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HEAPS, CONTINUED FRACTIONS
and

ORTHOGONAL POLYNOMIALS

Lecture Notes in Algebraic Combinatorics

ABSTRACT. These notes are an exposition of work of Françon-Viennot [5], Flajolet [4]

and Viennot [8],[9] dealing with combinatorial aspects of the theory of continued fractions.

We have added here some of the missing details, some of the proofs that where not given

in the original works, and hopefully have corrected some of the errors without creating

new ones. We also give a brief review of the classical connection between orthogonal

polynomials and continued fractions.

1. Heaps of monomers and dimers

Before making definitions it is best to start with an example. In the figure below we have
an instance of a monomer-dimer heap

1.1

Let us imagine that the vertical lines represent needles and that there are two basic pieces:

A monomer: Which is just a ring, and
A dimer which consists of two rings joined by a metal bar.

To put together a heap we simply pick a bunch of monomers and dimers and stack them on top of
each other by threading them into the needles as indicated in figure 1.1 above. As it is indicated
there the needles are perpendicular to the ground line at the points of coordinates 0, 1, 2, 3 . . .. Heaps
of monomers and dimers will be represented here by words in the alphabet

A = {mo, m1, m2, . . . , d1, d2, d3, . . . }
by replacing each monomer of ground coordinate i by the letter mi and each dimer projecting onto
the interval [i − 1, i] by the letter di. The corresponding word is obtained by processing in this
manner the successive pieces of the heap from left to right within a row, starting from the bottom
row and proceeding upwards. For instance, this procedure applied to the heap of figure 1.1 yields
the word

w = d2m6m7d1d3m4d6mod2d4m5m2 .

Conversely, given any word w ∈ A∗ we can construct a heap by reversing the process above. That is
we read the letters of w from left to right and replace each mi by a monomer of ground coordinate
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i and each di by a dimer spanning [i − 1, i]. Of course we must also thread the corresponding
monomers and dimers down the needles in the precise succession they are encountered as we read
w. The final configuration is obtained by letting the pieces settle as far down as they can. This
proceedure applied to the word w1 = mod2m2d1m1d2m3m3 produces the heap

1.2

Now it is easy to see that the word w2 = m3d2mod1m3m1m2d2 produces the same heap. At the
same time the word which corresponds to this heap by the construction given above shoud be w =
mod2m3d1m2m3m1d2. Mathematically speaking a heap should be represented by an equivalence
class of A-words. Two words beeing equivalent if and only if they yield the same heap. Thus our
procedure of constructing the word corresponding to a heap is just one of the ways of selecting a
representative from each equivalence class of words.

Imagine now that the needles of figure 1.1 are set into a top and bottom bar as in an abacus
and we pull down the monomer m2. This will result in the configuation

1.3

We can see that there are heaps that are brought down by pulling on a single piece. Such is also
the case for the heap obtained by removing the monomers mo and m7 from the heap in 1.3 and
adding on top the dimer d4. Such a heap will be called a pyramid and the top piece the summit of
the pyramid.

There is a very simple way of transforming Motzkin paths into heaps which, as we shall see,
has remarkable mathematical consequences. This transformation is obtained by replacing each EAST

step in the path by a monomer and each NORTH-EAST step by a dimer. We only need one example
here to get accross what we have in mind. For instance, carrying out these replacements (from left
to right) on the path on the left yields the configuration on the right.



ground line

A. Garsia 264A Lecture notes December 13, 1993 3

the latter is then rotated 90o clockwise so that the pieces settle down to the ground. This results in
the heap given below

The transformation is even simpler at the word level. In fact, the a, b, c-word corresponding
to the Motzkin path is w = a1c1a2b1c1a2a3b2b1b0cob1bo while the word of the heap is w′ =
d1m1d2m1d2d3m0d1. We see that to go from the word w of the path to the word w′ of the corre-
sponding heap, we simply read the letters of w from right to left, replace each a by a d, each c by
an m and remove all b ′s. From our example we can easily extract that

Theorem 1.1
Our construction yields a bijection between Motzkin paths and heaps of monomers and

dimers with the following properties.
1) The image heap is always a pyramid with summit a monomer mo or a dimer d1.
2) Paths whose maximum height does not exceed n correspond to pyramids whose projection is

in the interval [0, n].
3) Dyck paths are sent into pyramids of dimers with summit d1

4) If the image pyramid has d dimers and m monomers then the corresponding path has 2d+m

steps

2. The Cartier-Foata Languages

There is a purely algebraic way to define the equivalence classes of words yielding the same
monomer-dimer heap. Let A = {a1, a2, . . . , an} be an alphabet and let M = ‖mij‖ be a matrix with
entries 0, 1 with the properties

1) mii = 1 ,

2) mij = mji .
2.1

Let us say that two letters ai & aj commute if and only if mij = 0. Given two words w1, w2 ∈ A∗
let us write

w1 ←→M w2

if and only if we have the two factorizations

w1 = w′ aiaj w′′ , w2 = w′ ajai w′′

with ai and aj a pair of commuting letters. Finally, let us write w1 ≈M w2 if and only if we
have a sequence of words σ(i) ∈ A∗ (1 = 1..n) such that

w1 = σ(1) ←→ σ(2) ←→ · · · ←→ σ(n−1) ←→ σ(n) = w2
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In words w1 ≈M w2 if w2 can be obtained from w1 by a sequence of transpositions of pairs of
adjacent commuting letters. The quotient of A∗ by the equivalence “≈M” will be referred to as the
Cartier-Foata language corresponding to the pair (A, M). Clearly the equivalence ≈M is compatible
with concatenation of words. That is if w1 ≈M w′1 and w2 ≈M w′2 then w1w2 ≈M w′1w

′
2. Thus the

concatenation product gives A∗/ ≈M the structure of a monoid.

Given a pair (A, M) it will be convenient to denote by L(A, M) the formal sum of a suitably
selected set of representatives for the equivalence classes of A∗ modulo ≈M . When dealing with a
Cartier-Foata language, all identities between formal sums of words of A∗ where the equal sign is
subscripted by M should be understood to hold modulo the equivalence ≈M . Clearly, to define a
Cartier-Foata language we need only specify which are the commuting pairs. Indeed, this is the only
information yielded by the matrix M . This given, we can easily see that if we take

A = {mo, m1, m2, . . . : do, d1, d2 . . . } 2.1

and declare that the commuting pairs are

(1) (mi, mj) for i 6= j ,

(2) (mi, dj) for {i} ∩ {j − 1, j} = ∅ ,

(3) (di, dj) for {i− 1, i} ∩ {j − 1, j} = ∅ ,

2.2

then the corresponding Cartier-Foata language may be identified with the collection of heaps of
monomers and dimers.

As we shall see we can associate to each Cartier-Foata language L(A, M) a collection of
heap-like objects which may be represented by the words of L(A, M). Nevertheless, these languages
are of independent interest and it will be good to start by establishing some of the basic identities
concerning them. To this end we need to make some definitions.

For a given word w ∈ L(A, M) set

I(w) = {a ∈ A : w ≈M aw′ } 2.3

In words I(w) represents the set of letters that may be brought to the front of w by a sequence of
transpositions of pairs of adjacent commuting letters. For this reason we shall refer to I(w) as the
initial part of w. Similarly we define as the end part of w the set

E(w) = {b ∈ A : w ≈M w′b } . 2.4

In the monomer-dimer case (that is when the language is given by 2.1 and 2.2) a word w corresponds
to a pyramid if and only if E(w) has only one element. It will be convenient to extend our heap
terminology to the general Cartier-Foata language and call pyramid any word whose E(w) is a
singleton. Note that if E(w) is not a singleton the any two letters occurring in E(w) must form
a commuting pair. Of course the same holds true for I(w). Subsets of A consisting of pairwise
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commuting letters shall be referred to as free subsets. their collection will be denoted by F(A, M).
Given a free set F we shall also denote by F the word obtained by multiplying the letters of F in
alphabetic order. Of course since all pairs of letters of F commute, whatever order we use produces
the same element of the language so this abuse of notation cannot lead to ambiguities. With these
conventions, the basic result of the theory of Cartier-Foata languages may be stated as follows as
follows:

Theorem 2.1 (Cartier-Foata [3])
Modulo the equivalence ≈M the generating series of the language may be computed from the

following identity

L(A, M) =M
1∑

F∈F(A,M) (−1)|F | F
2.5

where |F | denotes here the cardinality of F .
Proof

We only need to show that the product of the left hand side by the denominator of the right
hand side evaluates to the empty word. To this end we write this product in the form∑

w∈A∗
w

∑
F∈F(A,M)

∑
v∈L(A,M)

(−1)|F | χ(w ≈M F v) . 2.6

Now, since F is a free set, the condition that w = Fv is equivalent to the statement that F ⊆ I(w).
Thus we see that the inner sum may be simply rewritten as∑

F⊆I(w)

(−1)|F |

and this clearly evaluates to zero unless of course w itself reduces to the empty word. This establishes
our identity.

