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HEAPS, CONTINUED FRACTIONS
and

ORTHOGONAL POLYNOMIALS

Lecture Notes in Algebraic Combinatorics

ABSTRACT. These notes are an exposition of work of Frangon-Viennot [5], Flajolet [4]
and Viennot [8],[9] dealing with combinatorial aspects of the theory of continued fractions.
We have added here some of the missing details, some of the proofs that where not given
in the original works, and hopefully have corrected some of the errors without creating
new ones. We also give a brief review of the classical connection between orthogonal

polynomials and continued fractions.

1. Heaps of monomers and dimers

Before making definitions it is best to start with an example. In the figure below we have
an instance of a monomer-dimer heap

ground line
S T G R 1.1

Let us imagine that the vertical lines represent needles and that there are two basic pieces:

|3

A monomer: Which is just a ring, and
A dimer which consists of two rings joined by a metal bar.

To put together a heap we simply pick a bunch of monomers and dimers and stack them on top of
each other by threading them into the needles as indicated in figure 1.1 above. As it is indicated
there the needles are perpendicular to the ground line at the points of coordinates 0,1,2,3.... Heaps
of monomers and dimers will be represented here by words in the alphabet

A = {my,my,mo,..., dy,ds,ds,...}
by replacing each monomer of ground coordinate i by the letter m; and each dimer projecting onto
the interval [i — 1,¢] by the letter d;. The corresponding word is obtained by processing in this
manner the successive pieces of the heap from left to right within a row, starting from the bottom
row and proceeding upwards. For instance, this procedure applied to the heap of figure 1.1 yields
the word

w = domgmrydidsmadgmydadsmsms .
Conversely, given any word w € A* we can construct a heap by reversing the process above. That is
we read the letters of w from left to right and replace each m; by a monomer of ground coordinate



A. Garsia 264A Lecture notes December 13, 1993 2

i and each d; by a dimer spanning [i — 1,7]. Of course we must also thread the corresponding
monomers and dimers down the needles in the precise succession they are encountered as we read
w. The final configuration is obtained by letting the pieces settle as far down as they can. This
proceedure applied to the word wy = m,damaodimidomsmsg produces the heap

:

IO I1 I2 |3 1.2

Now it is easy to see that the word we = mgdam,dimsmimads produces the same heap. At the
same time the word which corresponds to this heap by the construction given above shoud be w =
medomsdimomsmids. Mathematically speaking a heap should be represented by an equivalence
class of A-words. Two words beeing equivalent if and only if they yield the same heap. Thus our
procedure of constructing the word corresponding to a heap is just one of the ways of selecting a
representative from each equivalence class of words.

Imagine now that the needles of figure 1.1 are set into a top and bottom bar as in an abacus
and we pull down the monomer ms. This will result in the configuation

1.3

We can see that there are heaps that are brought down by pulling on a single piece. Such is also
the case for the heap obtained by removing the monomers m, and m7 from the heap in 1.3 and
adding on top the dimer ds. Such a heap will be called a pyramid and the top piece the summit of
the pyramid.

There is a very simple way of transforming Motzkin paths into heaps which, as we shall see,
has remarkable mathematical consequences. This transformation is obtained by replacing each gast
step in the path by a monomer and each ~orru-EAST step by a dimer. We only need one example
here to get accross what we have in mind. For instance, carrying out these replacements (from left
to right) on the path on the left yields the configuration on the right.

round line

N7\ ,
7 ANIVAN
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the latter is then rotated 90° clockwise so that the pieces settle down to the ground. This results in
the heap given below

| | | | ground line

The transformation is even simpler at the word level. In fact, the a,b,c-word corresponding
to the Motzkin path is w = ajciasbiciasasbabibgey,bib, while the word of the heap is w' =
dimyidamidadsmod;. We see that to go from the word w of the path to the word w’ of the corre-
sponding heap, we simply read the letters of w from right to left, replace each a by a d, each ¢ by
an m and remove all b’s. From our example we can easily extract that

Theorem 1.1
Our construction yields a bijection between Motzkin paths and heaps of monomers and
dimers with the following properties.
1) The image heap is always a pyramid with summit a monomer m, or a dimer d;.
2) Paths whose mazimum height does not exceed n correspond to pyramids whose projection is
in the interval [0, n].
3) Dyck paths are sent into pyramids of dimers with summit dy
4) If the image pyramid has d dimers and m monomers then the corresponding path has 2d+m
steps

2. The Cartier-Foata Languages

There is a purely algebraic way to define the equivalence classes of words yielding the same
monomer-dimer heap. Let A = {a1,as,...,a,} be an alphabet and let M = ||m;;|| be a matrix with

entries 0,1 with the properties
1) mi; = 1 y
2.1
2) mi; =myi
Let us say that two letters a; & a; commute if and only if m;; = 0. Given two words wi,ws € A*
let us write

W1 —— M W2
if and only if we have the two factorizations

wy =w aa;w” , we=w aja; w”

with a; and a; a pair of commuting letters. Finally, let us write wy ~j; wo if and only if we

have a sequence of words o) € A* (1 = 1..n) such that

wi = oM s g ® g )



A. Garsia 264A Lecture notes December 13, 1993 4

In words wy =jp; we if wo can be obtained from w; by a sequence of transpositions of pairs of

9

adjacent commuting letters. The quotient of A* by the equivalence “z=,;” will be referred to as the
Cartier-Foata language corresponding to the pair (A, M). Clearly the equivalence ~j; is compatible
with concatenation of words. That is if wy &~ w] and we ~pr wh then wiws &y wijwh. Thus the

concatenation product gives A*/ a); the structure of a monoid.

Given a pair (A, M) it will be convenient to denote by L£(.A, M) the formal sum of a suitably
selected set of representatives for the equivalence classes of A* modulo ~;;. When dealing with a
Cartier-Foata language, all identities between formal sums of words of A* where the equal sign is
subscripted by M should be understood to hold modulo the equivalence ;. Clearly, to define a
Cartier-Foata language we need only specify which are the commuting pairs. Indeed, this is the only
information yielded by the matrix M. This given, we can easily see that if we take

A = {mo,ml,mg,... : do,dl,dg...} 2.1

and declare that the commuting pairs are

(1) (mi,my) for i#j
(2) (mg,dj) for {i}yn{j—1,j}=0 , 2.2
(3) (di,dj) for {i-1ia}n{j-1,j}=0 ,

then the corresponding Cartier-Foata language may be identified with the collection of heaps of
monomers and dimers.

As we shall see we can associate to each Cartier-Foata language £(A, M) a collection of
heap-like objects which may be represented by the words of £L(.A, M). Nevertheless, these languages
are of independent interest and it will be good to start by establishing some of the basic identities
concerning them. To this end we need to make some definitions.

For a given word w € L(A, M) set
I(w) = {a€eA: wry aw'} 2.3

In words I(w) represents the set of letters that may be brought to the front of w by a sequence of
transpositions of pairs of adjacent commuting letters. For this reason we shall refer to I(w) as the

initial part of w. Similarly we define as the end part of w the set
Ew) = {beA: wrpyuw'b} . 24

In the monomer-dimer case (that is when the language is given by 2.1 and 2.2) a word w corresponds
to a pyramid if and only if E(w) has only one element. It will be convenient to extend our heap
terminology to the general Cartier-Foata language and call pyramid any word whose F(w) is a
singleton. Note that if F(w) is not a singleton the any two letters occurring in F(w) must form
a commuting pair. Of course the same holds true for I(w). Subsets of A consisting of pairwise
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commuting letters shall be referred to as free subsets. their collection will be denoted by F (A, M).
Given a free set F' we shall also denote by F' the word obtained by multiplying the letters of F' in
alphabetic order. Of course since all pairs of letters of F' commute, whatever order we use produces
the same element of the language so this abuse of notation cannot lead to ambiguities. With these
conventions, the basic result of the theory of Cartier-Foata languages may be stated as follows as

follows:

Theorem 2.1 (Cartier-Foata [3])
Modulo the equivalence =p; the gemerating series of the language may be computed from the

following identity
1
LAM) = 2.5
ZFef(A,M) (-DIFIF

where |F| denotes here the cardinality of F.
Proof

We only need to show that the product of the left hand side by the denominator of the right
hand side evaluates to the empty word. To this end we write this product in the form

Z w Z Z (=)l x(w =y Fo) . 2.6

weA* FeF(A,M)veLl(A,M)

Now, since F' is a free set, the condition that w = Fv is equivalent to the statement that F C I'(w).

Thus we see that the inner sum may be simply rewritten as

> -

FCI(w)

and this clearly evaluates to zero unless of course w itself reduces to the empty word. This establishes
our identity.

This result has a number of interesting corollaries and applications. For instance let ¢, =
¢n (A, M) denote the number of words of length n in £(A, M) and let F 4 ar(t) denote the generating

functions of the sequence {¢,} then from 2.6 we immediately deduce that

Proposition 2.1

1
Fau(t) = 2.7
Y reran (OF

In particular, for heaps of monomer and dimers on the interval [0, 2] there are twelve free
sets. Namely, the empty set, the singletons

{mo}v {ml}) {mQ}’ {dl}’ {dQ}

the pairs

{mO?ml}? {moa mZ}? {ml?m2}’ {moa d2}a {d17m2}
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and the triplet {m,, m1, ma}. This gives, that in this case

1
Fam® = =555z -5 28

A curious feature of the identity in 2.7 is that it provides a tool for proving that certain rational
functions have Taylor series with non negative integral coefficients, a fact that, even in such a simple
instance as 2.8, is not easily established.

