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New Proof of the ∇Enk formula

Our goal here is obtaining a reasonably short proof of the Haglund identity

∇Enk = tn−k(1− qk)Ψhk[ X
1−q ]hn−k[XM ] (∗)

1. Basics on the q-Pochhammer Polynomials

It is customary to set

(z, q)m = (1− z)(1− zq) · · · (1− zqm−1) 1.1

It is a classical result that we have

(z, q)m =

m∑
r=0

[m
r

]
q
q(
r
2)(−1)rzr 1.2

It is interesting to see how this identity can be established by symmetric function methods. To this end note

that the “Cauchy” identity

Ω[u (X − Y )] =
∏
i

1− u yi
1− uxi

=
∑
m≥0

umhm[X − Y ] 1.3

for X = 1
1−q and Y = z

1−q gives∏
k≥0

1− uzqk

1− uqk
= Ω

[
u 1−z

1−q
]

=
∑
m≥0

umhm
[
1−z
1−q
]
. 1.4

Since we obviously have

(1− u) Ω
[
u 1−z

1−q
]

= (1− zu) Ω
[
u q 1−z

1−q
]
,

equating coefficients of um in this equation, from the right hand side of 1.4 we derive that

hm
[
1−z
1−q
]
− hm−1

[
1−z
1−q
]

= qmhm
[
1−z
1−q
]
− z qm−1hm−1

[
1−z
1−q
]
.

This yields the recursion

hm
[
1−z
1−q
]

= 1−z qm−1

1−qm hm−1
[
1−z
1−q
]

and since ho ≡ 1 we are finally led to the product formula

hm
[
1−z
1−q
]

= 1−z
1−q

1−zq
1−q2 · · ·

1−zqm−1

1−qm =
(z; q)m
(q; q)m

. 1.5

On the other hand, by equating coefficients of um, from 1.36 we can also derive the addition formula

hm[X − Y ] =

m∑
r=0

hm−r[X](−1)rer[Y ] 1.6

Setting again X = 1
1−q and Y = z

1−q gives

hm
[
1−z
1−q
]

=

m∑
r=0

hm−r
[

1
1−q
]
(−1)rer

[
z

1−q
]

=

m∑
r=0

1

(q, q)n−r
(−1)rzr

q(
r
2)

(q, q)r
1.7

and 1.35 is immediately derived by equating the right hand sides of 1.38 and 1.7.
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It develops that the polynomial basis {(z; q)m}m≥0 has a “Taylor” formula that may be written in

the form

P (z) =
∑
r≥0

(z; q)r
qr

(q; q)r

(
δrqP (z)

∣∣
z=1

)
, 1.8

where δq is the q-difference operator defined by setting

δqP (z) =
P (z)− P (z/q)

z
. 1.9

Formula 1.8 is an immediate consequence of the identities

δkq (z; q)r

∣∣∣
z=1

=


0 if k 6= r ,

(q:q)r
qr if k = r

1.10

which in turn may be obtained by iterating the simple identity

δq(z; q)r =
(z; q)r − (z/q; q)r

z
=

1− qr

q
(z; q)r−1 .

We will soon have the occasion to use the expansion in 1.8, thus to prepare us for this event we need to

observe that if we denote by E the polynomial operator defined by setting

Ezm = q−nzm ∀ m ≥ 0

Then

δnq =
(1

z

(
1− E

))n
=

1

zn
(1− E)(1− qE) · · · (1− qn−1E)

and 1.2 gives

δnq =
1

zn

n∑
r=0

[n
r

]
q
q(
r
2)(−1)rEr 1.11

Thus 1.8 can be rewritten as

P (z) =
∑
k≥0

(z; q)k
(q; q)k

qk
k∑
r=0

[k
r

]
q
q(
r
2)(−1)rP (1/qr). 1.12

This formula immediately gives us the following identity

Proposition 1.1

Enk[X; q] = qk
k∑
r=0

[k
r

]
q
q(
r
2)(−1)ren

[
X 1−q−r

1−q
]