This result has a number of interesting corollaries and applications. For instance let cn =
cn(A, M) denote the number of words of length n in L(A, M) and let FA,M (t) denote the generating
functions of the sequence {cn} then from 2.6 we immediately deduce that

Proposition 2.1

FA,M (t) =
1∑

F∈F(A,M) (−t)|F |
2.7

In particular, for heaps of monomer and dimers on the interval [0, 2] there are twelve free
sets. Namely, the empty set, the singletons

{mo}, {m1}, {m2}, {d1}, {d2}

the pairs
{mo, m1}, {mo, m2}, {m1, m2}, {mo, d2}, {d1, m2}
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and the triplet {mo, m1, m2}. This gives, that in this case

FA,M (t) =
1

1− 6t + 5t2 − t3
. 2.8

A curious feature of the identity in 2.7 is that it provides a tool for proving that certain rational
functions have Taylor series with non negative integral coefficients, a fact that, even in such a simple
instance as 2.8, is not easily established.

Theorem 2.1 has a very useful refinement. Given a subalphabet B ⊆ A we shall let L(B, M)
denote the sublanguage consisting of the words of L(A, M) all of whose letters are in B. At the same
time we shall denote by L(B)(A, M) the subset of L(A, M) consisting of all the words of L(A, M)
whose end part lies entirely in B. This given, we have the following identity.

Theorem 2.2 (De Sainte-Catherine [9])

L(B)(A, M) =M

∑
F∈F(A−B,M) (−1)|F | F∑
F∈F(A,M) (−1)|F | F

. 2.9

Proof
Using theorem 2.1 (twice) this identity may be rewritten in the form

L(B)(A, M) × L(A− B, M) =M L(A, M) . 2.10

In turn this is equivalent to stating that every word of L(A, M) may be uniquely factorized (modulo
≈M ) into the concatenation product of a word of L(B)(A, M) by a word of L(A−B, M). To see that
this is indeed so, imagine that the letters of a word w ∈ L(A, M) are strung as beads into a long
string. Imagine further that pairs of letters that commute can pass through each other. This given
the desired factorization can simply be obtained by pulling to the left all the beads of w that are in
B. This splits w into two words w1 and w2. Where w1 consists of all the beads that had to move
as a result of the pull and w2 consists of all the beads to the right of the beads in B plus those that
passed through them. We can also construct this factorization by a more standard mathematical
argument. Let w = a1a2 · · · aiai+1 · · · an where ai is the rightmost letter of w that is in B. Then
let u = a1a2 · · · ai and v = ai+1 · · · an. We can now factorize the end part of u (modulo ≈M ) in the
form E(u) = βρ where β consists of all the letters of E(u) that are in B and ρ has all the remaining
letters. Now, if u ≈M u′E(u) we can set w1 = u′β and w2 = ρv and obtain that w ≈M w1w2

with E(w1) ∈ B∗ and w2 ∈ (A− B)∗ as desired. The uniqueness is clear, since if w ≈M w′1w
′
2 with

E(w′1) ∈ B∗ and w′2 ∈ (A − B)∗ then we must necessarily have that E(w′1) = β, for (in passing
from w to w′1w

′
2) no letter of u′ can be moved past a letter of β. But this yields that w′1 = u′β and

w′2 = ρv.

It will be convenient to denote by P(A, M) the collection of pyramids of the Cartier-Foata
language L(A, M). It develops that pyramids are the building blocks of the language. The precise
meaning of this assertion will emerge in the proof of the following result. To begin with let us use
the symbol “≡c” to denote equality of two formal sums of words, under the condition that the letters
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are allowed to unconditionally commute. In other words ordinary equality in the formal power series
sense should hold if each word on either side is replaced by a monomial in which the letters appearing
in the word are rearranged in increasing order. This given, we have the following remarkable identity

Theorem 2.3 (Viennot [9]) ∑
π∈P(A,M)

π

|π| ≡c log
( L(A, M)

)
2.11

where again |π| denotes the length of π.

Proof
This turns out to be a beautiful application of the theory of exponential structures. Given

a word w = a1, a2, · · · an ∈ L(A, M), and a permutation σ = (σ1, σ2, . . . , σn) we set

P (w, σ) =
(

a1

σ1

)(
a2

σ2

)
· · ·
(

an
σn

)
2.12

and consider it as a word in the alphabet P (A) whose letters are the pairs
(
a
k

)
with a ∈ A and

k = 1, 2, ... We then define a new Cartier-Foata language L(P (A), M) by letting two letters
(
ai
h

)
and(

aj
k

)
of P (A) commute if and only if ai and aj themselves commute (that is mij = 0). Using the

bead imagery of the previous proof, we can factorize the word P (w, σ) into a product of pyramids of
the language L(P (A), M). We simply thread the letters of P (w, σ) on an infinite string, then pull
to the left the letter

(
aj1
1

)
of P (w, σ). This will cause a number of letters of P (w, σ) to move to the

left as well. Again, a number of letters of P (w, σ) that were originally to the left of
(
aj1
1

)
will stay

put. Those are the remaining letters of the end part of the left factor of P (w, σ) terminanting with(
aj1
1

)
. By our convention those beads allow

(aj1
1

)
to pass through them. The letters that move with(aj1

1

)
form a word that we would like to denote by P (w1, E1). To do this we only need to extend

our notation by allowing σ in 2.12 to be any sequence of natural numbers of the same length as w.
Next, we set i1 = 1 and let i2 equal to the smallest integer in {1, 2, . . . , n} that is not in E1. Now
we locate the bead

(aj2
i2

)
of P (w, σ) and pull to the left on it moving with it every bead that cant

let
(aj2
i2

)
go through. This produces another factor P (w2, E2). We can then let i3 be the smallest

integer in {1, 2, . . . , n} that is not in E1 + E2. Then drag to the left the letter
(aj3
i3

)
of P (w, σ). In

this manner we successively construct the factorization

P (w, σ) ≈M P (w1, E1)P (w2, E2)P (w3, E3) · · ·P (wk, Ek) . 2.13

Our proceedure guarantees the following properties

(1) Each factor P (wi, Ei) is a pyramid of L(A, M)
(2) i1 = min E1 < i2 = min E2 < · · · ik = min Ek

(3) {1, 2, . . . , n} = E1+E2+· · ·+Ek, that is (E1, E2, . . . , Ek) is a partition of the set {1, 2, . . . , n}.

Let now Πk = Πk(A, M) denote the collection of words P (π, τ) where

i) π is a pyramid of L(A, M) of length k.
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ii) τ is a permutation in Sk with τk = 1

This given we see that the factorization in 2.13 exhibits the collection{
P (w, σ) : w ∈ L(A, M) , σ ∈ Sn

}
as the exponential class constructed from the families Πk ( k = 1, 2, .. ). From the theory of expo-
nential classes we then immediately derive that∑

w∈L(A,M) & σ∈Sn

P (w, σ)
|w|! ≡c exp

(∑
k≥1

∑
P (π,τ)∈Πk

P (π, τ)
k!

)
2.14

To derive the identity in 2.12 we simply observe that the projection P (w, σ) → w removes the
denominator |w|! from 2.14, while the projection P (π, τ) → π, because of the restriction τk = 1 ,
only succeeds in reducing the denominator k! to just k itself. Making these replacements in 2.14
yields ∑

w∈L(A,M)

w ≡c exp
(∑
k≥1

∑
π∈P(A,M) & |π|=k

π

k

)
,

and 2.11 follows by equating the logarithms of both sides.

3. Orthogonal polynomials and continued fractions.

Let dµ be a unit measure on (−∞,+∞), and set∫ +∞

−∞
xn dµ = µn ( µo = 1 ) 3.1

The {µn} ′s are usually referred to as the moments of dµ. They are well defined for instance in
the case that dµ is supported by some finite interval [a, b], that is when µ(x) = 0 for x ≤ a and
µ(x) = µ(b) for x ≥ b). This permits us to define a scalar product on the space of polynomials in x

by setting for any two polynomials P (x), Q(x)

〈 P , Q 〉µ =
∫ +∞

−∞
P (x)Q(x) dµ . 3.2

It is easily seen that to compute this scalar product we only need to know the sequence of moments.
Our object of study here is the sequence of polynomials {Qn(x)}n≥0 satisfying the following two
conditions

1) Qn(x) = xn +
n−1∑
k=0

an,k xk

2) 〈 Qn , Qm 〉µ = 0 if n 6= m .