Theorem 2.1 has a very useful refinement. Given a subalphabet B C A we shall let £(B, M)
denote the sublanguage consisting of the words of L(.A, M) all of whose letters are in B. At the same
time we shall denote by £5)(A, M) the subset of £(.A, M) consisting of all the words of £(A, M)
whose end part lies entirely in B. This given, we have the following identity.

Theorem 2.2 (De Sainte-Catherine [9])

> rera-sa (—1) EIF

LB(AM) =y 2.9
Yreran (DI
Proof
Using theorem 2.1 (twice) this identity may be rewritten in the form
LEB(AM) x LA=B,M) =y L(A M) . 2.10

In turn this is equivalent to stating that every word of L(A, M) may be uniquely factorized (modulo
~ ) into the concatenation product of a word of £B) (A, M) by a word of L(A— B, M). To see that
this is indeed so, imagine that the letters of a word w € L(A, M) are strung as beads into a long
string. Imagine further that pairs of letters that commute can pass through each other. This given
the desired factorization can simply be obtained by pulling to the left all the beads of w that are in
B. This splits w into two words wy and ws. Where wy consists of all the beads that had to move
as a result of the pull and wsy consists of all the beads to the right of the beads in B plus those that
passed through them. We can also construct this factorization by a more standard mathematical
argument. Let w = ajas---a;a,4+1 - a, where q; is the rightmost letter of w that is in B. Then
let w=ajas - a; and v = a;11 - - - a,. We can now factorize the end part of u (modulo =);) in the
form E(u) = Bp where (3 consists of all the letters of F(u) that are in B and p has all the remaining
letters. Now, if u =y v E(u) we can set w; = v/ and wy = pv and obtain that w =y wiws
with E(wy) € B* and wy € (A — B)* as desired. The uniqueness is clear, since if w ~ ) wjw) with
E(w}) € B* and w) € (A — B)* then we must necessarily have that E(w]) = 3, for (in passing
from w to wjw}) no letter of u’ can be moved past a letter of 3. But this yields that w] = v’/ and
wh = pv.

It will be convenient to denote by P(A, M) the collection of pyramids of the Cartier-Foata
language L(A, M). It develops that pyramids are the building blocks of the language. The precise
meaning of this assertion will emerge in the proof of the following result. To begin with let us use
the symbol “=_.” to denote equality of two formal sums of words, under the condition that the letters
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are allowed to unconditionally commute. In other words ordinary equality in the formal power series
sense should hold if each word on either side is replaced by a monomial in which the letters appearing
in the word are rearranged in increasing order. This given, we have the following remarkable identity

Theorem 2.3 (Viennot [9])

3 % =. log( L(A,M)) 2.11

Te€P(A,M)

where again |7| denotes the length of w.

Proof
This turns out to be a beautiful application of the theory of exponential structures. Given
a word w = ay,as9, - a, € L(A, M), and a permutation o = (01,09, ...,0,) we set

o - (2) () (2)

and consider it as a word in the alphabet P(A) whose letters are the pairs (i) with a € A and
k=1,2,... We then define a new Cartier-Foata language L(P(A), M) by letting two letters (') and

(%) of P(A) commute if and only if a; and a; themselves commute (that is m;; = 0). Using the
bead imagery of the previous proof, we can factorize the word P(w, o) into a product of pyramids of
the language L(P(A), M). We simply thread the letters of P(w, o) on an infinite string, then pull
to the left the letter (“t) of P(w, o). This will cause a number of letters of P(w, o) to move to the
left as well. Again, a number of letters of P(w, o) that were originally to the left of (ail) will stay
put. Those are the remaining letters of the end part of the left factor of P(w, o) terminanting with
(ail). By our convention those beads allow (“{1) to pass through them. The letters that move with
(ail) form a word that we would like to denote by P(w1, E1). To do this we only need to extend
our notation by allowing ¢ in 2.12 to be any sequence of natural numbers of the same length as w.
Next, we set i1 = 1 and let i3 equal to the smallest integer in {1,2,...,n} that is not in F;. Now
we locate the bead (‘11722) of P(w,o) and pull to the left on it moving with it every bead that cant
let (“1’22) go through. This produces another factor P(ws, E2). We can then let i3 be the smallest
integer in {1,2,...,n} that is not in F; + E5. Then drag to the left the letter (“1933) of P(w,o). In

this manner we successively construct the factorization
P(w,a) ~ M P(wl,E1>P(w2,E2>P(U)3,E3>-~~P(wk,Ek) . 2.13
Our proceedure guarantees the following properties

(1) Each factor P(w;, E;) is a pyramid of L(A, M)
(2) i1 =min By < i =min Ey < ---i) = min Ey
(8) {1,2,...,n} = Ey+FEs+- - -+Ey, that is (E1, Es, ..., Ey) is a partition of the set {1,2, ... ,n}.

Let now I, = I (A, M) denote the collection of words P(m, ) where

i) 7™ is a pyramid of L(A, M) of length k.
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it) T is a permutation in Sy with 7, = 1
This given we see that the factorization in 2.13 exhibits the collection
{P(w,a) s weL(AM), c€S, }

as the exponential class constructed from the families T (k£ = 1,2,..). From the theory of expo-
nential classes we then immediately derive that

P(w,o P(m, T
Z % =, exp(z Z (k:! ) ) 2.14

weL(A,M) & o€S, k>1 P(m,7)€ll

To derive the identity in 2.12 we simply observe that the projection P(w,o) — w removes the
denominator |w|! from 2.14, while the projection P(m,7) — 7, because of the restriction 7, = 1 ,
only succeeds in reducing the denominator k! to just k itself. Making these replacements in 2.14

S owme(Y YT

weL(A,M) k>1 m€P(AM) & |n|=k

yields

and 2.11 follows by equating the logarithms of both sides.

3. Orthogonal polynomials and continued fractions.

Let dp be a unit measure on (—oo, +00), and set

+oo
/ 2 dy = g (po=1) 3.1

—o0
The {p,}’s are usually referred to as the moments of du. They are well defined for instance in
the case that du is supported by some finite interval [a,d], that is when p(z) = 0 for x < a and
w(z) = p(db) for x > b). This permits us to define a scalar product on the space of polynomials in
by setting for any two polynomials P(z), Q(x)

+oo
(P.Qh = [ P@Q@ dn . 3.2

— 00

It is easily seen that to compute this scalar product we only need to know the sequence of moments.
Our object of study here is the sequence of polynomials {Q,,(z)},>0 satisfying the following two
conditions

n—1

) Qu@) = 2" + Y angat

P 3.3
It develops that these polynomials have explicit expressions as ratios of determinants involving the
1n 's. More precisely we have

Mo H1 H2 e Hn
1 251 M2 M3 T il
Qn(m) = 7 det .. 3.4
net Hn—-1 Hn Hny1 - H2n—1

1 x x? . Z"
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where
Ho H1 M2 o lin
M1 M2 M3 e Mn+1
Hn—1 Hn Hn+1 o H2n—1
Hn Hn+1  Hny2 - Han
To prove this, it is sufficient to note that 3.4 gives
,U/o /’Ll ,U,Q e MTL
: 1 L 0 ifi<n
(Qn,:m>:d71det :{dd” i 3.6
" HBn—1  Hn  Hpt+1 -0 H2n—1 nt
Hi o M1 fig2 00 fign

In particular for any polynomial P(x) we have the expansion

< P ) Qz >H
P(z) = —2 = Qi(z) 3.7
; < Qi ) Qi >IL

We should note that, because of 3.3 1) and 2), the last non vanishing summand on the right hand
side of 3.7, is given by i = degree(P). Note further that we must have

<$Qn7xi>u = <Qn’xi+1>u =0 (fO?” i=0,1,...,n—2).

and this implies that must also have

(2Qn, Qi) = 0
for all i <n — 2. Thus, when P(z) = 2Q,(z) the expansion in 3.7 reduces to
1Qu(r) = {52 = Quoi(e) +
+ L Onli . (2) + 3.8

(2Qn , Qny1)
t Qi Gugr @)

Now, from 3.2 1) and 3.6 we get that

<$Qn ) Qn+1 >,u - <$n+1 ) Qn+1 >,u - <Qn+1 y QnJrl >;L . 3.9
Thus, setting
+o0 +oo 2
N oG T e (1T -
o Qn (@) du Jo Q(x) dp

we can rewrite 3.9 in the form

an(m) = /\n Qn—l(l') + CnQnCL') + Qn—i—l (CE) ;
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or better yet
QnJrl = (‘T - Cn)Qn - /\n anl . 3.11

It is customary, in the theory of orthogonal polynomials to refer to this relation as the three-term
recursion for the sequence {Q, }n>0. Infact, starting from the trivial initial conditions

Q-1(x)=0 , Qo(x) =1 3.12
we can recursively express each (), as a polynomial in x and the parameters cg,ca,...,Cn_1;
A1, A2, ..., Ap_1. It develops that for most classical sequences of polynomials the recursion in 3.12

was known and could be easily derived before any measure du or sequence of moments was asso-
ciated with them. Now, there is a theorem, usually attributed to Favard [8], which asserts that a
three term recursion is actually the necessary and sufficient condition for a sequence of polynomials
{Q@n}n>0, satisfying 1) of 3.3, to be “orthogonal” with respect to “a sequence of moments”. To
be more precise, we should note that, given an arbitrary sequence {f, }r>0, we can define a linear

functional L, acting on polynomials in = by setting
L,(z") = pn ( for n=0,1,2,...) 3.13
we can then define a “scalar product” by setting

(P, Q>u = LH(PQ) . 3.14

This given, Favard’s theorem says that if the Q,, 's satisfy the recurrence 3.12 and the initial con-
ditions 3.12 then they must satisfy the relations in 3.3 with a scalar product (P, @), given by 3.14,
3.13 and a suitable sequence of p, 's. Given the u, 's, the existence of a “measure” du satisfying
3.1 is usually referred to as the moment problem and it may be of considerable analytical difficulty
depending on what properties the measure du is required to satisfy. We shall not deal with this
problem. Our interest here lies on the nature of the relations between the sequence of polynomials
{@n}n>0, the sequence of moments {, } >0 and the two sequences {¢;, }n>0, {A\n}n>1. It develops
that these relations may be beautifully expressed by means of the theory of continued fractions.
The corresponding identities are the contents of the following sequence of theorems which combine
classical results of Jacobi, Rogers, Stieltjes and others. We start with a result that shows that each
1, may actually be expressed as a polynomial in the ¢’s and the \’s.