1.13

Proof
Recall that the Enk are implicitly defined by the formula

en
[
X 1−z

1−q
]

=
∑
k=1

(z, q)k
(q, q)k

Enk 1.14

and we see that 1.13 is a direct consequence of 1.12 with

P (z) = en
[
X 1−z

1−q
]
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2. The power of flip
We will denote by the symbol “↓” the symmetric polynomial operator defined by setting for F [X; q, t] ∈

Λ[q, t]

↓ F [X; q, t] = ωF [X; 1/q, 1/t]

We will refer to this operator a “flip ”. Note that flip is clearly an involution.

This given, have the following basic identities

Proposition 2.1

a) ↓ ∇ ↓ = ∇−1 , b) ↓ Ψ ↓ = (−1)n−1∇−1Ψ 2.1

where the second identity holds when the action is on Λ=n.

Proof
Recall that by definition we have for all µ ` n

a) ∇H̃µ[X; q, t] = TµH̃µ[X; q, t] , b) ΨH̃µ[X; q, t] = ΠµH̃µ[X; q, t] 2.2

Applying flip to both sides of 2.2 a) gives

↓ ∇ ↓ ωH̃µ[X; 1/q, 1/t] =
1

Tµ
ωH̃µ[X; 1/q, 1/t] 2.3

Recalling the Macdonald identity

Tµ ωH̃µ[X; 1/q, 1/t] = H̃µ[X; q, t] 2.4

we see that multiplying both sides of 2.3 by Tµ gives

↓ ∇ ↓ H̃µ[X; q, t] =
1

Tµ
H̃µ[X; q, t]

This proves 2.1 a).

Similarly 2.2 b) gives

↓ Ψ ↓ ωH̃µ[X; 1/q, 1/t] = Πµ(1/q, 1/t) ωH̃µ[X; 1/q, 1/t] 2.5

However, for µ ` n we have

Πµ(1/q, 1/t) =
∏

c∈µ/(o,o)

(1− t−l
′
q=a

′
) =

(−1)n−1

Tµ
Πµ(q, t) 2.6

and another use of 2.4 gives

↓ Ψ ↓ H̃µ[X; q, t] =
(−1)n−1

Tµ
ΠµH̃µ[X; q, t] = (−1)n−1Ψ∇−1H̃µ[X; q, t]

This proves 2.1 b).
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We can now apply flip to both sides of the Haglund identity and obtain, using 2.1 a) and b)

∇−1Enk[X, 1/q] = tk−n(1− q−k)(−1)n−1∇−1Ψ ↓ hk[ X
1−q ]hn−k[XM ] 2.7

Now we have
↓ hk[ X

1−q ]hn−k[XM ] = hk[ X
1−1/q ]hn−k[ X

M/qt ]

= hk[ qXq−1 ]hn−k[ qtXM ]

= qntn−khk[ X
q−1 ]hn−k[XM ]

and 2.7 becomes, canceling ∇−1 from both sides,

Enk[X, 1/q] = qn(1− q−k)(−1)n−1Ψhk[ X
q−1 ]hn−k[XM ] 2.8

Next we have the expansion

hk[ X
q−1 ]hn−k[XM ] = hk[ (t−1)XM ]hn−k[XM ]

=
∑
µ`n

H̃µ[X; q, t]

wµ

〈
H̃µ , hk[ (t−1)XM ]hn−k[XM ]

〉
∗

=
∑
µ`n

H̃µ[X; q, t]

wµ

〈
H̃µ , ek[(t− 1)X]en−k[X]

〉
=
∑
µ`n

H̃µ[X; q, t]

wµ

〈
ek[(t− 1)X]⊥H̃µ , en−k[X]

〉
=
∑
µ`n

H̃µ[X; q, t]

wµ

∑
ν⊆µ

c
ek[(t− 1)X ]⊥

µν

We will now make use of the summation formula given by the following

Theorem 2.1
For f ∈ Λ=k and µ ` n we have ∑

ν⊆µ
ν`k

cf⊥µν (q, t) = F [Dµ] 2.9

with

F [X] = ∇−1
(
(ωf)