3.3

It develops that these polynomials have explicit expressions as ratios of determinants involving the
µn
′s. More precisely we have

Qn(x) =
1

dn−1
det


µo µ1 µ2 · · · µn
µ1 µ2 µ3 · · · µn+1

· · · · · · · · · · · · · · ·
µn−1 µn µn+1 · · · µ2n−1

1 x x2 · · · xn

 3.4



A. Garsia 264A Lecture notes December 13, 1993 9

where

dn = det


µo µ1 µ2 · · · µn
µ1 µ2 µ3 · · · µn+1

· · · · · · · · · · · · · · ·
µn−1 µn µn+1 · · · µ2n−1

µn µn+1 µn+2 · · · µ2n

 3.5

To prove this, it is sufficient to note that 3.4 gives

〈 Qn , xi 〉 =
1

dn−1
det


µo µ1 µ2 · · · µn
µ1 µ2 µ3 · · · µn+1

· · · · · · · · · · · · · · ·
µn−1 µn µn+1 · · · µ2n−1

µi µi+1 µi+2 · · · µi+n

 =
{

0 if i < n
dn
dn−1

if i = n 3.6

In particular for any polynomial P (x) we have the expansion

P (x) =
∑
i≥0

〈 P , Qi 〉µ
〈 Qi , Qi 〉µ Qi(x) , 3.7

We should note that, because of 3.3 1) and 2), the last non vanishing summand on the right hand
side of 3.7, is given by i = degree(P ). Note further that we must have

〈 xQn , xi 〉µ = 〈 Qn , xi+1 〉µ = 0 ( for i = 0, 1, . . . , n− 2 ) .

and this implies that must also have

〈 xQn , Qi 〉µ = 0

for all i ≤ n− 2. Thus, when P (x) = xQn(x) the expansion in 3.7 reduces to

xQn(x) = 〈 xQn , Qn−1 〉µ
〈 Qn−1 , Qn−1 〉µ Qn−1(x) +

+ 〈 xQn , Qn 〉µ
〈 Qn , Qn 〉µ Qn(x) +

+ 〈 xQn , Qn+1 〉µ
〈 Qn+1 , Qn+1 〉µ Qn+1(x) .

3.8

Now, from 3.2 1) and 3.6 we get that

〈 xQn , Qn+1 〉µ = 〈 xn+1 , Qn+1 〉µ = 〈 Qn+1 , Qn+1 〉µ . 3.9

Thus, setting

λn =

∫ +∞
−∞ xQn−1(x)Qn(x) dµ∫ +∞

−∞ Q2
n−1(x) dµ

, cn =

∫ +∞
−∞ xQ2

n(x) dµ∫ +∞
−∞ Q2

n(x) dµ
. 3.10

we can rewrite 3.9 in the form

xQn(x) = λn Qn−1(x) + cnQn(x) + Qn+1(x) ,
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or better yet
Qn+1 = (x− cn)Qn − λn Qn−1 . 3.11

It is customary, in the theory of orthogonal polynomials to refer to this relation as the three-term
recursion for the sequence {Qn}n≥0. Infact, starting from the trivial initial conditions

Q−1(x) ≡ 0 , Qo(x) ≡ 1 3.12

we can recursively express each Qn as a polynomial in x and the parameters c0, c2, . . . , cn−1;
λ1, λ2, . . . , λn−1. It develops that for most classical sequences of polynomials the recursion in 3.12
was known and could be easily derived before any measure dµ or sequence of moments was asso-
ciated with them. Now, there is a theorem, usually attributed to Favard [8], which asserts that a
three term recursion is actually the necessary and sufficient condition for a sequence of polynomials
{Qn}n≥0, satisfying 1) of 3.3, to be “orthogonal” with respect to “a sequence of moments”. To
be more precise, we should note that, given an arbitrary sequence {µn}n≥0, we can define a linear
functional Lµ acting on polynomials in x by setting

Lµ(xn) = µn ( for n = 0, 1, 2, . . . ) 3.13

we can then define a “scalar product” by setting

〈 P , Q 〉µ = Lµ(PQ) . 3.14

This given, Favard’s theorem says that if the Qn
′s satisfy the recurrence 3.12 and the initial con-

ditions 3.12 then they must satisfy the relations in 3.3 with a scalar product 〈P, Q〉µ given by 3.14,
3.13 and a suitable sequence of µn

′s. Given the µn
′s, the existence of a “measure” dµ satisfying

3.1 is usually referred to as the moment problem and it may be of considerable analytical difficulty
depending on what properties the measure dµ is required to satisfy. We shall not deal with this
problem. Our interest here lies on the nature of the relations between the sequence of polynomials
{Qn}n≥0, the sequence of moments {µn}n≥0 and the two sequences {cn}n≥0, {λn}n≥1. It develops
that these relations may be beautifully expressed by means of the theory of continued fractions.
The corresponding identities are the contents of the following sequence of theorems which combine
classical results of Jacobi, Rogers, Stieltjes and others. We start with a result that shows that each
µn may actually be expressed as a polynomial in the c ′s and the λ ′s.

Theorem 3.1
Let the sequence of polynomials {Qn}n≥0 be constructed by the recursions in 3.11 and the

initial conditions in 3.12. Let µn be the coefficient of xn in the the continued fraction

J(x; c, λ) =
1

1− cox−
λ1x

2

1− c1x−
λ2x

2

1− c2x−
λ3x

2

1− c3x− · · ·

3.15
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More precisely let the Taylor expansion of J(x; c, λ) at x = 0 be

J(x; c, λ) =
∑
n≥0

µn xn . 3.16

Then the polynomials Qn do satisfy the orthogonality condition in 3.3 2) with respect to the scalar
product given by 3.14, 3.13 and the µn

′s given by 3.16.

The continued fraction J(x; c, λ) is usually referred to as the Jacobi continued fraction, it
reduces to the so called Stieltjes continued fraction when all the c′is are equal to zero. The finite
continued fraction

J (n)(x; c, λ) =
1

1− cox−
λ1x

2

1− c1x−
λ2x

2

1− c2x−
· · ·

· · · · · ·

1− cn−1x−
λnx

2

1− cnx

is usually referred to as the nth convergent of J(x; c, λ). The next result relates J (n)(x; c, λ) to the
polynomials Qn

′s. To state it we need further notation. Given a polynomial φ(x; co, c1, . . . ;λ1, λ2, · · ·)
let Sφ denote the polynomial obtained by replacing in φ each ci by a ci+1 and each λi by a λi+1.
We may refer to S itself as the shift operator. This given we have:

Theorem 3.2

J (n)(x; c, λ) =
SQ∗n(x)
Q∗n+1(x)

3.17

where
Q∗n(x) = xnQn(1/x) , Q∗n+1(x) = xn+1Qn+1(1/x) . 3.18

The next result is an identity which is customarily used to establish the convergence of
J (n)(x; c, λ) to J(x; c, λ) as n→∞

Theorem 3.3

J (n)(x; c, λ) − J (n−1)(x; c, λ) =
λ1λ2 · · ·λn x2n

Q∗n(x)Q∗n+1(x)
3.19

An immediate corollary of 3.19 is that the rational function J (n)(x; c, λ) does converge to
J(x; c, λ) at least in the formal power series sense. In fact we see that the coefficient of xn in the
Taylor series expansion of J (m)(x; c, λ) is the same as that of J(x; c, λ) itself as soon as 2m > n. This
shows that µn may be directly computed from J (n−1

2 )(x; c, λ) if n is odd and from J (n2 )(x; c, λ) if n is
even. In any case, we see that 3.17 defines it to be a polynomial in c0, c1, . . . , cm and λ1, λ2, . . . , λm
where m is the largest integer in n/2. Nevertheless, the computation of µn by means of one of the
convergents J (m)(x; c, λ), requires (in view of 3.17) the calculation of the Taylor series of the rational



A. Garsia 264A Lecture notes December 13, 1993 12

inverse of Q∗m+1. To avoid this step Stieltjes devised an algorithm for the recursive computation of
the moments µn. Stieltjes result may be stated as follows:

Theorem 3.4
Let H = ‖hij‖i,j≥0 be the lower triangular matrix determined by the double recursion

hn,j = hn−1,j−1 λj + hn−1,j cj + hn−1,j+1 3.20

and the following initial conditions

hoo = 1 , hnj = 0 for n < j 3.21

Then

hnk =
∫ +∞

−∞
xn Qk(x) dµ = J(x; c, λ) Q∗k |xn+k . 3.22

In particular, the coefficient µn in 3.16 can be computed by means of the identity

µn = hno 3.23

Some comments are in order here about the first equality in 3.22. Let {νn}n≥0 be a sequence
of constants (with νo = 0) and let Lν be a linear functional on polynomials defined by setting

Lν(xn) = νn .

Suppose that the sequence Qn given by the three term recursion in 3.11 with the initial conditions
3.12 is orthogonal with respect to the scalar product

〈 P, Q 〉ν = Lν(PQ) .

Set
fn,k = Lν(xnQk)

then Qo = 1 and orthogonality give that

foo = 1 , fnk = 0 for n < k .

Moreover, using 3.11 we derive that

fn+1,k = Lν(xn(xQk))

= λk Lν(xnQk−1) + ckLν(xnQk) + Lν(xnQk+1)

= λk fn,k−1 + ck fn,k + fn,k+1 .