Theorem 3.1
Let the sequence of polynomials {Qn}n>0 be constructed by the recursions in 3.11 and the
initial conditions in 3.12. Let u, be the coefficient of ™ in the the continued fraction

1
J(xye,\) = W 3.15

)\2.’E

1—rcox — 5

1—cix—

)\3.%’2
l—cr— ———
l—c3z—---



A. Garsia 264A Lecture notes December 13, 1993 11

More precisely let the Taylor expansion of J(x;c,A) at =0 be

J(x;e,\) = Z JTI A 3.16

n>0

Then the polynomials Q. do satisfy the orthogonality condition in 3.8 2) with respect to the scalar
product given by 3.1/, 3.13 and the ., 's given by 3.16.

The continued fraction J(z;c, A) is usually referred to as the Jacobi continued fraction, it
reduces to the so called Stieltjes continued fraction when all the c}s are equal to zero. The finite
continued fraction

JW (ze,N) = 3
1z

1—rcoxr —
° )\QJ}

1—cx—

1—cox —

An 22

1——c,x

1l—cp_12—

is usually referred to as the n'® convergent of J(z;c,\). The next result relates J™ (z;¢, \) to the
polynomials @, ’s. To state it we need further notation. Given a polynomial ¢(x;co,c1, .. .5 A1, Ag, - +)
let S¢ denote the polynomial obtained by replacing in ¢ each ¢; by a ¢;+1 and each A; by a A;41.
We may refer to S itself as the shift operator. This given we have:

Theorem 3.2

S5Q;,(z)
J™) e, )\) = <l 3.17
(:C ¢ ) Z+1($)
where
Qn(x) =a2"Qun(l/z) ,  Qnii(x) =2""Quia(1/x) . 3.18

The next result is an identity which is customarily used to establish the convergence of
JM™ (z;¢,)) to J(x;¢,\) as n — oo

Theorem 3.3 on
T (o) — JOD(gen) = A2 An T 3.19
Qn(2)Q, 41 (2)

An immediate corollary of 3.19 is that the rational function J™ (x;¢, \) does converge to
J(z;¢,\) at least in the formal power series sense. In fact we see that the coefficient of ™ in the
Taylor series expansion of J(™) (z; ¢, \) is the same as that of J(x; ¢, \) itself as soon as 2m > n. This
shows that u,, may be directly computed from JE) (z;¢,)\) if nis odd and from J(2) (z; ¢, A) if n is
even. In any case, we see that 3.17 defines it to be a polynomial in cg, ¢y, ..., ¢y and A, Ag, ..., Ay
where m is the largest integer in n/2. Nevertheless, the computation of p,, by means of one of the

convergents J("™) (z; ¢, \), requires (in view of 3.17) the calculation of the Taylor series of the rational
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inverse of @}, ;. To avoid this step Stieltjes devised an algorithm for the recursive computation of
the moments u,. Stieltjes result may be stated as follows:

Theorem 3.4
Let H = ||hsj||i,j>0 be the lower triangular matriz determined by the double recursion

th‘ = hn—l,j—l )\j + hn—l,j ¢+ hn—l,j+1 3.20
and the following initial conditions
hoo =1 , hnj =0 for n<j 3.21

Then oo
B = / 2 Qula) du = J(wie,N) Qf L - 3.22

— 0o

In particular, the coefficient p,, in 3.16 can be computed by means of the identity
Hn = hno 3.23

Some comments are in order here about the first equality in 3.22. Let {1, },,>0 be a sequence
of constants (with v, = 0) and let L, be a linear functional on polynomials defined by setting

L,(z") = v, .

Suppose that the sequence @,, given by the three term recursion in 3.11 with the initial conditions
3.12 is orthogonal with respect to the scalar product

<P»Q>u = LV(PQ) .

Set
fn,k = Lu(ank)

then @), = 1 and orthogonality give that

foo=1 , fae =0 for n<k.
Moreover, using 3.11 we derive that

fn—i—Lk = Lu(xn(ka»
- )\k Lu(ankfl) + ck}LV(ank) + Lu(ankJrl)
Ak fok—1 + k fok + farsr -

Thus the two matrices || f, k|| and ||hy k|| must be identical. In particular, for £ = 0 we deduce that
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This shows that the three term recurrence uniquely determines the scalar product with respect to
which the polynomials Q) are to be orthogonal. In particular we see that the first equality in 3.22 is
a immediate consequence of our definitions. Thus the essential part of Theorem 3.4 is given by the
second equality in 3.22, which in particular states that the moment sequence i, is given by 3.16. In
other words we see that Theorem 3.1 is a corollary of Theorem 3.3. Another useful consequence of
3.22 is the following fact

Theorem 3.5
The matriz ||hy k /(M2 - - Ag)|| is the inverse of the matrix ||an k|| of the coefficients of the

polynomials Qy,

4. Moments and Motzkin paths.

Our goal in this section is to show that all the constructs we have dealt with in the previous
section have combinatorial interpretations that make the identities stated in theorems 3.1 to 3.5
visually self evident. To this end we shall deal here with a more general class of Motzkin paths.
These are lattice paths that proceed by NorTHEAST, EAST and souTHEAST steps and remain throughout
weakly above the z-axis without restrictions on the heights of the starting or ending points. For
instance we give below a Motzkin path that starts at level 5 and ends at level 2

O P N W~ o0 O

4.1

Here and after the collection of Motzkin paths that start at level a and end at level b will be denoted
by I, 4. To such a path m we shall associate a word w(m) by replacing (from left to right) each
NORTHEAST edge by an a;, each east edge by a ¢; and each souTneast edge by a b;, the subscript ¢
giving the the starting height of the edge. For instance, carrying this out on the path in 4.1 yields
the word

C5b5b403a3C4b4a3b40363a3b4b3b2a102a26302

Clearly, we can recover a path from its word. So in some contexts (see section 7) it is importand to
regard a;,b; and ¢; as sequences of non commuting variables. Nevertheless, in the present context
it simplifies our notation to allow these letters to commute, and we shall do so in the following as
long as there is no loss. With this convention, we let L denote the formal power series given by the
following summation

L = Z ™™ w(r) 4.2

w€llp,0
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where we let n(7) denote here the total number of edges of w. We shall also require that the empty
path contributes a term equal to 1 to the sum in 4.2. This given, a moments’s reflection should
reveal that this formal power series must satisfy the following identity

L =1+ coxL + z%a,(SL)b; L, 4.3

where S again denotes the “shift” operator that replaces each letter indexed by ¢ by the same letter
indexed by ¢ + 1. Successive iterations of 4.3 then yield that L must be given by the continued

fraction 1
L= L(z;a,b,c) = 5 4.4
a,bi1x

1—cox— r2
a1021

1—cz—
! a2b3x2
l—cp — —""——
1—c3z—---

Comparing with 3.15 we see that any specialization of the sequences {a;}, {b;} that makes a;_1b; = A;
reduces L(z;a,b,c) to J(x;¢,A). Here and after we shall assume that this equality holds true. We

thus immediately get

Proposition 4.1
The sequence L, defined by 3.16 has the following combinatorial interpretation

pn= Y. w(m) 4.5

w€ll, o(n)
where 11, ,(n) denotes the collection of Moztkin paths of length n in II, ,

Note further that if we set a;_1 = b; = ¢; = 0 for all ¢ > n then L(z;a,b,c) reduces to
J) (z;¢, ). Clearly, this substitution, wipes out from 4.2 all the terms produced by paths whose

maximum height exceeds n. Consequently we must have

Proposition 4.2 (Viennot [8])

JM (ze,N) = Z ™) (1) 4.6

TI'EH;Z

where HOSQ denotes the paths in Il, , of mazimum height not exceeding n.

