r

Macdonald reciprocity gives

Another tool that can be used to obtain summation formulas is “flipping ”, that is the operation of
making the replacements (g, t)—>($, ). The first step is obtained from the following identities.

Proposition 3.2

Hy(X;q.6) = Y (A ) 7H[X;0.1] 3.6
vCrp
hi|21H,[X; g, 1] Z dib (L, DE H,[X;q,t] 3.7
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Proof
Note that flipping 1.1 gives

applying w to both sides we get

whirwwHL[X;1/q,1/t] = Y eF) (L, 1)wH, [X;1/q,1/1]
vCpp
and using the flip formula 1.33 for the Macdonalds we obtain
whirwH,[X;q,8) = Y (2, 4) 7 H,[X;q,1 3.7
vCpp

Now for any two homogeneous symmetric functions F, G respectively of degrees n — k and n we have
(F, (whkw)J‘G> = (whgwF , G) = (eyF, G) = (F, exG)

This yields that whé-w = eé- and thus 3.7 becomes

_ T, =
er HuXiq,) = > B (L HFEH[X;q,1]
vCpp
proving 3.6.
Next note that flipping 1.2 we obtain
P .
e[ 54 = Y di (G DX )
MORV

applying w and using 1.33 again gives

F LG = Y DR K
HOgV
or better
hi[3 H (X, t) = Y7 A (G D7 HulX 0 1]
HIOEV
proving 3.7
Remark 3.2

Note that flipping the relations in 3.1 we obtain

HO RV
T,
b Y ZdE D) = )
uopy M

Note that flipping 2.10 we obtain

> Al

UORV

7%)(

) = el - Bu(; 1) 2.10

=
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k

VIREVE, = S (1) e A0
r=0
by induction
k—1
Vo VR = S (1 e [ AR B
r=0
apply on each side the operator V~'hi V?
k—1
V1 hi VAVl VRE = (1) er—1-r [V AT VAL B iy

r=0

k-1

VIV Y, = > (1) er 1[4V RV AR By
r=0

Using this identity
Vel Vhi | = hifA., — Aghi

the LHS of 2.11 becomes for now

LHS = (hitA., — Ac, hi)Vh
Now for the RHS we use i,

M, = Y VA, bV

i=0

and get

e
|
A

RHS = (—1)T6k717r[ﬁ](V_lthhrv)Vh:z—kﬂ

> 3
[l
= O

(1) er1-[37) (VIO VT AL, W VOV)VRE
1=0

I
> 3
"1
= O

T

(_1)T6k—1—7“[ﬁ] (Z viiilAhwrlfiJrl h%vi+l)v}l:n—k+l

I
(]

r=0 =0
k—1 r+1 ) .
= (71)7“6/?—1—7’[%](2vizAhr+17¢h%vZ)Vh:L—k+l
r=0 =0
k—1
= > (D er [ (A D)V
r=0
k—1 k—1
= > (D e[t A Vg = D (D) k1 [} (B A VA,
r=0 r=0
k—1
= Z(fl)rek—l—r[ﬁ](h%Ahr-H - Ahr+1hf)Vh;kL—k+l
r=0
k

Vg VhL = Y (=) erp[ ] An By,
r=0

14

2.11