Thus the two matrices ‖fn,k‖ and ‖hn,k‖ must be identical. In particular, for k = 0 we deduce that

νn = Lν(xn) = hn,o .
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This shows that the three term recurrence uniquely determines the scalar product with respect to
which the polynomials Qk are to be orthogonal. In particular we see that the first equality in 3.22 is
a immediate consequence of our definitions. Thus the essential part of Theorem 3.4 is given by the
second equality in 3.22, which in particular states that the moment sequence µn is given by 3.16. In
other words we see that Theorem 3.1 is a corollary of Theorem 3.3. Another useful consequence of
3.22 is the following fact

Theorem 3.5
The matrix ‖hn,k/(λ1λ2 · · ·λk)‖ is the inverse of the matrix ‖an,k‖ of the coefficients of the

polynomials Qn

4. Moments and Motzkin paths.

Our goal in this section is to show that all the constructs we have dealt with in the previous
section have combinatorial interpretations that make the identities stated in theorems 3.1 to 3.5
visually self evident. To this end we shall deal here with a more general class of Motzkin paths.
These are lattice paths that proceed by NORTHEAST, EAST and SOUTHEAST steps and remain throughout
weakly above the x-axis without restrictions on the heights of the starting or ending points. For
instance we give below a Motzkin path that starts at level 5 and ends at level 2

4.1

Here and after the collection of Motzkin paths that start at level a and end at level b will be denoted
by Πa,b. To such a path π we shall associate a word w(π) by replacing (from left to right) each
NORTHEAST edge by an ai, each EAST edge by a ci and each SOUTHEAST edge by a bi, the subscript i

giving the the starting height of the edge. For instance, carrying this out on the path in 4.1 yields
the word

c5b5b4c3a3c4b4a3b4c3c3a3b4b3b2a1c2a2b3c2

Clearly, we can recover a path from its word. So in some contexts (see section 7) it is importand to
regard ai, bi and ci as sequences of non commuting variables. Nevertheless, in the present context
it simplifies our notation to allow these letters to commute, and we shall do so in the following as
long as there is no loss. With this convention, we let L denote the formal power series given by the
following summation

L =
∑

π∈Π0,0

xn(π) w(π) , 4.2
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where we let n(π) denote here the total number of edges of π. We shall also require that the empty
path contributes a term equal to 1 to the sum in 4.2. This given, a moments’s reflection should
reveal that this formal power series must satisfy the following identity

L = 1 + cox L + x2ao (SL) b1 L , 4.3

where S again denotes the “shift” operator that replaces each letter indexed by i by the same letter
indexed by i + 1. Successive iterations of 4.3 then yield that L must be given by the continued
fraction

L = L(x; a, b, c) =
1

1− cox−
aob1x

2

1− c1x−
a1b2x

2

1− c2x−
a2b3x

2

1− c3x− · · ·

4.4

Comparing with 3.15 we see that any specialization of the sequences {ai}, {bi} that makes ai−1bi = λi
reduces L(x; a, b, c) to J(x; c, λ). Here and after we shall assume that this equality holds true. We
thus immediately get

Proposition 4.1
The sequence µn defined by 3.16 has the following combinatorial interpretation

µn =
∑

π∈Πo,o(n)

w(π) 4.5

where Πo,o(n) denotes the collection of Moztkin paths of length n in Πo,o

Note further that if we set ai−1 = bi = ci = 0 for all i > n then L(x; a, b, c) reduces to
J (n)(x; c, λ). Clearly, this substitution, wipes out from 4.2 all the terms produced by paths whose
maximum height exceeds n. Consequently we must have

Proposition 4.2 (Viennot [8])

J (n)(x; c, λ) =
∑

π∈Π
≤n
o,o

xn(π) w(π) 4.6

where Π≤no,o denotes the paths in Πo,o of maximum height not exceeding n.

Recalling the statement of Theorem 1.1 (especially part 2)) we deduce that J (n)(x; c, λ)
must be closely related to the language of pyramids of monomers and dimers projecting on [0, n] and
summits mo or d1. Note next that in the bijection giving Theorem 1.1 every monomer mi comes
from an EAST edge at height i and every dimer di may be made to correspond to a pair ai−1, bi of
NORTHEAST and SOUTHEAST edges that respectively start at heights i − 1 and i. This means that if,
in the above mentioned language of pyramids, we replace each mi by xci and each di by x2ai−1bi
the result should be the truncated continued fraction J (n)(x; c, λ). We are thus led to the following
result
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Proposition 4.3
We may write

J (n)(x; c, λ) =
Nn

Dn
4.7

with
i) Dn =

∑
F∈F([0,n],M)

(−1)|F | w(F ) and ii) Nn = SDn−1 4.8

where, F([0, n], M) denotes the collection of free sets of letters in the alphabet of monomer and
dimers projecting on the interval [0, n] and w(F ) is the word obtained from F by setting mi = xci
and di = x2ai−1bi.
Proof

Theorem 2.2 with A the alphabet of monomers and dimers projecting on [0, n] and B =
{mo, d1} yields that we must have 4.7 with Dn as given by 4.8 i) and

Nn =
∑

F∈F([1,n],M)

(−1)|F | w(F ) 4.9

where F([1, n], M) denotes the collection of free sets of monomers and dimers projecting on [1, n].
However, since every free set projecting on [1, n] is an image by S of a free set projecting on [0, n−1],
we must also have 4.8 ii) as asserted.

We are now ready for

The Proof of Theorem 3.2.
Note that a free set F in 4.8 i) may either project on [0, n−1] or may be written in the form

F = F1 ∪ {mn} with F1 projecting on [0, n− 1] or in the form F = F2 ∪ {dn} with F2 projecting on
[0, n− 2]. This yields the recursion

Dn = Dn−1(1− w(mn))−Dn−2w(dn) 4.10

and since we are supposed to let w(mi) = xci and w(di) = x2ai−1bi, we see that 4.10 is none other
than

Dn = Dn−1(1− xcn)−Dn−2x
2λn 4.11

On the other hand the definitions in 3.18 combined with the three term recursion in 3.11 yield that

Q∗n+1 = (1− xcn)Q∗n − x2λnQ
∗
n−1 .

Now by definition

J (0)(x; c, λ) =
1

1− cox
and J (1)(x; c, λ) =

1− c1x

(1− cox)(1− c1x)− λ1x2

which gives
Do = 1− cox = Q∗1 and D1 = (1− cox)(1− c1x)− λ1x

2 = Q∗2
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Thus the two sequences {Dn}n≥0 and {Q∗n+1}n≥0 must be identical since they satisfy the same
recursion and the same initial conditions. This completes the proof of 3.17

Before proceeding with the proof of the identities in 3.19 and 3.22 we should note that our
Motzkin paths Πo,k provide us with an immediate combinatorial interpretation of the matrix entries
hn,k. To be precise we have

Proposition 4.4

hn,k =
∑

π∈Πo,k(n)

w(π) | an=λn+1
bn=1

4.12

where Πo,k(n) denotes the collection of paths that go from height 0 to height k in n steps.

Proof

Note that every path in Πo,k(n) must come either from height k − 1 by a NORTHEAST step
or from height k by an EAST step or from height k + 1 by a SOUTHEAST step. Letting h̃n,k denote, for
a moment, the right hand side of 4.12, this observation leads to the recursion

h̃n,k = h̃n−1,k−1ak−1 + h̃n−1,kck + h̃n−1,k+1bk+1 ,

which reduces to 3.20 when we set an = λn+1 and bn = 1 for all n ≥ 0. Note further that every
path with n edges remains below height n and reaches that height only when it consists totally of
NORTHEAST steps. Thus when n < k, the right hand side of 4.12 reduces to an empty sum, which
forces h̃n,k = 0. Since trivially we have also h̃o,o = 1, we see that hn,k and h̃n,k do statisfy the same
double recursion and the same initial conditions. Thus 4.12 must hold true as asserted.

To complete our combinatorial derivation of the identities of the last section we need an
auxiliary result.

Proposition 4.5 (Viennot [8])

b1b2 · · · bnxn
Dn

=
∑

π∈Π
≤n
n,o

xn(π) w(π) 4.13

where Π≤nn,o denotes the set of Motzkin paths that go from height n to height 0 always remaining
weakly below height n.

Proof

We start by observing that every monomer-dimer heap α on the interval [0, n] may be
uniquely decomposed into a product α = αoα1 · · ·αn−1αn with αi a pyramid projecting on [i, n]
with summit a monomer mi or a dimer di+1. Of course, we do not exclude the possibility that some
of the αi may be empty here. To show this, a few pictures should suffice. For instance we give below
a monomer dimer heap which projects on the interval [0, 8]. Actually to properly see it we must
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turn the picture 90o clockwise.

4.14

Starting from level zero we locate the leftmost piece (a monomer here). Then we enclose in a shaded
area all the pieces that would have to move if we dragged that leftmost piece to the right. Imagine
now that the pieces in the shaded area are moved away far to the right. Then repeat the process
working on level 1. In the general case there may not be a single piece at level one, in this case there
are several. The leftmost one is again a monomer. We then enclose in a second shaded area all the
pieces that would have to move if we dragged that monomer way to the right. Imagine that we do
drag this second batch to the right and out of sight. This done we work on level 2, etc. Proceeding
in this manner row by row, we see that when we process level i (and find a piece at that level) the
dragged heap is a pyramid αi projecting on [i, n] with summit a monomer mi or a dimer di+1 as
desired. The process applied to the heap in 4.14 produces the successive shaded areas given below.