Recalling the statement of Theorem 1.1 (especially part 2)) we deduce that J™ (z;c, \)
must be closely related to the language of pyramids of monomers and dimers projecting on [0, n] and
summits m, or d;. Note next that in the bijection giving Theorem 1.1 every monomer m; comes
from an east edge at height ¢ and every dimer d; may be made to correspond to a pair a;_1, b; of
NORTHEAST and souTHEAST edges that respectively start at heights ¢ — 1 and ¢. This means that if,
in the above mentioned language of pyramids, we replace each m; by xc; and each d; by x%a;_1b;
the result should be the truncated continued fraction J(™ (xz;¢, \). We are thus led to the following
result



A. Garsia 264A Lecture notes December 13, 1993 15

Proposition 4.3

We may write

N,
) (z; = = 4.
J (x;¢,N) D, 7
with
i) Dp= (—1)|F|w(F) and i) N,=8D,_, 48

FeF([0,n],M)

where, F([0,n], M) denotes the collection of free sets of letters in the alphabet of monomer and
dimers projecting on the interval [0,n] and w(F) is the word obtained from F by setting m; = x¢;
and d; = xa;_1b;.
Proof

Theorem 2.2 with A the alphabet of monomers and dimers projecting on [0,n] and B =
{mo,d1} yields that we must have 4.7 with D,, as given by 4.8 i) and

No= Y. (=D|F|w(F) 4.9

FeF([1,n],M)

where F([1,n], M) denotes the collection of free sets of monomers and dimers projecting on [1,n].
However, since every free set projecting on [1,n] is an image by S of a free set projecting on [0, n—1],

we must also have 4.8 ii) as asserted.
We are now ready for

The Proof of Theorem 3.2.

Note that a free set F' in 4.8 i) may either project on [0,n — 1] or may be written in the form
F = Fy U{m,} with F} projecting on [0,n — 1] or in the form F' = F, U {d, } with F, projecting on
[0,n — 2]. This yields the recursion

D, = D, 1(1—w(my,)) — Dp_ow(d,) 4.10

and since we are supposed to let w(m;) = xc; and w(d;) = x%a;_1b;, we see that 4.10 is none other
than
D, = D,_1(1—xc,) — Dy_s2*\, 4.11

On the other hand the definitions in 3.18 combined with the three term recursion in 3.11 yield that
Q:H-l = (1 —2c,)Q;, — xQ)‘nQ:z—l .

Now by definition

1

1—cox

1—czx

O) (- =
J (.%', ) )‘) (1 — cox)(l - 0133) — \a?

and JV(z;¢,)) =

which gives
Dy,=1-cox=QF and Di=(1-cox)(l—ciz)—Mz?=Q}
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Thus the two sequences {D},>0 and {Q; . }n>0 must be identical since they satisfy the same
recursion and the same initial conditions. This completes the proof of 3.17

Before proceeding with the proof of the identities in 3.19 and 3.22 we should note that our
Motzkin paths I, , provide us with an immediate combinatorial interpretation of the matrix entries
hyn 1. To be precise we have

Proposition 4.4

an=Ani1 4.12

where 11, ;(n) denotes the collection of paths that go from height 0 to height k in n steps.
Proof

Note that every path in II, ;(n) must come either from height k¥ — 1 by a NorTHEAST step
or from height k£ by an sast step or from height k£ + 1 by a sourureast step. Letting lNLn,k denote, for
a moment, the right hand side of 4.12, this observation leads to the recursion

hnk = hn_1k—10k—1 + hn—1kck + Pp—1k+1br+1 5

which reduces to 3.20 when we set a, = A\p4+1 and b, = 1 for all n > 0. Note further that every
path with n edges remains below height n and reaches that height only when it consists totally of
NORTHEAST steps. Thus when n < k, the right hand side of 4.12 reduces to an empty sum, which
forces ilnk = 0. Since trivially we have also fzo,o =1, we see that A, and iLnyk do statisfy the same
double recursion and the same initial conditions. Thus 4.12 must hold true as asserted.

To complete our combinatorial derivation of the identities of the last section we need an
auxiliary result.

Proposition 4.5 (Viennot [8])

biby - -bya™ = Z 2™ () 4.13
WEHE,?,

where TIS" denotes the set of Motzkin paths that go from height n to height 0 always remaining

,0

weakly below height n.
Proof

We start by observing that every monomer-dimer heap « on the interval [0,n] may be
uniquely decomposed into a product o = @, -+ ap—100, With «; a pyramid projecting on [i,n]
with summit a monomer m; or a dimer d; ;. Of course, we do not exclude the possibility that some
of the a; may be empty here. To show this, a few pictures should suffice. For instance we give below
a monomer dimer heap which projects on the interval [0,8]. Actually to properly see it we must
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turn the picture 90° clockwise.

aull punolb

4.14

Starting from level zero we locate the leftmost piece (a monomer here). Then we enclose in a shaded
area all the pieces that would have to move if we dragged that leftmost piece to the right. Imagine
now that the pieces in the shaded area are moved away far to the right. Then repeat the process
working on level 1. In the general case there may not be a single piece at level one, in this case there
are several. The leftmost one is again a monomer. We then enclose in a second shaded area all the
pieces that would have to move if we dragged that monomer way to the right. Imagine that we do
drag this second batch to the right and out of sight. This done we work on level 2, etc. Proceeding
in this manner row by row, we see that when we process level 7 (and find a piece at that level) the
dragged heap is a pyramid «; projecting on [i,n] with summit a monomer m; or a dimer d;;; as

desired. The process applied to the heap in 4.14 produces the successive shaded areas given below.

w | PN o7
]
- A Y P ——

aull punoib
0 1

Notice that in this case, after we process level 6 we find no more pieces on the remaining levels 7
and 8. This results in a7 = ag = 1. Bunching together the pieces in each of the 7 groups yields the
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final configuration

4

aull punoib
0 1
S sm—

4.15

To proceed with our proof, we now use the bijection of Theorem 1.1 and convert each of these heaps
back into a Motzkin path. We see that «; will necessarily convert into a path m; which starts at
level ¢ and ends at level ¢ remaining weakly above that level throughout. Finally note that inserting
between m; and m;_1 (for i =n,n—1,...,2,1) a sourHrasT step b; we necessarily produce a Motzkin
path 7, which starts at level n ends at level 0 remaning throughout weakly below level n. We can
see then that (with the substitutions m; = ¢;z and d; = a;_1b;2%) we shall have

n(7r1)

2™ () = 2w, )bz D w(m, ) )by - - 2w (o ) boza w(my)brza™ ™) w(r,)

= w(oy)bprw(n—1)bp_12 - - - w(ag)bozw(ay ) byzw(ay) -
4.16
Now, from the definition 4.8 i) and the Cartier-Foata Theorem 2.1, we see that the rational function
1/D,, gives the sum of the weights of the monomer dimer heaps projecting on [0,n]. Note further
that the construction illustrated above maps this collection of heaps onto paths in H%Z bijectively.

To see this we only need a single picture. We have illustrated below a path 7 in ngol,g-

[N

O Rr N WM OO N OO o

The shaded areas are precisely the regions left in the shade if the sun is shining from the point at
—oo on the z-axis. The sparkled souTurast edges are those that are hit by sun light. We see that,
removing the sparkled edge, m breaks up into smaller Motzkin paths =, m,_1,..., 7,7, Wwhere 7
starts and ends at height ¢ and remains above that height throughout. Of course, as we see in the
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example above, some of the 7; s could very well be empty. Nevertheless we can convert each ; into
a heap «ay; by the bijection of Theorem 1.1. This produces a heap o = a1 - - - @1, projecting on
[o,n]. Now it is easy to see that « is precisely the heap that would produce 7 by the construction
illustrated above. Thus we must conclude that 4.13 is simply obtained by summing the relation in

4.16 as « varies over all heaps projecting on [0, n]. This completes our proof.

Remark 4.1

Note that by reversing the order of the paths 7; in 4.16 and replacing the intermediate
souTHEAST edges by NorTHEAST edges we obtain a Motzkin path 7’ which goes from level 0 to level
n remaining throughout below level n. This construction replaces 4.16 by the identity

n(w’)

x w(n') = 2" w(m,)apra™ ™ w(m a2z "D w(me)asw - - - 2D w (w1 a1 2z w(,)

= w(ag)aorw(ar)arzw(az)ast - - - w(om—1)an—12w(0,)

4.17
It goes without saying that this observation shows that we also have a bijection between Motzkin

paths that go from height 0 to height n remaining weakly below height n and monomer dimer heaps

<n
o,n’

on [o,n]. Thus, denoting that collection of Motzkin paths by II we see that summing 4.17 over

all 7/ € TIS™ yields the companion identity

Aoy *** Ap—1T" "
UG S ) 118
WEHEZ

We are now in a position to prove and 3.19 and 3.22. Note first that our Motzkin path
interpretation of J( (z; ¢, \) immediately yields that

JW(zie,\) — JO D (z5¢,N) = Z 2™ w(r) | 4.19
ﬂengﬁaw:n)

Hgnzamzn)

where denotes the collection of Motzkin paths in II, , whose maximum height is equal

Hgnz)am:n) n

n

to n. Now a path 7 € may be uniquely factorized in to a path m € HOS’ followed by a

<n-—1

souTHEAST step b, and a path m € II77; ). A moment’s reflection leads us to conclude that this
factorization yields the identity
GoQ1 -+ Ap_1T" by_1bn_o -+ babyan 1
JMW(ze,N) — JD(ze,N) = SoTl T Tl pr x A2 271 . 4.20

D, D,
Indeed, summing over all possible m; and using 4.18 yields the first factor, and summing over all
possible w3 and using 4.13 (with n replaced by n — 1) yields the last factor. Now we have shown in
the proof of Theorem 3.2 that D,, = Q;,,; and D, _; = Q;,. Thus making these substitutions and
setting a;_1b; = \; we see that 4.20 reduces to 3.19.