[
X−ε
M

])
. 2.10

For f = ek[(t− 1)X] we get

F [X] = ∇−1hk
[
X−ε
q−1

]
.
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Taking the ∗-scalar product of both sides of (*) with H̃µ gives〈
∇Enk , H̃µ

〉
∗ = tn−k(1− qk)

〈
Ψhk[ X

1−q ]hn−k[XM ] , H̃µ

〉
∗

Thus

Tµ
〈
Enk , H̃µ

〉
∗ = tn−k(1− qk)Πµ

〈
hk[ X

1−q ]hn−k[XM ] , H̃µ

〉
∗

Using 1.13 the left hand side becomes

LHS = Tµq
k

k∑
r=0

[k
r

]
q
q(
r
2)(−1)r

〈
H̃µ , en

[
X 1−q−r

1−q
]〉
∗

= Tµq
k

k∑
r=0

[k
r

]
q
q(
r
2)(−1)r

〈
H̃µ , en

[X(1−t)(1−q−r)
M

]〉
∗

= Tµq
k

k∑
r=0

[k
r

]
q
q(
r
2)(−1)rH̃µ

[
M (1−q−r)

(1−q)
]

Note that

↓
[k
r

]
q

= (1−1/q)(1−1/q2)···(1−1/qk)
(1−1/q)(1−1/q2)···(1−1/qr)(1−1/q)(1−1/q2)···(1−1/qk−r)

= (−1)k(q,q)kq
−(k2)−k

(−1)r(q,q)rq
−(r2)−r(−1)k−r(q,q)k−rq

−(k−r2 )−(k−r)

=
[k
r

]
q

q
−(k2)

q
−(r2)q−(k−r2 )

=
[k
r

]
q
qr

2−kr

since
2
(
k−r
2

)
+ 2
(
r
2

)
− 2

(
k
2

)
= (k − r)2 − (k − r) + r2 − r − k2 + k

= k2 − 2kr + r2 − k + r + r2 − r − k2 + k

= −2kr + 2r2

Thus

↓ LHS =
q−k

Tµ

k∑
r=0

[k
r

]
q
qr

2−krq−r
2/2+r/2(−1)rH̃µ

[
M (1−qr)

tq(1−1/q) ; 1/q, 1/t
]

=
q−k

Tµ

k∑
r=0

[k
r

]
q
q(
r+1
2 )−kr(−1)rt−nH̃µ

[
M (1−qr)

(q−1) ; 1/q, 1/t
]

=
q−k

Tµ

k∑
r=0

[k
r

]
q
q(
r+1
2 )−kr(−1)n−rt−nωH̃µ

[
M (1−qr)

(1−q) ; 1/q, 1/t
]

=
q−k

T 2
µ

k∑
r=0

[k
r

]
q
q(
r+1
2 )−kr(−1)n−rt−nH̃µ

[
MBr(q, t); q, t

]
=

q−kt−n

T 2
µ

Πµ

k∑
r=0

[k
r

]
q
q(
r+1
2 )−kr(−1)n−r

hr
[
(1− t)Bµ

]
(q, q)r

(q, q)r−1

=
q−kt−n

T 2
µ

Πµ

k∑
r=0

[k
r

]
q
q(
r+1
2 )−kr(−1)n−rhr

[
(1− t)Bµ

]
(1− qr)
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RHS = tn−k(1− qk)Πµ

〈
hk[ X

1−q ]hn−k[XM ] , H̃µ

〉
∗ = tn−k(1− qk)Πµ

〈
H̃µ , ek[(1− t)X]en−k[X]

〉
Thus

↓ RHS = tk−n(1− q−k)
(−1)n−1Πµ

Tµ

〈
H̃µ[X; 1/q, 1/t] , ek[(1− 1/t)X]en−k[X]

〉
= tk−n(1− q−k)