Notice that in this case, after we process level 6 we find no more pieces on the remaining levels 7
and 8. This results in α7 = α8 = 1. Bunching together the pieces in each of the 7 groups yields the
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final configuration

4.15

To proceed with our proof, we now use the bijection of Theorem 1.1 and convert each of these heaps
back into a Motzkin path. We see that αi will necessarily convert into a path πi which starts at
level i and ends at level i remaining weakly above that level throughout. Finally note that inserting
between πi and πi−1 (for i = n, n−1, . . . , 2, 1) a SOUTHEAST step bi we necessarily produce a Motzkin
path π, which starts at level n ends at level 0 remaning throughout weakly below level n. We can
see then that (with the substitutions mi = c1x and di = ai−1bix

2) we shall have

xn(π) w(π) = xn(πn)w(πn)bnxxn(πn−1)w(πn−1)bn−1x · · ·xn(π2)w(π2)b2xxn(π1)w(π1)b1xxn(πo)w(πo)

= w(αn)bnxw(αn−1)bn−1x · · ·w(α2)b2xw(α1)b1xw(αo) .
4.16

Now, from the definition 4.8 i) and the Cartier-Foata Theorem 2.1, we see that the rational function
1/Dn gives the sum of the weights of the monomer dimer heaps projecting on [0, n]. Note further
that the construction illustrated above maps this collection of heaps onto paths in Π≤nn,o bijectively.
To see this we only need a single picture. We have illustrated below a path π in Π≤10

10,0.

The shaded areas are precisely the regions left in the shade if the sun is shining from the point at
−∞ on the x-axis. The sparkled SOUTHEAST edges are those that are hit by sun light. We see that,
removing the sparkled edge, π breaks up into smaller Motzkin paths πn, πn−1, . . . , π1, πo where π

starts and ends at height i and remains above that height throughout. Of course, as we see in the
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example above, some of the πi
′s could very well be empty. Nevertheless we can convert each πi into

a heap αi by the bijection of Theorem 1.1. This produces a heap α = αnαn−1 · · ·α1αo projecting on
[o, n]. Now it is easy to see that α is precisely the heap that would produce π by the construction
illustrated above. Thus we must conclude that 4.13 is simply obtained by summing the relation in
4.16 as α varies over all heaps projecting on [0, n]. This completes our proof.

Remark 4.1
Note that by reversing the order of the paths πi in 4.16 and replacing the intermediate

SOUTHEAST edges by NORTHEAST edges we obtain a Motzkin path π′ which goes from level 0 to level
n remaining throughout below level n. This construction replaces 4.16 by the identity

xn(π′) w(π′) = xn(π′o)w(πo)aoxxn(π′1)w(π1)a1xxn(π′2)w(π2)a2x · · ·xn(π′n−1)w(πn−1)an−1xxn(π′n)w(πn)

= w(αo)aoxw(α1)a1xw(α2)a2x · · ·w(αn−1)an−1xw(αn)

.
4.17

It goes without saying that this observation shows that we also have a bijection between Motzkin
paths that go from height 0 to height n remaining weakly below height n and monomer dimer heaps
on [o, n]. Thus, denoting that collection of Motzkin paths by Π≤no,n, we see that summing 4.17 over
all π′ ∈ Π≤no,n yields the companion identity

aoa1 · · · an−1x
n

Dn
=

∑
π∈Π

≤n
o,n

xn(π) w(π) . 4.18

We are now in a position to prove and 3.19 and 3.22. Note first that our Motzkin path
interpretation of J(n)(x; c, λ) immediately yields that

J (n)(x; c, λ) − J (n−1)(x; c, λ) =
∑

π∈Π
(max=n)
o,o

xn(π) w(π) , 4.19

where Π(max=n)
o,o denotes the collection of Motzkin paths in Πo,o whose maximum height is equal

to n. Now a path π ∈ Π(max=n)
o,o may be uniquely factorized in to a path π1 ∈ Π≤no,n followed by a

SOUTHEAST step bn and a path π2 ∈ Π≤n−1
n−1,o. A moment’s reflection leads us to conclude that this

factorization yields the identity

J (n)(x; c, λ) − J (n−1)(x; c, λ) =
aoa1 · · · an−1x

n

Dn
× bnx × bn−1bn−2 · · · b2b1x

n−1

Dn−1
. 4.20

Indeed, summing over all possible π1 and using 4.18 yields the first factor, and summing over all
possible π2 and using 4.13 (with n replaced by n− 1) yields the last factor. Now we have shown in
the proof of Theorem 3.2 that Dn = Q∗n+1 and Dn−1 = Q∗n. Thus making these substitutions and
setting ai−1bi = λi we see that 4.20 reduces to 3.19.

To show 3.22 we start by observing that the difference J(x; c, λ) − J (n−1)(x; c, λ) may be
given the combinatorial interpretation

J(x; c, λ)− J (n−1)(x; c, λ) =
∑

π∈Π
max≥n
o,o

xn(π) w(π) , 4.21
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where Πmax≥n
o,o denotes the collection of all Motzkin paths in Πo,o which reach heights weakly above

n. Now any π ∈ Πmax≥n
o,o may be uniquely factorized into a path π1 ∈ Πo,n followed by a SOUTHEAST

edge and a path π2 ∈ Π(≤n−1)
n−1,o . The same reasonning that led us to 4.20 now yields

J(x; c, λ)− Jn−1(x; c, λ) =
( ∑
π∈Πo,n

xn(π) w(π)
)
× bnx × bn−1 · · · b2b1x

n−1

Dn−1
.

Multiplying both sides by Dn−1 and using 4.7 (with n repaced by n− 1) we obtain the identity

bnbn−1 · · · b1x
n

∑
π∈Πo,n

xn(π) w(π) = J(x; c, λ)Dn−1(x)−Nn−1(x) . 4.22

We now replace n by k, Dn−1 and Nn−1 respectively by Q∗k and SQ∗k−1 and derive that

b1b2 · · · bkxk
∑

π∈Πo,k

xn(π) w(π) = J(x; c, λ)Q∗k(x)− SQ∗k−1(x) . 4.23

Equating coefficients of xk+n and using our combinatorial interpretation 4.12 for the matrix elements
hn,k, we finally get that, with the specializations an = λn+1 and bn = 1 (for all n ≥ 0) we must have

hn,k = J(x; c, λ)Q∗k(x) |xk+n . 4.24

The term SQ∗k−1(x) in 4.23 contributes nothing to 4.24 for the simple reason that it is a polynomial
of degree k− 1. This shows the equality of the first and last member of 3.22. To complete the proof
of 3.22 we need only express the right hand side of 4.24 in terms of the polynomial Qk. To this end
note that if Qk =

∑k
s=0 aks xs then from 3.16 we get that

J(x; c, λ) Q∗k(x) =
( ∑
m≥0

µm xm
)( k∑

s=0

aks xk−s
)

.

Equating coefficients of xk+n gives

J(x; c, λ) Q∗k(x) |xn+k =
k∑
s=o

aks µn+s . 4.25

So if the µn
′s are the moments of a measure µ we may rewrite this result in the form

J(x; c, λ) Q∗k(x) |xn+k =
∫ +∞

−∞
Qk(x) xn dµ . 4.26

This proves the last equality in 3.23.
If we do not want to make use of a measure, we can work with the bilinear form defined by

3.13 and 3.14 and rewrite 4.25 in the form

J(x; c, λ) Q∗k(x) |xn+k = 〈 Qk , xn 〉µ 4.27
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Since hn,k = 0 for n < k, from 3.25 we deduce that

〈 Qk , xn 〉µ = 0 ( for n < k ) .

In particular, we must also have

〈 Qk , Qn 〉µ = 0 ( for n < k ) , 4.28

In other words the Qn
′s are orthogonal precisely as asserted at the end of Theorem 3.1. This

completes our proof of the identities of section 3.

The identity in 4.22 has an extension that is worth mentioning here.

Proposition 4.6 (Viennot [8])
For 0 ≤ h ≤ k we have

Dh−1

(
J(x; c, λ)Dk−1 −Nk−1

)
= λ1λ2 · · ·λh xh+k

∑
π∈Πh,k

xn(π) w(π) . 4.29

Proof
We start with 4.22 written for n = k

J(x; c, λ)Dk−1(x)−Nk−1(x) = bkbk−1 · · · b1x
k
∑

π∈Πo,k

xn(π) w(π) . 4.30

Note that each path π ∈ Πo,k ha a unique decomposition into a path π1 ∈ Π≤h−1
0,h−1 followed by a

NORTHEAST step, followed by a path π2 ∈ Πh,k. Indeed, the cutting point for π1 is precisely before
the edge where π reaches for the first time height h. This gives

w(π) = w(π1) ah−1x w(π2) .