To show 3.22 we start by observing that the difference J(z;¢,\) — J~V(z;¢, \) may be
given the combinatorial interpretation

J(z;e, ) — T D (25¢,0) = Z ™™ w(r) 4.21

maxz>n

mell, o
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maxr>n
Ho o

where denotes the collection of all Motzkin paths in II, , which reach heights weakly above

max>n
Ho o

n. Now any m € may be uniquely factorized into a path m; € Il ,, followed by a sourneasT

(Sn—1)
n—1,0

edge and a path my € II . The same reasonning that led us to 4.20 now yields

b1+ -bab n—1
J(@5e,0) = J" Nz, A) = ( Z x"(”)w(ﬁ)> X bpr X ! 5 21T .
n—1
w€lly n

Multiplying both sides by D,,_1 and using 4.7 (with n repaced by n — 1) we obtain the identity

bbo1---biz” Y 2" w(r) = J(z;¢,\) Dy (@) — Nuoa(2) 4.22

melly pn

We now replace n by k, D,,_1 and N, _; respectively by @} and SQ7_; and derive that

byby - - bya® Z 2" w(r) = J(@e, NQi(x) — SQi_y(z) - 4.23

well,

k+n

Equating coefficients of x and using our combinatorial interpretation 4.12 for the matrix elements

Ik, we finally get that, with the specializations a,, = A,,+1 and b,, = 1 (for all n > 0) we must have

o = J(x;¢,\)Q5(T) [prtn - 4.24

)

The term SQj_,(x) in 4.23 contributes nothing to 4.24 for the simple reason that it is a polynomial
of degree k — 1. This shows the equality of the first and last member of 3.22. To complete the proof
of 3.22 we need only express the right hand side of 4.24 in terms of the polynomial Q). To this end
note that if Qr = Z’;zo aks ° then from 3.16 we get that

J(z;e,N) Qi(z) = (Z ,umxm)(zk: aksxk_s) )
s=0

m>0

k+n

Equating coeflicients of z gives

k
J(x;e,N) Qi () |gntr = Z Aks fhnts - 4.25

So if the p, 's are the moments of a measure p we may rewrite this result in the form

+oo

T ) Qi) Lo = [ Qula)a" du 1.26

— o

This proves the last equality in 3.23.
If we do not want to make use of a measure, we can work with the bilinear form defined by
3.13 and 3.14 and rewrite 4.25 in the form

J(w; ¢, ) Q. (x)

gntk = <Qk ) " >u 4.27
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Since hy, = 0 for n < k, from 3.25 we deduce that

(Qr,z"), =0 (for n<k).

In particular, we must also have

(Qks Qu)y =0 (for n<k), 4.28

In other words the @, ’'s are orthogonal precisely as asserted at the end of Theorem 3.1. This
completes our proof of the identities of section 3.

The identity in 4.22 has an extension that is worth mentioning here.

Proposition 4.6 (Viennot [8])
For 0 < h <k we have

Dpy (J(@;e, NDky = Ni1 ) = Adg--- g 2™ > 2™ (r) 4.29
melly k

Proof
We start with 4.22 written for n = k

J(z;¢,\)Dp_1(z) — Np_1(z) = bpbp_q---bya® Z 2™ w(x) . 4.30

well, k

Note that each path 7 € II, ha a unique decomposition into a path m € H(?Zj followed by a

NoRTHEAST step, followed by a path my € I} ;. Indeed, the cutting point for 7 is precisely before
the edge where 7w reaches for the first time height h. This gives

w(r) = w(m) ap_12 w(m) .

Summing over all possible choices of w1 and 75 and using 4.18 (for n = h — 1) gives the identity

h—1

AoQ1 " " Qp—2X
E 2" () = =2 I ap—1% g ™™ w(r) .
w€ell, k h-1 ﬂEthk

Substituting in 4.30 and setting a; = \; and b; = 1 gives

Ao\ h+k
J(236, ) Dg1(z) — Npor () = 2222 B ’1“”” S am ™ a(n)
s mwelly i

and 4.29 follows upon multiplying both sides by Dj,_1.

Note that since Dp_1 and Ni_1 are polynomials of degrees h and k— 1 respectively, equating
coefficients of 2" #+m of both sides of 4.29 gives

Dhy J(2;¢, ) Dpt [pnnen = MAa--dn Y w(m) 4.31

ﬂEHh,k(Tl)
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where IIj, ,(n) denotes the collection of Motzkin paths that go from height A to height & in n steps.
Recalling that Dy_1 = @} and Dy = @}, and imitating our derivation of 4.26 from 4.24 we are
finally led to the identity

+oo
Qn(z)Qr(x) 2™ dp = MAz--- Ay Z w(m) .

w€llp i (n)

— 00

Our combinatorial setting can be used to establish further identities. Note that combining
3.22 and 4.12 we may write

+oo
/ 2" Qrdpy = Z wW(T) |aj_y=r; - 4.32

— b;=1
oo 7€M, (n) i

This identity yields us a combinatorial way of deriving explicit expressions for A, and ¢, in terms
of the moment sequence {i, }.

Proposition 4.7

dndn_g Xn Xn—1
a) A\, = , b) ¢, = &= — 4.33
) &2 ) dy  dp
where
Ho 251 e Hn Mo H1 co Hn
H1 2 o Ml M1 2 Tt M4l
dn:det P .. .. e , Xn:det . . P 4_34
Hn—1 Hn o Hon—1 Hn—1 Hn o Hon—1
,Ufn ,Ufn+1 e ,uf2n /an+1 /J/n+2 e M2n+1
Proof

Since there is only one way for a Motzkin path to reach height n from height 0 in n steps
(vorrHEAST all the way), formula 4.32 for k£ = n reduces to

+oo
/ 2" Qndp = o1 -1 e =x; = AMA2 A, . 4.35

— o0

On the other hand, using 3.4 we get

+oo
/ " Qndu = dn . 4.36

Combining with 4.35 we deduce that

= M2, 4.37

and 4.33 a) immediately follows.
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Note next that 3.4 and 4.34 yield that
4.38

+oo 1
/ xn-‘rl Qn d,u — d_ Xn -
n—1

On the other hand a Motzkin path can reach height n from height 0 in n + 1 steps if and only if

it takes ¢ successive norTHEAST steps followed by a single ast step and then finish up with n —
.,n). This gives

4.39

—00

successive NorrHEAST steps (for i = 0, 1,
W(T) [ai_1=x; = (co 4+ +Cn) Ao\,

2

w€ll, 1 (n)
Combining with 4.32, 4.37 and 4.38 we get
4.40

Xn = (Co+cl+"'+cn) dn

which implies 4.33 b) as desired.

5. Tchebytcheff Polynomials
The simplest family of orthogonal polynomials, from the combinatorial point of view devel-

opped in the previous sections, should be one that corresponds to Dyck paths (that is ¢, = 0) with
constant A,,. It happens that the Tchebytcheff polynomials of the first and second kind come pretty
near to this. Let us recall that the latter are the polynomials {«,(z)}, defined by setting

(for n>0) . 5.1

ap(cosf) = cosnb

while those of the second kind may be implicitely defined as the {3, (x)}, satisfying
5.2

Bn(cost) = W (for n>0) .
9.3

Note that the trigonometric identities
= 2cosf cosnb

cos(n+1)8 + cos(n—1)8 =
2 cos 6 sin(n +1)6

a)
b) sin(n+2)0 + sinnf =
immediately yield the recursions
a) apii(z) = 22 an(x an_1(x)
) ansa(z) () 1() (for n>1) .
b) Buti(x) = 22 Bu(x) — Bp-a(z) -
Computing directly from the definitions we also get that
a) a(z) =1 , a(z) =
1 s 61(37) = 2.%'

b) Bo(x) =

4

9.5
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We see then that 5.4 a) and 5.5 a) determine «,,(z) has a polynomial in = of degree n and leading
coefficient 2771, Similarly, 5.4 b) and 5.5 b) yield that 3, (z) is a polynomial degree n and leading
coefficient 2". To get sequences of polynomials with leading term z™ as required by 3.3 1) we must
rescale. We shall thus set

a) Ap(z) = an(z)/2"7",
b) B,(z) = Bn(z)/2" .
This has the effect of changing 5.4 a) to

(for n>1) 5.6

As(z) = zAi(z) — 3A.(z) and .
Apii(@) = @ Au(w) — 3Aua(@) (for n>2) '
with
Ao(x)=1 and Ai(z)==z . 5.8
While 5.4 b) becomes
Bpii(®) = zBy(z) — 1Bn-1(z), (for n>1) 5.9
with
Byo(z)=1 and By(z)==z . 5.10
It will also be convenient to set
Ar(z) = 2"A,(1/xz) and B)(z) = z"B,(1l/z) . 5.11
This given, comparing with 3.11 we immediately derive from Theorems 3.1 , 3.2 that
Theorem 5.1 B )
limn o —D0(8)_ - 5.12
A (@) 1 — z°/2
) 22 /4
) z2/4
- —
4
T/
1 — .
and B )
limn oo D08 ~ 5.13
Bn-i—l(x) 1 — z /4
) x?/4
) x?/4
o 2
4
R
1 —

Moreover, the o, 's and 3, 's are orthogonal with respect to measures u® and p® with moments given

by
1 1 [2n
Hon = 5501 oyl (n> » Mg = 0 5.14
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and

1 1 2n
b _ b _
Hon = Som ] <n) , Moy = 0 5.15

Proof

We only need to explain the numerator B} (x) on the left hand side of 5.12. To this end
note that our combinatorial setting gives us that

Ar L (z) = Y ()P w(F) gonee 5.16
FeF([0,n],M)

with A\; = 1/2 and A\, = 1/4 for all n > 2. On the other hand 4.8 ii) gives that the numerator in
the left hand side of 5.12 is given by

SD, , = S DT w(F) [g=nee - 5.17
FeF([1,n],M)

and this is equal to B} (z) since in the interval [1,n] we can’t place the dimer d; and we can set
d; = 2%/4 (Vi) on the right hand side of 5.17.