(−1)n−1Πµ

Tµ

〈
ωH̃µ[X; 1/q, 1/t] , hk[(1− 1/t)X]hn−k[X]

〉
= tk−n(1− q−k)t−k

(−1)n−1Πµ

T 2
µ

〈
H̃µ[X; q, t] , hk[(t− 1)X]hn−k[X]

〉
= t−n(1− q−k)

(−1)n−1−kΠµ

T 2
µ

〈
H̃µ[X; q, t] , ek[(1− t)X]hn−k[X]

〉
So we are reduced to show that

q−kt−n

T 2
µ

Πµ

k∑
r=0

[k
r

]
q
q(
r+1
2 )−kr(−1)n−rhr

[
(1− t)Bµ

]
(1− qr)

= t−n(1− q−k)
(−1)n−1−kΠµ

T 2
µ

〈
H̃µ[X; q, t] , ek[(1− t)X]hn−k[X]

〉
or better

k∑
r=0

[k
r

]
q
q(
r+1
2 )−kr(−1)rhr

[
(1− t)Bµ

]
(1− qr)

= (1− qk)(−1)k
〈
H̃µ[X; q, t] , ek[(1− t)X]hn−k[X]

〉
= (1− qk)(−1)k

∑
ν⊆µ
ν`n−k

cek[(1−t)X]⊥

µν

or better yet
k∑
r=1

[k − 1

r − 1

]
q
q(
r+1
2 )−kr(−1)k−rhr

[
(1− t)Bµ

]
=

∑
ν⊆µ
ν`n−k

cek[(1−t)X]⊥

µν

To show this we will evaluate the RHS by means of Theorem 2.1. That is

∑
ν⊆µ
ν`n−k

cek[(1−t)X]⊥

µν = F [Dµ] 2.11

with

F [X] = ∇−1
(
(ωf)

[
X−ε
M

])
. 2.12
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and f = ek[(1− t)X] . That gives

F [X] = ∇−1hk
[
X−ε
1−q

]
= ∇−1

k∑
s=0

hk−s
[
X

1−q
]
hs
[ −ε
1−q
]

=

k∑
s=0

q−(k−s2 )hk−s
[
X

1−q
]
es
[

1
1−q
]

=

k∑
s=0

q−(k−s2 )+(s2)hk−s
[
X

1−q
]

1
(q,q)s

Since

−2

(
k − s

2

)
+ 2

(
s

2

)
= −k2 + 2ks− s2 + k − s+ s2 − s = −k2 + 2ks+ k − 2s

we may write

F [Dµ] =

k∑
s=0

q−(k2)+ks−shk−s
[MBµ−1

1−q
]

1
(q,q)s

=

k∑
s=0

q
−(k2)+ks−s

(q,q)s

k−s∑
r=0

hr
[
(1− t)Bµ

]
hk−s−r

[ −1
1−q
]

=

k∑
s=0

q
−(k2)+ks−s

(q,q)s

k−s∑
r=0

hr
[
(1− t)Bµ

]
(−1)k−s−r q(

k−s−r
2 )

(q,q)k−s−r

but

2

(
k − s− r

2

)
= (k − s− r)(k − s− r)− k + s+ r = k2 − 2sk − 2rk + s2 + 2sr + r2 − k + s+ r

(
k − s− r

2

)
=

(
k

2

)
+

(
s+ 1

2

)
− sk − rk + sr +

(
r + 1

2

)
So (

k − s− r
2

)
−
(
k

2

)
+ ks− s =

(
k

2

)
+

(
s+ 1

2

)
− sk − rk + sr +

(
r + 1

2

)
−
(
k

2

)
+ ks− s

or (
k − s− r

2

)
−
(
k

2

)
+ ks− s =

(
s

2

)
− rk + sr +

(
r + 1

2

)
and we get

F [Dµ] =

k∑
r=0

(−1)k−rq(
r+1
2 )−rk

(q,q)k−r
hr
[
(1− t)Bµ

] k−r∑
s=0

[
k − r
s

]
q

q(
s
2)(−1)s(qr)s