Summing over all possible choices of π1 and π2 and using 4.18 (for n = h− 1) gives the identity

∑
π∈Πo,k

xn(π) w(π) =
aoa1 · · · ah−2x

h−1

Dh−1
ah−1x

∑
π∈Πh,k

xn(π) w(π) .

Substituting in 4.30 and setting ai = λi and bi = 1 gives

J(x; c, λ)Dk−1(x)−Nk−1(x) =
λ1λ2 · · ·λh xh+k

Dh−1

∑
π∈Πh,k

xn(π) w(π) ,

and 4.29 follows upon multiplying both sides by Dh−1.

Note that since Dh−1 and Nk−1 are polynomials of degrees h and k−1 respectively, equating
coefficients of xh+k+n of both sides of 4.29 gives

Dh−1 J(x; c, λ)Dk−1 |xh+k+n = λ1λ2 · · ·λh
∑

π∈Πh,k(n)

w(π) , 4.31
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where Πh,k(n) denotes the collection of Motzkin paths that go from height h to height k in n steps.
Recalling that Dh−1 = Q∗h and Dk−1 = Q∗k and imitating our derivation of 4.26 from 4.24 we are
finally led to the identity∫ +∞

−∞
Qh(x)Qk(x) xn dµ = λ1λ2 · · ·λh

∑
π∈Πh,k(n)

w(π) .

Our combinatorial setting can be used to establish further identities. Note that combining
3.22 and 4.12 we may write∫ +∞

−∞
xn Qk dµ =

∑
π∈Πo,k(n)

w(π) | ai−1=λi
bi=1

. 4.32

This identity yields us a combinatorial way of deriving explicit expressions for λn and cn in terms
of the moment sequence {µn}.

Proposition 4.7

a) λn =
dndn−2

d2
n−1

, b) cn =
χn
dn
− χn−1

dn−1
4.33

where

dn = det


µo µ1 · · · µn
µ1 µ2 · · · µn+1

· · · · · · · · · · · ·
µn−1 µn · · · µ2n−1

µn µn+1 · · · µ2n

 , χn = det


µo µ1 · · · µn
µ1 µ2 · · · µn+1

· · · · · · · · · · · ·
µn−1 µn · · · µ2n−1

µn+1 µn+2 · · · µ2n+1

 . 4.34

Proof
Since there is only one way for a Motzkin path to reach height n from height 0 in n steps

(NORTHEAST all the way), formula 4.32 for k = n reduces to∫ +∞

−∞
xn Qn dµ = aoa1 · · · an−1 |ai−1=λi = λ1λ2 · · ·λn . 4.35

On the other hand, using 3.4 we get∫ +∞

−∞
xn Qn dµ =

dn
dn−1

. 4.36

Combining with 4.35 we deduce that

dn
dn−1

= λ1λ2 · · ·λn , 4.37

and 4.33 a) immediately follows.
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Note next that 3.4 and 4.34 yield that∫ +∞

−∞
xn+1 Qn dµ =

1
dn−1

χn . 4.38

On the other hand a Motzkin path can reach height n from height 0 in n + 1 steps if and only if
it takes i successive NORTHEAST steps followed by a single EAST step and then finish up with n − i

successive NORTHEAST steps (for i = 0, 1, . . . , n). This gives∑
π∈Πo,k(n)

w(π) | ai−1=λi
bi=1

=
(
co + c1 + · · ·+ cn

)
λ1λ2 · · ·λn . 4.39

Combining with 4.32, 4.37 and 4.38 we get

χn =
(
co + c1 + · · ·+ cn

)
dn 4.40

which implies 4.33 b) as desired.

5. Tchebytcheff Polynomials

The simplest family of orthogonal polynomials, from the combinatorial point of view devel-
opped in the previous sections, should be one that corresponds to Dyck paths (that is cn = 0) with
constant λn. It happens that the Tchebytcheff polynomials of the first and second kind come pretty
near to this. Let us recall that the latter are the polynomials {αn(x)}n defined by setting

αn(cosθ) = cos nθ ( for n ≥ 0 ) . 5.1

while those of the second kind may be implicitely defined as the {βn(x)}n satisfying

βn(cosθ) =
sin (n + 1) θ

sin θ
( for n ≥ 0 ) . 5.2

Note that the trigonometric identities

a) cos(n + 1)θ + cos(n− 1)θ = 2 cos θ cos nθ

b) sin(n + 2)θ + sin nθ = 2 cos θ sin(n + 1)θ
5.3

immediately yield the recursions

a) αn+1(x) = 2x αn(x) − αn−1(x) ,

b) βn+1(x) = 2x βn(x) − βn−1(x) .
( for n ≥ 1 ) 5.4

Computing directly from the definitions we also get that

a) αo(x) = 1 , α1(x) = x

b) βo(x) = 1 , β1(x) = 2x
5.5
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We see then that 5.4 a) and 5.5 a) determine αn(x) has a polynomial in x of degree n and leading
coefficient 2n−1. Similarly, 5.4 b) and 5.5 b) yield that βn(x) is a polynomial degree n and leading
coefficient 2n. To get sequences of polynomials with leading term xn as required by 3.3 1) we must
rescale. We shall thus set

a) An(x) = αn(x)/2n−1 ,

b) Bn(x) = βn(x)/2n .
( for n ≥ 1 ) 5.6

This has the effect of changing 5.4 a) to

A2(x) = x A1(x) − 1
2Ao(x) and

An+1(x) = x An(x) − 1
4An−1(x) , ( for n ≥ 2 )

5.7

with
A0(x) = 1 and A1(x) = x . 5.8

While 5.4 b) becomes

Bn+1(x) = x Bn(x) − 1
4Bn−1(x) , ( for n ≥ 1 ) 5.9

with
B0(x) = 1 and B1(x) = x . 5.10

It will also be convenient to set

A∗n(x) = xnAn(1/x) and B∗n(x) = xnBn(1/x) . 5.11

This given, comparing with 3.11 we immediately derive from Theorems 3.1 , 3.2 that

Theorem 5.1

limn→∞
B∗n(x)

A∗n+1(x)
=

1

1 − x2/2

1 − x2/4

1 − x2/4

1 − x2/4
1 − · · ·

5.12

and

limn→∞
B∗n(x)

B∗n+1(x)
=

1

1 − x2/4

1 − x2/4

1 − x2/4

1 − x2/4
1 − · · ·

5.13

Moreover, the αn
′s and βn

′s are orthogonal with respect to measures µa and µb with moments given
by

µa2n =
1

22n−1

1
n + 1

(
2n

n

)
, µa2n−1 = 0 5.14
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and

µb2n =
1

22n

1
n + 1

(
2n

n

)
, µb2n−1 = 0 5.15

Proof
We only need to explain the numerator B∗n(x) on the left hand side of 5.12. To this end

note that our combinatorial setting gives us that

A∗n+1(x) =
∑

F∈F([0,n],M)

(−1)|F | w(F ) |di=λix2 . 5.16

with λ1 = 1/2 and λn = 1/4 for all n ≥ 2. On the other hand 4.8 ii) gives that the numerator in
the left hand side of 5.12 is given by

SDn−1 =
∑

F∈F([1,n],M)

(−1)|F | w(F ) |di=λix2 . 5.17

and this is equal to B∗n(x) since in the interval [1, n] we can’t place the dimer d1 and we can set
di = x2/4 (∀ i) on the right hand side of 5.17.

Remark 5.1
Note that 5.16 gives that the polynomials A∗n(x) are all functions of x2, clearly the same

holds true for all the B∗n(x). The relations in 5.11 then imply that αn(x) and βn(x) are even functions
of x for even n and odd functions for n odd. This can also be easily deduced from the recursions in
5.4. It is also seen that the combinatorial interpretation

B∗n(x) =
∑

F∈F([0,n−1],M)

(−1)|F | w(F ) |di=λix2 .

yields us that

B∗n(x) =
n∑
k=0

(
n− k

k

)
(−1)k(x2/4)k .

This is because there are precisely
(
n−k
k

)
ways of placing k non overlapping dimers on [0, n − 1].

Using 5.11 and 5.6 we are thus led to the explicit formula

βn(x) =
n∑
k=0

(
n− k

k

)
(−1)k (2x)n−2k . 5.18

Now this is neater than the formula yielded by the trigonometric identity

cos (n + 1)θ + i sin (n + 1)θ = (cos θ + i sin θ)n+1

In fact, equating imaginary parts we get

sin (n + 1)θ =
n+1∑
m=0

(
n + 1

2m + 1

)
(−1)m cosn−2mθ sin2m+1θ
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which using 5.2 translates into

βn(x) =
n+1∑
m=0

(
n + 1

2m + 1

)
(−1)mxn−2m (1− x2)m . 5.19

We should note that equating coefficients of xn−2k in 5.18 and 5.19 leads to the binomial identity(
n− k

k

)
2n−2k =

∑
s

(
n + 1

2k + 2s + 1

) (
k + s

s

)
. 5.20

The measures µa and µb corresponding to the two sequences {αn(x)}n and {βn(x)}n are
easily obtained in this case. Indeed, since

1
π

∫ π

o

cos (nθ) cos (mθ) dθ =

{ 1 if n = m = 0
1/2 if n = m ≥ 1
0 otherwise

we derive from 5.1 (by the substitution x = cosθ) that

1
π

∫ 1

−1

αn(x) αm(x)
dx√

1− x2
=

{ 1 if n = m = 0
1/2 if n = m ≥ 1
0 otherwise

.