Remark 5.1

Note that 5.16 gives that the polynomials A% (x) are all functions of 2, clearly the same
holds true for all the B} (x). The relations in 5.11 then imply that a,,(z) and 3, (z) are even functions
of x for even n and odd functions for n odd. This can also be easily deduced from the recursions in

5.4. Tt is also seen that the combinatorial interpretation

Bi(z) = > (~D)FLw(F) |g=x,22 -

FeF([0,n—1],M)

yields us that
@ = X (1) coraat
k=0

This is because there are precisely (";k) ways of placing k non overlapping dimers on [0,n — 1].

Using 5.11 and 5.6 we are thus led to the explicit formula
—~ (n—k k n—2k
Balz) = Y L) (DR o) . 5.18
k=0

Now this is neater than the formula yielded by the trigonometric identity
cos (n+1)0+isin(n+1)0 = (cos+isind)" !
In fact, equating imaginary parts we get

W n+l
; 1) =
sin (n+ 1) Z <2m—|—1

) (_1)m Cosn—2m0 Sin2m+19
m=0
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which using 5.2 translates into

Bu(z) = ni (”“ > (—1)mam=2m (1 — g2)™ | 5.19

o 2m +1

We should note that equating coefficients of " ~2* in 5.18 and 5.19 leads to the binomial identity
n—k n+1 k+s
on—2k — : 5.20
( k ) XS:<2I<:+25+1>< s )

The measures p® and p® corresponding to the two sequences {a,(z)}, and {3, ()}, are

easily obtained in this case. Indeed, since

1/2 ifn=m>1

T 0 otherwise

1 /7 1 ifn=m=0
—/ cos (nd) cos (ml) df =

we derive from 5.1 (by the substitution z = cosf) that

1 Hn=m=0

l/la(x)a(x)dix 1/2 ifn=m2>1
7 )y o emB =g = /2 din=m 2

otherwise

Similarly, from

2 U
— / sin (n+1)0 sin (m +1)6 df

{1 ifn=m
T

0 otherwise

making the substitution # = cos # and noting that sin? 6 dd = —v/1 — 22 dx we get

%/_11 () )1 = a2 = {1 Hn=m

0 otherwise

We thus obtain that p® and u® are both unit measures concentrated on the interval [—1,1] with

o 1 1 by 2 5
d/,L = ;ﬁ dx and d/J = ;\/1—.% dr .

In particular, comparing with 5.14 and 5.15 we obtain a combinatorial interpretation for the identities

1/1 oy d 1 1 [2n
L . .

T J1 V1-—2z2 22n=1 pn 11 \ n
and

2 ! 11 2
—/ 22"l —22dr = — ( n)
T J-1

22n n+1 \n
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6. The Rogers-Ramanujan Continued Fraction.

The next simplest example is obtained by setting a,, = ¢"*!, b, = 1 and ¢,, = 0. With this
choice we are again left with summing only over Dyck paths. It develops that both the moment
sequence and the corresponding polynomials D,, and N,, have interesting combinatorial interpreta-

tions.

Theorem 6.1
For a given Dyck path 7 let a(m) denote number of lattice squares weakly below m and weakly

above the x-axis, and let D,, denote the collection of Dyck paths of length 2n. This given, we have

J(z;q) = 5 = Y cnlg) " 2. 6.1
qr
1 — n>0
Ry
L - ) q3a:2
-
where
clg) = > ¢ . 6.2
wEDy,
Proof

The moments of the measure corresponding to the continued fraction on the left hand side

of 6.1, according to 4.5, are given by the identity
iy = Z w(m) [x=gi - 6.3

WEHO,O
A look at the figure below should make it obvious that the contribution of a NorTHEAST edge e of a
Dyck path 7 to w(m) | <;=o is the factor g™, where m is the number of lattice squares southeast

Ai=q
of e that are weakly below 7 and weakly above the xz-axis. Since setting ¢; = 0 kills all but the
summands corresponding to Dyck paths we see that the sum on the right hand side of 6.3 must
evaluate to ¢"c,,(¢) and thus 6.1 must hold true as asserted.

4

Let now D, (x;q) denote the denominator of the n'* convergent of the continued fraction
J(x;q) in 6.1. Note that the recursion in 4.11 in this case reduces to

Dy(x;q) = Dnoi(z5q) — 2°¢" Dy_a(w;q) 6.4
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Note further that the dimers d;,,d;,, ..., d;, do not overlap if and only if
i1 +2<dy,i2+2<ig, -, g1 +2=< g

In other words there is an obvious bijection between k-sets of non overlapping dimers and k-part
partitions with part differences greater or equal to 2. For convenience let As(k) denote this collection
of partitions and As denote the union of all the As(k). Now it is well known and easy to show that

we have
3 ¢ 6.5
q = .
2 (1—=q)(1—¢?)---(1—g~)

0€NL (k)

where for a given partition § we let || denote the sum of its parts. Tus if k(J) denotes the number

of parts of § we may also write

k k*
22E@) lol rq
D Y TR =i "

[ YPAD k>0

We may then translate 3.17 into the following remarkable identity:

Theorem 6.2

Z (_1)kx2k qk2+k

1 = -9 —-¢)--(1-d")
J(x;q) = e = ( 1)kx2k qk2 6.7
- > T
202 _ —a2)..-(1 =gk
L ¢’ = -9 —=¢)- (1 -4
q3x2
1 —
1 —

Proof
Since the coefficient of (—1)*22* in D,,(z;q) is given by the sum

Z q"!

SEA, (k)
max § <n
and the latter converges to the righthand side of 6.5 (in the formal power series sense), we see that

we must have ,
(_Dkx% qk

limy— oo Dnl(x;q) = 6.8
(#:9) kzm(l—Q)(l—QQ)"'(l—qk)
Now, as we have seen, the n'* convergent of J(z;q) is given by the expression
Ny (z;
SO () = Nnlwid) 6.9
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with

Nn(x;q) = Z <_1)IF‘ ’LU(F) |d1::/\1:w2

FeF([L,n],M) =0

Since the latter is the image of D,,_1(z;q) by the shift operator S, we immediately deduce that, we
can obtain N, (x;q) by replacing all the ¢° contributing to D,,_1(x;¢) by ¢**! and this gives that
the coefficient of (—1)*22* in N, (x;¢) must be equal to

Z o1+

seAqg (k)
mazx § <n—1

Thus we must have

(_1)%2/@ qk2+k
(1-q)(1—g?)-(L—gF)

limp—oo Np(z39) = Z 6.10

k>0

Now, 4.20 in this case becomes

T (@) — T D (ziq) =

Dn(37§ Q)Dn—l(x; Q)

and this implies that J(™ (2;¢) — J(x;q) as a formal power series in  or ¢ as we desire. Combining

this with 6.8 and 6.10 yields 6.7 and completes our proof.

Note that since this proof shows that we can interpret 6.7 as a limit theorem involving formal
power series in ¢ we can set x = 7 (the square root of —1) in 6.7 and derive the Rogers-Ramanujan
continued fraction identity. More precisely we have

Theorem 6.3
Let D, (q) and N, (q) denote the sequences defined by the recursions

D, = Dp_ + nDn— )
(@) 1(9) qn 2(9) (for n>2) 6.11
Nu(q) = Np-1(q) + ¢" Nn—2(q)
and the initial conditions
Do(q)=1,Di(qg)=1+q , No(q)=1, Ni(q)=1 6.12
Then
¢
a lzmn—»oo D, q) = )
: @ = L T gu—@ -
k2 +k
b) limy—oo Na(a) = > a

= (-1 —-¢*)-(1-¢")
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In particular we must have

Z qk2+k
) Z Q-0 -¢) - (1—¢~
_ k2 . 6.13
1+ 1 3 -
- 7 _ = -0 -¢*)---(1-¢")
q
1
+ 1+
We should mention that Rogers and Ramanujan (see [1]) showed that
Tl = 2
[Ta-a - o= Y (gt 6.14
e s -9 —a)-(1=g") o=
This combined with the Jacobi triple product identity
+oo N
S e = TTa-g" -2 - g+ /2) 6.15
m=—o00 n>0

with ¢ replaced by ¢° and z = ¢? yields that

k* too

nl:[l (1 - q”) ];) (1 — q)(l _((]12> .. (1 _ q’f) = m;m (_1)m q(5m2_m)/2
= H (1— ") (1 — ¢"F2)(1 — ¢°"*3)
n>0

Now this, upon division by [, 5, (1 —¢"), yields

k2 1

q _
Lioi-ma-m - U amemaem o1

k>0 n>0

which is usually referred to as the first Rogers-Ramanujan identity. The identity is actually due to
Rogers who was the first to formulate it and prove it in 1894 (about 20 years before Ramanujan
formulated it without proof). The misnomer is due to Hardy, a mathematician apt to tabloid
sensationalism, quite minor compared to Rogers, whose life work Hardy was very poorly competent
to judge. From the combinatorial point of view the best proof of 6.14 was given by Schur who in 1917
rediscovered 6.16 and proved it in two different ways. By Hardy’s criterion it should be referred to as
the Rogers- Ramanujan-Schur identity if we proceed alphabetically and the Rogers-Schur-Ramanujan
identity if we proceed by merit! There are several combinatorial proofs of the Jacobi identity. One
of the can be found in [6], Schur proof of 6.14 can also be found in [6].

