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New Proof of the VE,, formula

Our goal here is obtaining a reasonably short proof of the Haglund identity

VEu = """ (1= ¢")Uhg[32)hn1[37] (%)

1. Basics on the g-Pochhammer Polynomials

It is customary to set
(%:0)m = (1=2)(1—2q)---(1—2¢""") 1.1
It is a classical result that we have
= S @ 1y 1.2
(2, @)m ;[T}qq (-1)"z :
It is interesting to see how this identity can be established by symmetric function methods. To this end note

that the “Cauchy” identity
I—uy

Qu(X -Y)] = Hl_mi = > uThy[X —Y] 1.3
3 m>0
for X = 1iq and Y = 1%(1 gives
]_—quk —z m —z
150 i) = % wrhali=). L1
k>0 m>0

Since we obviously have

(1-w)QuizZ] = (1-2u)Qugi=],

equating coefficients of 4™ in this equation, from the right hand side of 1.4 we derive that

hon[125) = b [12] = 0™ [15] = 24" M [12] -

This yields the recursion

m—1

—z 1— —z
hali] = AR b 2]
and since h, = 1 we are finally led to the product formula
11—z _ 1—z 1l-2q . 1—zq™™ 1 (ZQQ)m
hm I:l—q} ~ 1-q 1—¢? 1—qm™ - (q’ q)m ' L5
On the other hand, by equating coefficients of u™, from 1.36 we can also derive the addition formula
hm[X - Y] = th—r[X}(fl)rer[Y] 1.6
r=0
Setting again X = %_q and Y = fq gives
m m 1 q(;)
h [322] = b [T ](=D)7er [Z] = —(=1)"2" 1.7
53] ;0 =l =17er e go (¢, Dn—r ) (¢, 9)r

and 1.35 is immediately derived by equating the right hand sides of 1.38 and 1.7.
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It develops that the polynomial basis {(2; q)m }m>0 has a “Taylor” formula that may be written in
the form

Pe) = S (s —L (TPG)|_,), 18

= (¢:9)r
where J, is the g-difference operator defined by setting
P(z) = P(z/9)

0gP(2) = ——————. 1.9
z
Formula 1.8 is an immediate consequence of the identities
0 ifk#r,
88 (2:q)r = 1.10
4 (2:4) z=1 (q;i)r f k=

which in turn may be obtained by iterating the simple identity

de(z5¢)r = (2:9)r _Z(Z/CEQ)T _ 1—qq7" (

We will soon have the occasion to use the expansion in 1.8, thus to prepare us for this event we need to

2q)r—1 -

observe that if we denote by F the polynomial operator defined by setting

Ez" = ¢ ™2™ YV m>0
Then
n 1 " 1 n—1
o = (;(1713)) = S(1-E)1—gE)---(1—¢"'E)

and 1.2 gives
o= in 3 [”Lq(Z)(fl)"Er 111

Thus 1.8 can be rewritten as

k
%4 k r r
Pi) = 3 (( : ))’“ ¢ Z[ } ¢&) (1) P(1/q"). 1.12
k>0 q;9)k r—0 r
This formula immediately gives us the following identity
Proposition 1.1
] 40
E.uxX;q = ¢ H 2)(=1)e, [ X1z 1.13
kX5 4] q;rqq()e[ 2]
Proof
Recall that the E,) are implicitly defined by the formula
en[X1=2] = Z(Z’q)’“ Eni 1.14

Pl VR

and we see that 1.13 is a direct consequence of 1.12 with

P(z) = en[Xt;]
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2. The power of flip
We will denote by the symbol “}” the symmetric polynomial operator defined by setting for F[X; ¢, t] €
Alg.1]
VFX5q,t] = wF[X;1/q,1/t]

We will refer to this operator a “flip 7. Note that flip is clearly an involution.
This given, have the following basic identities

Proposition 2.1
a) JVi= V1, by U] = (- ivie 2.1

where the second identity holds when the action is on A=".
Proof
Recall that by definition we have for all uFn

a) VH,[X;q,t] = T,H,[X;q,1], b) VH,[X;q,t] = I,H,[X;q,t] 2.2
Applying flip to both sides of 2.2 a) gives
LY LR 01 /] = o wH,[X1/g,1/1 2.3
Recalling the Macdonald identity

TMoJf{M[X;l/q,l/t] = H,[X;q,t] 2.4

we see that multiplying both sides of 2.3 by T}, gives

~ 1
YV HX 0t = 7 HulX5q.1]
o
This proves 2.1 a).
Similarly 2.2 b) gives
LU L wH,[X31/g, 1/t = 1,(1/q,1/t) wH,[X:1/q,1/1) 2.5
However, for u - n we have
—1U' =a’ (71)”‘71
c€u/(0,0) g
and another use of 2.4 gives
7 (=)t 7 n—1go—17
¢\IJ¢HH[X;q,t]:T7HNH [X5q,t] = (=1)" UV H,[X;q,t]
n

This proves 2.1 b).
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We can now apply flip to both sides of the Haglund identity and obtain, using 2.1 a) and b)
VT Ewx[X,1/q] = "7 (1= ¢ ") (=1)""' V0 | b [k [5Y]