Similarly, from
2
π

∫ π

o

sin (n + 1)θ sin (m + 1)θ dθ =
{ 1 if n = m

0 otherwise

making the substitution x = cos θ and noting that sin2 θ dθ = −√1− x2 dx we get

2
π

∫ 1

−1

βn(x) βm(x)
√

1− x2dx =
{ 1 if n = m

0 otherwise
.

We thus obtain that µa and µb are both unit measures concentrated on the interval [−1, 1] with

dµa =
1
π

1√
1− x2

dx and dµb =
2
π

√
1− x2 dx .

In particular, comparing with 5.14 and 5.15 we obtain a combinatorial interpretation for the identities

1
π

∫ 1

−1

x2n dx√
1− x2

=
1

22n−1

1
n + 1

(
2n

n

)
and

2
π

∫ 1

−1

x2n
√

1− x2dx =
1

22n

1
n + 1

(
2n

n

)
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6. The Rogers-Ramanujan Continued Fraction.

The next simplest example is obtained by setting an = qn+1, bn = 1 and cn = 0. With this
choice we are again left with summing only over Dyck paths. It develops that both the moment
sequence and the corresponding polynomials Dn and Nn have interesting combinatorial interpreta-
tions.

Theorem 6.1
For a given Dyck path π let a(π) denote number of lattice squares weakly below π and weakly

above the x-axis, and let Dn denote the collection of Dyck paths of length 2n. This given, we have

J(x; q) =
1

1 − qx2

1 − q2x2

1 − q3x2

1 − · · ·

=
∑
n≥0

cn(q) qn x2n . 6.1

where
cn(q) =

∑
π∈Dn

qa(π) . 6.2

Proof
The moments of the measure corresponding to the continued fraction on the left hand side

of 6.1, according to 4.5, are given by the identity

µn =
∑

π∈Πo,o

w(π) |λi=qi . 6.3

A look at the figure below should make it obvious that the contribution of a NORTHEAST edge e of a
Dyck path π to w(π) | ci=0

λi=q
i

is the factor qm+1, where m is the number of lattice squares southeast

of e that are weakly below π and weakly above the x-axis. Since setting ci = 0 kills all but the
summands corresponding to Dyck paths we see that the sum on the right hand side of 6.3 must
evaluate to qncn(q) and thus 6.1 must hold true as asserted.

Let now Dn(x; q) denote the denominator of the nth convergent of the continued fraction
J(x; q) in 6.1. Note that the recursion in 4.11 in this case reduces to

Dn(x; q) = Dn−1(x; q) − x2 qn Dn−2(x; q) . 6.4
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Note further that the dimers di1 , di2 , . . . , dik do not overlap if and only if

i1 + 2 ≤ i2 , i2 + 2 ≤ i3 , · · · , ik−1 + 2 ≤ ik

In other words there is an obvious bijection between k-sets of non overlapping dimers and k-part
partitions with part differences greater or equal to 2. For convenience let ∆2(k) denote this collection
of partitions and ∆2 denote the union of all the ∆2(k). Now it is well known and easy to show that
we have ∑

δ∈∆2(k)

q|δ| =
qk

2

(1− q)(1− q2) · · · (1− qk)
6.5

where for a given partition δ we let |δ| denote the sum of its parts. Tus if k(δ) denotes the number
of parts of δ we may also write

∑
δ∈∆2

x2k(δ)q|δ| =
∑
k≥0

xk qk
2

(1− q)(1− q2) · · · (1− qk)
. 6.6

We may then translate 3.17 into the following remarkable identity:

Theorem 6.2

J(x; q) =
1

1 − qx2

1 − q2x2

1 − q3x2

1 −

=

∑
k≥0

(−1)kx2k qk
2+k

(1− q)(1− q2) · · · (1− qk)∑
k≥0

(−1)kx2k qk
2

(1− q)(1− q2) · · · (1− qk)

6.7

Proof
Since the coefficient of (−1)kx2k in Dn(x; q) is given by the sum∑

δ∈∆2(k)
max δ ≤n

q|δ|

and the latter converges to the righthand side of 6.5 (in the formal power series sense), we see that
we must have

limn→∞ Dn(x; q) =
∑
k≥0

(−1)kx2k qk
2

(1− q)(1− q2) · · · (1− qk)
6.8

Now, as we have seen, the nth convergent of J(x; q) is given by the expression

J (n)(x; q) =
Nn(x; q)
Dn(x; q)

6.9
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with

Nn(x; q) =
∑

F∈F([1,n],M)

(−1)|F | w(F ) | di=λix2
ci=0

.

Since the latter is the image of Dn−1(x; q) by the shift operator S, we immediately deduce that, we
can obtain Nn(x; q) by replacing all the qi contributing to Dn−1(x; q) by qi+1 and this gives that
the coefficient of (−1)kx2k in Nn(x; q) must be equal to∑

δ∈∆2(k)
max δ ≤n−1

q|δ|+k(δ)

Thus we must have

limn→∞ Nn(x; q) =
∑
k≥0

(−1)kx2k qk
2+k

(1− q)(1− q2) · · · (1− qk)
. 6.10

Now, 4.20 in this case becomes

J (n)(x; q) − J (n−1)(x; q) =
q(
n+1)

2 ) x2n

Dn(x; q)Dn−1(x; q)

and this implies that J (n)(x; q)→ J(x; q) as a formal power series in x or q as we desire. Combining
this with 6.8 and 6.10 yields 6.7 and completes our proof.

Note that since this proof shows that we can interpret 6.7 as a limit theorem involving formal
power series in q we can set x = i (the square root of −1) in 6.7 and derive the Rogers-Ramanujan
continued fraction identity. More precisely we have

Theorem 6.3
Let Dn(q) and Nn(q) denote the sequences defined by the recursions

Dn(q) = Dn−1(q) + qn Dn−2(q) ,

Nn(q) = Nn−1(q) + qn Nn−2(q)
( for n ≥ 2 ) 6.11

and the initial conditions

Do(q) = 1 , D1(q) = 1 + q , No(q) = 1 , N1(q) = 1 6.12

Then

a) limn→∞ Dn(q) =
∑
k≥0

qk
2

(1− q)(1− q2) · · · (1− qk)
,

b) limn→∞ Nn(q) =
∑
k≥0

qk
2+k

(1− q)(1− q2) · · · (1− qk)
.
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In particular we must have

1

1 +
q

1 +
q2

1 +
q3

1 +

=

∑
k≥0

qk
2+k

(1− q)(1− q2) · · · (1− qk)∑
k≥0

qk
2

(1− q)(1− q2) · · · (1− qk)

6.13

We should mention that Rogers and Ramanujan (see [1]) showed that

∏
n≥1

(1− qn)
∑
k≥0

qk
2

(1− q)(1− q2) · · · (1− qk)
=

+∞∑
m=−∞

(−1)m q(5m2−m)/2 . 6.14

This combined with the Jacobi triple product identity

+∞∑
m=−∞

(−1)m q(
n
2) zm =

∏
n≥0

(1− qn+1)(1− zqn)(1− qn+1/z) 6.15

with q replaced by q5 and z = q2 yields that

∏
n≥1

(1− qn)
∑
k≥0

qk
2

(1− q)(1− q2) · · · (1− qk)
=

+∞∑
m=−∞

(−1)m q(5m2−m)/2

=
∏
n≥0

(1− q5n+5)(1− q5n+2)(1− q5n+3)

Now this, upon division by
∏
n≥1 (1− qn), yields

∑
k≥0

qk
2

(1− q)(1− q2) · · · (1− qk)
=

∏
n≥0

1
(1− q5n+1)(1− q5n+4)

6.16

which is usually referred to as the first Rogers-Ramanujan identity. The identity is actually due to
Rogers who was the first to formulate it and prove it in 1894 (about 20 years before Ramanujan
formulated it without proof). The misnomer is due to Hardy, a mathematician apt to tabloid
sensationalism, quite minor compared to Rogers, whose life work Hardy was very poorly competent
to judge. From the combinatorial point of view the best proof of 6.14 was given by Schur who in 1917
rediscovered 6.16 and proved it in two different ways. By Hardy’s criterion it should be referred to as
the Rogers-Ramanujan-Schur identity if we proceed alphabetically and the Rogers-Schur-Ramanujan
identity if we proceed by merit! There are several combinatorial proofs of the Jacobi identity. One
of the can be found in [6], Schur proof of 6.14 can also be found in [6].