Now in the same manner it can be shown that
k2 +k 1

q _
Z 1—q)(1—¢g2)---(1—gF) - H (1 — g5 +2)(1 — ¢g5n+3)

k>0 n>0

6.17
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Using 6.16 and 6.17 the identity in 6.13 can be rewriteen in the truly remarkable form

1 B H (1 _ q5n+1)(1 _ q5n+4) 6.18

— gon+2 _ g5n+3
L+ 2 nso (L= 2)(1 — ¢t

We should mention that a direct proof of 6.17 which avoids 6.14 but not the triple product identity
can be found in [2].

7. Partitions and Hermite Polynomials.

Our goal here is to present a beautiful bijection due to Flajolet [4] between set partitions
and labelled Motzkin paths and as a biproduct obtain the continued fraction corresponding to the
Hermite polynomials.

To this end we need some auxiliary constructions and notations. We shall begin with
representing a subset S = {i; < iy < ... < s} € {1,2,...,n} as the line diagram obtained by
placing k successive tiny circles ¢y, co, ..., cs joined by line segments, with the center of circle ¢, at
a point of z-coordinate i,. For instance, this construction applied to the set S = {1,3,6,7,8} gives
the diagram below:

»

w [—(
[

0 1 2

It will be convenientt to refer to min S and maz S (1 and 8 here) as the opening and closing elements
of the diagram and refer to the others as inner elements.

It is customary to write the parts of a set partition in order of increasing minimal ele-
ments, we shall follow this convention here. This given, we can represent a set partition A =
{A1, As, ..., Ay} of {1,2,...,n} by a juxtaposition of line diagrams with the k" diagram represent-
ing part Ay and drawn on the line y = k. The resulting composite diagram will be denoted by D(A).
For instance, in this manner, the partition A = {{1, 2,5,9},{3,4},{6},{7,10,12,13}, {8, 11, 14}} is
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represented by the figure below.

O J 0, l l 0
Q
Qm=(
(O ®, C O
1 2 3 4 5 6 7 8 9 10 11 12 13 14 71
We see that if an element ¢ of {1,2,...,n} belongs to part A, then the circle whose z-coordinate is

will lie at height h. We shall refer to the latter as the height of i and denote it by h(i). We shall also
say that an element i of {1,2,...,n} is covered by a part A, if and only if min A, < i < maz A,.
Note that although the partition above has a total of 5 parts, the element 11 is covered only by two
parts. It will be convenient to order the parts covering a given element ¢ according to their heights
in the diagram. For instance, the second part covering 8 in the picture above is {7, 10, 12, 13}.

The next step in Flajolet’s construction is to convert D(A) into a labelled Motzkin path

L7(A). The corresponding unlabelled path 7(.A) is easiest to describe in terms of its Motzkin word
w(D(A)). We simply let

w(D(A)) = didy---d, 7.2

where, given that i is covered by k parts of D(A), we set

ap, if 7 is an opening element,
by if i is a closing element,

¢, if i is a inner element,

cr if i is a singleton part of A .

di = 7.3

Carrying this out for the partition in 7.1 yields the word
aocla1b20101a1a2b3020202b2b1 .

Recalling that the letters ay, bx, ¢ represent respectively NORTHEAST , souTHEAST and EastT steps of
the path, we see that the partition diagram in 7.1 can thus be converted into the following Motzkin
path
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The final object of this construction, that is the labelled Motzkin path L7 (.A) is simply obtained by
labeling the edges of 7(A) according to the following rules. If e; is the i*" edge of m(A) then the
label of e; is

z, if 7 is an opening element,
Lie:) = k  if i closes the k" part covering i, 75
¢ k  if i is an inner element of the k*" part covering i, ’
zs if i is a singleton part of A .

This procedure converts the path in 7.4 into the labelled path given below.

ZO 1

1 2 3 4 5 6 7 8 9 10 11 12 13 14 76

It is not difficult to see that this construction yields a bijection between partitions of the set
{1,2,...,n} and labelled Motzkin paths in II,,(n) where the label L(e) of an edge starting at
height k is

Zo if e is a NorTHEAST edge,
€ {1,2,...,k} if eis a sourneast edge,
Lie) = €{1,2,...,k} if eis an east edge, .7
Zs if i is a singleton part of A .
This observation can be translated into the following remarkable result
Theorem 7.1(Flajolet)
If pn g, denotes the number of partitions of the set {1,2,...,n} with n, non-singleton

parts, n; inner elements and ng singletons then we have the following continuous fraction expansion

1
§ : n._Ne  MNi Mg
1 2 = lu"n« Mo,3MiNs T Z Z ’LZ
Zo n=2npt1i+ns

1—zsx — 5
2 z,x

3. zpx?

11— (2 +3z)x — -

1— (254 2z)x —

1— (25 +22)x
7.8

Proof
Denoting by P,, the collection of all partitions of {1,2,...,n}, we see that the right hand

Z Z n,,(A n(z A) ns(A 7.9

n>0 AEP,

side of 7.8 is none other than
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where n,(A), n;(A) and ns(A) respectively denote the number of non-singleton parts, the number
of inner elements and the number of singleton parts of A. The Flajolet correspondence allows us to
rewrite 7.9 as a sum over labelled Motzkin parts. That is

RHS of 7.8 = Y 2" > p(Lm), 7.10

n>0 Lm€Llly0(n)

where LII,,(n) denotes the collection of all labelled paths obtained by taking each path in T,,(n)
and labeling it in all possible ways consistent with the requirements in 7.7. Here of course we must
define p(L) so that if L7 is the labelled path corresponding to a partition A then

p(Lw) = zgo(A)z?(i(A)x?S(A) )
Let L7 denote the generic labelled path obtained by labeling 7 according to 7.7 and set

P(m) = Y p(Lm)

Lr

It is not difficult to see that the contribution of an edge e of 7w to P(w) is a factor f(e) which is given
by

Zo if e is a NorTHEAST edge,
fle) = <k if e is a souTHEAST edge,
zs + kz; if e is an vasT edge,

This yields that

Z p(Lm) = Z W(T) |ap=z0,bp=k,cr=z,+kz -

LneLll,o(n) TE€I0(n)

In other words, the right hand side of 7.8 is simply equal to the formal series obtained by setting
ar = Zo,bp = k,c, = 25 + kz; in the right hand side of 4.2. But then equation 4.4 gives that we can
also obtain the same result by making these replacements in the continued fraction

1

ayby 2

1—rcoxr —
a1b2x2

1—czx—

a2b3x2
l—cor ——m——
1—c3z—---

However doing this gives precisely the right hand side of 7.8 as desired.

Theorem 7.1 yields the continued fraction expansion for the generating functions of the Bell
numbers B,,, the Stirling numbers S,; and the numbers I,, and J, of involutions of S,, with and
without fixed points. These are the contents of the four theorems given below.
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Theorem 7.2
Denoting by By, the number of partitions of {1,2,...,n} we have
1 n
3 = Zan . 7.11
1—2z— n>0
2. z?
1-2.-2— 5
1-3 51
—3.p—
1—d4-qp— .-
Proof

Just set z, = 2; = 2, =11in 7.8.

Theorem 7.3
If Spi denotes the number of partitions of {1,2,...,n} into k parts, then

11 5 = Zx”isnktk. 7.12
k=1

1—tr — tr n>0
2 - ta?
1—(t+ 1z — 5
1— (t+2)z — 5 lr
1—(t+3)x—---
Proof
Just set z; =1 and z, = 2, =t in 7.8.
Theorem 7.4
If I, denotes the number of involutions in the symmetric group S, then
1 n
2 = > ILa". 7.13
1—2x— n20
1 2. 22
—r—
R
l—-z— ——
11— —--.
Proof
Note that if we set z; = 0 and z, = z; = 1 in 7.8 then the right hand side of 7.8 yields the
generating function of the number of partitions of {1,2,...,n} with no parts of cardinality greater

than 2. But the latter partitions are clearly in bijection with involutions.

Theorem 7.5
If J,, denotes the number of involutions in the symmetric group S, which have no fized
points then J, =0 for n odd and

= Jop 2T 7.14
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Proof
By the same reasons we gave in the previous proof we can obtain this result by setting
2z =2z =0and z,=11in 7.8.

Remark 7.1
It is well known that the number of permutations of S,, with «; cycles of length i is given

by the expression
n!

Hi i Oéi!
This gives that the number of involutions of \S;, with & 2-cycles is given by

n!
(n — 2k)! 2k !

Thus setting zs = 1, 2; = 0 and 2z, =t in 7.8 gives the identity

1 k
th . 7.15
1-tz? Z Z n—2k'2kkv
1—x— n>0 k<n/2

2. ta?
3. tx?
1—p—---

1—z—

11—z —

Similarly we get that the number Js, of involutions without fixed points in Ss,, is

(2n)!
gl 1-3-5---(2n—1)
Thus formula 7.14 may be read as
1
o = > 1:3:5---(2n—1) 7.16
1— n>0
1 2. z?