Now we have < < < <
b hil=glhn-kl57] = heli=7g bkl 5774

= ¢"t" [ 2 hnk[3Y]

and 2.7 becomes, canceling V~! from both sides,

EalX,1/q] = ¢"(1—q *)(=1)" " Whi[ZS o[ 3]

q—1

Next we have the expansion

Il (] = (S R[]

= > B g, X, ),
pEn "

S W@ | erl(t = 1) Xen—[X])
pEn "

= 3 B )X A e ilX)
pEn "

oy Xt el - DX
; Wh vCp A

We will now make use of the summation formula given by the following

Theorem 2.1
For f € A= and ;i n we have

Zcﬁi—(Q7t) = F[Du]

vCpu
vk

with

For f = eg[(t — 1)X] we get

2.7

2.8

2.9

2.10
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Taking the #-scalar product of both sides of (*) with H . gives

(VEuk, Hy), = "1 = ¢")(Whi[Z b i[35], Hy),

Thus
Tu<Enkv Hu>* = tn_k(l - qk>Hu<hk[1XTq]h" % M>
Using 1.13 the left hand side becomes

LHS = T,q"> I: g (1) (H,

rk1 (- . -
Tud* 37 [1] a1 (e[ X000

k
Ek_ r ~ r
r > [F] a1y e
r=0

Note that

\I/ |:kj| = (1_1/q)(l—l/qz).,.(l_l/qk)
rlq =1/ (1=1/¢)(1—1/q)(1=1/q)(1=1/¢2)-(1—1/qF )
= (= )'(q7q)kq7(§)7'“ _
(=D"(@:a)rq (2) r(—l)k_r(an)kfr,-qf( 2 )*(k*'r')
- [k} S [k} 2 —kr
= qq()q(;)— rqq
since ‘ |
255 420) —2(%) = (h—r)?—(k—1) + 12 —r — K>+
= K =2kr+1® —k+r+r’—r -k +k
= —2kr+2r°
Thus
A Sl [ —r?/24r/2 r (1—q")
VLHS = T ZMQQ q (=) H, [MZ5=5):1/q,1/1]
" T:O
qfk k k (T+1)*kr = nH M(l q") . 1 1/t
= 2
T, 7._O[T}qq (=17 [ 1/ /t]
— q_’“ k k (er)_kr 1)r—rgn Ijl M(l_qr)~1 L
= Tur_o[r}qq (=1) wH, | 1 /0, 1/1]
Kk k
q k r1) . s £
= T2 { } q( 3')—k (=1)""t""H,[MB,(q,t);q,t]
noe—g T4
= %H“Z[k} q(r;l)_kr(_l)n_rhr[(l )B.] (g, )
T# r=0 "a (qvq)rfl
q—klt—n k k

ol e O MM K C R R CEREAET
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RHS = " (1 — )L ([ 2 han[25) B, = 751 — ¢, exl( — X )en—x[X])

Thus
(-n"~'I,

Ty

LRHS = tF"(1—q") (H,[X;1/¢,1/1] , ex[(1 — 1/t) X]en—r[X])

= (g C I R . 178] el 1/1)X il X))

= o gy C T )l )X R lX))
= (1= ) T T gt el = XX

n

So we are reduced to show that

—kt—n 41
T[] a0 om0 )
n—1—k
= ) S A X0, el - 01X X))

or better
k
S [1] dayh a-nB) 0 - 0)

= (1-¢")(-D"HX;0.1), erl(t = 1) X]hn—k[X])
= =gk Y emla-nxr

vCp
vkEn—k
or better yet
M ork—1 +1 L
- ") —kr _1\k—7 _ _ ek [(1—1) X
Z{Til}qq(z) (D[ -0B,] = >
r=1 vCpu
vkn—k

To show this we will evaluate the RHS by means of Theorem 2.1. That is

Y epla-0Xt = Fp,) 2.11

vCpu
vbEn—k
with

FIX] = V' ((whH[E5E]) 2.12
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and f = eg[(1 —¢)X] . That gives

FIX] = V™ lhy[%=¢]
k k k—s
_ VﬁleOhk._s [%q]hs[l—_eq] — Zoqi( 2 )hk—s[%q]es[l—q}
k k—s s
= Zq_( 2 )+(2)hk—8[1qu] (q,{z)s
s=0
Since 1
_2< ;8) +2(;> = —k?+2ks—s*+k—s+s’—s = —k*+2ks+k—2s
we may write
k
FID) = Y q G, [MEct] o
s=0

q7(§)+k573 k—s

|
]~
—
2
=}
2
=
>
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—
—
|
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S
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|
w
|
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S
- ~—~
=}
S
Eal
I
m
I
!

but

2<k—5—r) = (k—s—n)k—s—r)—k+s+r = k*—2sk—2rk+s*+2sr+7> —k+s+7

2
kos=my _ (F + st — sk —rk+sr+ rrl
2 \2 2 2

So
k—s—r k k s+1 r+1 k
( 9 >—<2>+/€s—s = <2>—|—< 9 )—sk—rk+s7‘+( 9 )—(2>+ks—s
o k k 1
—s—r s r+
( 9 >—<2>+ks—s = (2>—7”/€+87”+( 9 )
and we get

k e AN k—r _r .
Fp) = Y S 00 T[] a0y
r=0 q