322

1—
1—

This last observation yields us the connection between involutions and the Hermite polyno-
mials H,,(x). The latter may be defined by letting

Hy(z) = (~1)"e" /2 Dpre /2 7.17

Note that a single integration by parts gives that

1 Foo 2 m Foo 2
— 2™ Hy(z) e ™ 2 de = — a™V Hy () e /% dx
VT /_oo VT J oo

If m < n we can apply this relation m times in succession and obtain that

1 +oo 2 I ifm = d
m —2?)2 _ n! if m =n an
NG /_oo 2™ Hy,(z)e dx { 0 ifm<n : 7.18
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This implies that the Hermite polynomials are orthogonal with respect to the measure p on (—o0, +00)
given by setting
1

dp = — e~ 2 dy 7.19
™

Since the leading term in H,(x) is 2™ we can apply the theory directly here and obtain
Theorem 7.6

Let H(x) = 2™ H,(1/x) and let K} (x) be the sequence of polynomials defined by the recur-
sion K} 1 (z) = K (x) — na?K}_(x) with initial conditions K} (x) = K{(z) =1 then

n—1
. K} (z) 1
l _ = = 7.20
1Mp—oco H;.;+1(x) a 1- .Z‘2
] 2. 22
R
1 —
1 _

In other words this is the continued fraction corresponding to the Hermite polynomials. In particular,

they must satisfy the recursion
H,1(x) =zH,(x) —nH_,(z) 7.21

Proof
From the continued fraction expansion in 7.16 and theorem 3.1 it follows that the sequence
of polynomials {Q,(z)} orthogonal with respect to a measure with moments u,, given by
= 0 a,nd
22
b) pizn = 1-3---(2n—1) 7
and satisfying the requirement in 3.3 a) must satisfy the recurrence Q11 = xQn — nQp_1. So to
prove our assertions we need only verify the measure p given in 7.19 has precisely these moments.
Now 7.22 a) is trivial since p is symmetrically distributed around the origin. As for 7.22 b) we only

need to observe that it follows from the recursion

“+oo “+oo
% / $2TL 6712/2 dr — 271/—_1 / I2n72 6712/2 dr ,
™ J_co Q —00

(which we can immediately obtain by a single integration by parts) and the initial condition p, = 1

which is given by the classical integral

+oo 5
/ e Pdr = 7.

— 00

This completes our section.
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8. The Legendre polynomials

The Legendre polynomials {L,(z)} may defined by means of the formula

1
ALY

Ly(z) = D™(x* —1)™ . 8.1

These polynomials are easily shown to be orthogonal with respect to the measure dy = dx/2 con-
centrated on the interval [—1, 1]. Indeed, we do have that

Proposition 8.1

1 1) 0 if n #m and
= / P,(z) Py(x) dz = . 8.2
2J) 2) —2n1+1 ifn=m
Proof

For convenience let I';, = D™ (22 — 1)™. Then an integration by parts gives
1 1

/ To(z) Tyo(2) do = / D" 1(a2 — 1)" D™ (g — 1) dy
-1 -1

repeating this process will necessarily yield zero after m + 1 integration by parts if m < n. This
establishes the first equality in 8.2. On the other hand if m = n then n succesive integrations by

parts yield

/ (@) To(z) dz = (—1)" (2n)!/ (22— 1)" da . 8.3

-1 -1

But integrating by parts again we get
1 1
/ 1—zH"dx = 2n / (1—2®" 1 a?de .
-1 -1
Now this can be rewritten in the form
1 1
(2n+1) / (1—2*)"dx = 2n / (1—2H"Vda .
—1 —1

Tterating and combining with 8.3 yields

by 2n)!! 2n)!1)2
/_1 Tn(x)dz = 2(27(1-1—)1)!! @)t = 2((2%13

Since I',, = 2™ n! P,, we see that this is precisely the second identity in 8.2.

Now the definition in 8.1 gives that the leading term in L, (x) is

W 2. Thus to apply

our machinery we need to take

Ly(x) . 8.4
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We can then rewrite 8.2 2) in terms of the @,, to read

g B (n!)>
/_1 Qnle) dv = (2n— DI 2n+ 1) 8.5

We are now in a position to determine the coefficients ¢, and \,, occurring in the three-term recursion.
Indeed, we need not work very hard for ¢, since P, and therefore also @), is an odd function of x
for odd n and an even function for n even. Thus, since p is symmetrically distributed, the integral
formula 3.10 gives that ¢, = 0 for all n. As for A\,, we can apply formula 4.33 a) and obtain from
8.5 that

1
_ f71 Q%(m) dx _ n? 8.6
f_ll Q?_|(z)dx (2n —1)(2n + 1)
This gives the recursion
Q Q " Q
n = Ty n—1 -
1 (2n—1)(2n+1) "
Using 8.4 we deduce that the Legendre polynomials themselves must satisfy the recursion
(n+1)Ly(zx) = 2n+ 1Dz Ly(z) — nLy_1(x) . 8.7

Note further that in this case the sequence of moments is given by

1 gt 0 if n is odd, and
Uy = 5/11‘ de = .

B (n+1)

if n is even.

Thus this time theorem 3.1 may be used to derive a rather neat continued fraction expansion.

Namely
Theorem 8.1
2k+1 1
2362 = ;k 1 = log 1+x 8.8
- 1#-2%/1-3 >0 + -
) 22.22/3.5
. 32.2%2/5-7
1—

9. The Laguerre polynomials.

These polynomials depend on a parameter o which may be assumed to be an independent
variable. They can be defined by setting

L (z) = (-1)"e" 2~ D" (a"T*e7") . 9.1



A. Garsia 264A Lecture notes December 13, 1993 40

Note that an integration by parts, gives
+o0 +oo
/ g™ L)z e de = (—=1)"'m / g™ DM (2" e ) da 9.2
0 0

We see again that if m < n then m + 1 successive integration by parts yield that this integral
vanishes. If m > n we can carry out n successive integrations by parts and get

+oo m! +oo
/ 2™ L ()2 e do = — / g™t e ") da .
0 (m—n)! Jo
Finally, m more integrations by parts give

(a) m!
2" L (z) 2% P dr = ————~ (m+a)im+a—1)---(a+1 / x*e Tdxr 9.3

Letting p be the measure concentrated on [0, 00) defined by setting
% e % +o0
dp = ot D) with T(a+1) = /0 e dr
we can translate our findings here into the identities

0 if m < n and

“+o0
/ ™ L (z) dp = 9.4
0 o (mta)(mta—1)---(a+1) form>n

(m—n)!

In particular, we see that the polynomials Lff‘) (z) are orthogonal with respect to u. Moreover, since
the leading term in Lg{l) () is again ™ we can apply our theory without rescaling. Now formulas
4.35 and 9.4 for n = m immediately give that

nln+a)(n+a—1)---(a+1)

= n—1)m+a-1)n+a—1)--(a+1) = n(n+a) . 9.5

To compute ¢, here we shall use 4.33 which we rewrite in the form

Cp = Xn dn—l o Xn—1 dn—2 ) 9.6
dn_l dn dn—2 dn—l
Now 4.38 gives that
Xn _ (_1) / anrl D ‘,EaJrnefl' dx ,
and using 9.4 for m = n + 1 we get
dX" = m+ D) (a+n+)(a+tn) - (a+1). 9.7
n—1
On the other hand 4.36 and 9.4 for m = n give
dn
= nl(a+n)(a+n—1)---(a+1) . 9.8

dn—l
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Using 9.7 and 9.8 for n and n — 1 we can finally conclude that

- (n+1)! (a+n+1)(atn)---(a+1) n! (a+n)(at+n—1)---(a+1) _
n n! (a+n)(a+n—1)---(a+1) (n=1)! (a+n—1)(a+n—2)---(a+1) 9.10
= 2n+a+1.

The moments p,, are also easily computed in this case. In fact, we have

1 oo
fn = m/o 2" e dr = (a+n)a+n—1)---(a+1). 9.11

Formulas 9.5, 9.6 and 9.11 yield us the continued fraction expansion

Theorem 9.1

! = 9.12
1= (a+ Dz — 1-(at1)z? !
1—(a+3)x— 2'(a+2)m3'(a+3)mz
1—(a+5)x — T~ (a+ Tz

Spso (@+n)(@+n—1)-(a+1)a" .

Note that letting @ = 0 in 9.12 yields the remarkable identity

1
o = Zn!xn. 9.13
1-1-2— Lo n>0
22 . g2
1-3-z— 3 .2
1-5.0— ———
r 1—T7-q—---

In closing we should note that some authors, whose name may be best left out here, have
had some difficulty swallowing this identity. Their problem was that they could not see how to fit
it into their Cauchy-limited world. Apparently Gauss had no such difficulty for he knew very well
how to make sense out of it.

From our point of view 9.13 in none other than a purely combinatorial identity. It simply
expresses the existence of a bijection between permutations and a certain class of labelled Motzkin
paths. In fact, using the interpretation of the moments given in 4.5, we can see that 9.12 can be
established by showing that

Z W(T) |a,=n+1ib,=n+asc,=2n+1+a = (@+n)(a+n—1)---(a+1) 9.14
Wenoo(n)

To get this we need a bijection between permutations in S,, and labelled Motzkin paths in I1,,(n)
where the label L(e) of an edge e which starts at height k should be

e{1,2,...,k} if e is a NorTHEAST edge,
Le) = ¢ €{1,2,....k a} if e is a souTneasT edge, 9.15
€{1,2,...,2k+1,a} if e is an east edge,
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Now a very beautiful bijection doing precisely that was given by Frangon and Viennot in [5]. It can
also be found in Flajolet’s paper [4].

We should point out that, just as was the case for the Flajolet bijection given in section
7, The Francon-Viennot bijection yields a variety of continued fraction expansions. Using it we
may obtain generating functions of combinatorial sequences enumerating permutations according to
various statistics. Notably, it gives a combinatorial explanation to the Stieltjes computation of the
Laplace transform of tan 2. However, in order to keep these notes to a reasonable size we shall have
to refer the reader to the original papers for this additional material.
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