Now in the same manner it can be shown that∑
k≥0

qk
2+k

(1− q)(1− q2) · · · (1− qk)
=

∏
n≥0

1
(1− q5n+2)(1− q5n+3)

6.17
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Using 6.16 and 6.17 the identity in 6.13 can be rewriteen in the truly remarkable form

1

1 +
q

1 +
q2

1 +
q3

1 +

=
∏
n≥0

(1− q5n+1)(1− q5n+4)
(1− q5n+2)(1− q5n+3)

. 6.18

We should mention that a direct proof of 6.17 which avoids 6.14 but not the triple product identity
can be found in [2].

7. Partitions and Hermite Polynomials.

Our goal here is to present a beautiful bijection due to Flajolet [4] between set partitions
and labelled Motzkin paths and as a biproduct obtain the continued fraction corresponding to the
Hermite polynomials.

To this end we need some auxiliary constructions and notations. We shall begin with
representing a subset S = {i1 < i2 < . . . < is} ⊆ {1, 2, . . . , n} as the line diagram obtained by
placing k successive tiny circles c1, c2, . . . , cs joined by line segments, with the center of circle cr at
a point of x-coordinate ir. For instance, this construction applied to the set S = {1, 3, 6, 7, 8} gives
the diagram below:

It will be convenientt to refer to min S and max S (1 and 8 here) as the opening and closing elements
of the diagram and refer to the others as inner elements.

It is customary to write the parts of a set partition in order of increasing minimal ele-
ments, we shall follow this convention here. This given, we can represent a set partition A =
{A1, A2, . . . , Am} of {1, 2, . . . , n} by a juxtaposition of line diagrams with the kth diagram represent-
ing part Ak and drawn on the line y = k. The resulting composite diagram will be denoted by D(A).
For instance, in this manner, the partition A =

{{1, 2, 5, 9}, {3, 4}, {6}, {7, 10, 12, 13}, {8, 11, 14}} is



1 2 3 4 5 6 7 8 9 1 0 1 1 1 2 1 3 1 4

1 2 3 4 5 6 7 8 9 1 0 1 1 1 2 1 3 1 4
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represented by the figure below.

7.1

We see that if an element i of {1, 2, . . . , n} belongs to part Ah then the circle whose x-coordinate is i

will lie at height h. We shall refer to the latter as the height of i and denote it by h(i). We shall also
say that an element i of {1, 2, . . . , n} is covered by a part Ar if and only if min Ar ≤ i ≤ max Ar.
Note that although the partition above has a total of 5 parts, the element 11 is covered only by two
parts. It will be convenient to order the parts covering a given element i according to their heights
in the diagram. For instance, the second part covering 8 in the picture above is {7, 10, 12, 13}.

The next step in Flajolet’s construction is to convert D(A) into a labelled Motzkin path
Lπ(A). The corresponding unlabelled path π(A) is easiest to describe in terms of its Motzkin word
w(D(A)). We simply let

w(D(A)) = d1d2 · · · dn 7.2

where, given that i is covered by k parts of D(A), we set

di =


ak if i is an opening element,
bk if i is a closing element,
ck if i is a inner element,
ck if i is a singleton part of A .

7.3

Carrying this out for the partition in 7.1 yields the word

aoc1a1b2c1c1a1a2b3c2c2c2b2b1 .

Recalling that the letters ak, bk, ck represent respectively NORTHEAST , SOUTHEAST and EAST steps of
the path, we see that the partition diagram in 7.1 can thus be converted into the following Motzkin
path

7.4



zo

zo

zo

zo

1 1

11

1

1

1

zs

1 2 3 4 5 6 7 8 9 1 0 1 1 1 2 1 3 1 4

2
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The final object of this construction, that is the labelled Motzkin path Lπ(A) is simply obtained by
labeling the edges of π(A) according to the following rules. If ei is the ith edge of π(A) then the
label of ei is

L(ei) =


zo if i is an opening element,
k if i closes the kth part covering i,
k if i is an inner element of the kth part covering i,
zs if i is a singleton part of A .

7.5

This procedure converts the path in 7.4 into the labelled path given below.

7.6

It is not difficult to see that this construction yields a bijection between partitions of the set
{1, 2, . . . , n} and labelled Motzkin paths in Πoo(n) where the label L(e) of an edge starting at
height k is

L(e) =


zo if e is a NORTHEAST edge,
∈ {1, 2, . . . , k} if e is a SOUTHEAST edge,
∈ {1, 2, . . . , k} if e is an EAST edge,
zs if i is a singleton part of A .

7.7

This observation can be translated into the following remarkable result

Theorem 7.1(Flajolet)
If µn,no,ni,ns denotes the number of partitions of the set {1, 2, . . . , n} with no non-singleton

parts, ni inner elements and ns singletons then we have the following continuous fraction expansion

1

1− zsx−
1 · zox2

1− (zs + zi)x−
2 · zox2

1− (zs + 2zi)x−
3 · zox2

1− (zs + 3zi)x− · · ·

=
∑

n=2no+ni+ns

µn,no,ni,ns xnznoo znii znss

7.8
Proof

Denoting by Pn the collection of all partitions of {1, 2, . . . , n}, we see that the right hand
side of 7.8 is none other than ∑

n≥0

∑
A∈Pn

zno(A)
o z

n(i(A)
i xns(A)

s 7.9
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where no(A), ni(A) and ns(A) respectively denote the number of non-singleton parts, the number
of inner elements and the number of singleton parts of A. The Flajolet correspondence allows us to
rewrite 7.9 as a sum over labelled Motzkin parts. That is

RHS of 7.8 =
∑
n≥0

xn
∑

Lπ∈LΠoo(n)

p(Lπ) , 7.10

where LΠoo(n) denotes the collection of all labelled paths obtained by taking each path in Πoo(n)
and labeling it in all possible ways consistent with the requirements in 7.7. Here of course we must
define p(Lπ) so that if Lπ is the labelled path corresponding to a partition A then

p(Lπ) = zno(A)
o z

n(i(A)
i xns(A)

s .

Let Lπ denote the generic labelled path obtained by labeling π according to 7.7 and set

P (π) =
∑
Lπ

p(Lπ)

It is not difficult to see that the contribution of an edge e of π to P (π) is a factor f(e) which is given
by

f(e) =

{
zo if e is a NORTHEAST edge,
k if e is a SOUTHEAST edge,
zs + kzi if e is an EAST edge,

This yields that

∑
Lπ∈LΠoo(n)

p(Lπ) =
∑

π∈Πoo(n)

w(π) |ak=zo,bk=k,ck=zs+kzi .

In other words, the right hand side of 7.8 is simply equal to the formal series obtained by setting
ak = zo, bk = k, ck = zs + kzi in the right hand side of 4.2. But then equation 4.4 gives that we can
also obtain the same result by making these replacements in the continued fraction

1

1− cox−
aob1x

2

1− c1x−
a1b2x

2

1− c2x−
a2b3x

2

1− c3x− · · ·

.

However doing this gives precisely the right hand side of 7.8 as desired.

Theorem 7.1 yields the continued fraction expansion for the generating functions of the Bell
numbers Bn, the Stirling numbers Snk and the numbers In and Jn of involutions of Sn with and
without fixed points. These are the contents of the four theorems given below.
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Theorem 7.2
Denoting by Bn the number of partitions of {1, 2, . . . , n} we have

1

1− x− 1 · x2

1− 2 · x− 2 · x2

1− 3 · x− 3 · x2

1− 4 · x− · · ·

=
∑
n≥0

Bn xn . 7.11

Proof
Just set zo = zi = zs = 1 in 7.8.

Theorem 7.3
If Snk denotes the number of partitions of {1, 2, . . . , n} into k parts, then

1

1− tx− 1 · tx2

1− (t + 1)x− 2 · tx2

1− (t + 2)x− 3 · tx2

1− (t + 3)x− · · ·

=
∑
n≥0

xn
n∑
k=1

Snkt
k . 7.12

Proof
Just set zi = 1 and zo = zi = t in 7.8.

Theorem 7.4
If In denotes the number of involutions in the symmetric group Sn then

1

1− x− 1 · x2

1− x− 2 · x2

1− x− 3 · x2

1− x− · · ·

=
∑
n≥0

In xn . 7.13

Proof
Note that if we set zi = 0 and zo = zi = 1 in 7.8 then the right hand side of 7.8 yields the

generating function of the number of partitions of {1, 2, . . . , n} with no parts of cardinality greater
than 2. But the latter partitions are clearly in bijection with involutions.

Theorem 7.5
If Jn denotes the number of involutions in the symmetric group Sn which have no fixed

points then Jn = 0 for n odd and
1

1− 1 · x2

1− 2 · x2

1− 3 · x2

1− · · ·

=
∑
n≥0

J2n x2n . 7.14
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Proof
By the same reasons we gave in the previous proof we can obtain this result by setting

zs = zi = 0 and zo = 1 in 7.8.

Remark 7.1
It is well known that the number of permutations of Sn with αi cycles of length i is given

by the expression
n!∏

i i
αiαi!

This gives that the number of involutions of Sn with k 2-cycles is given by

n!
(n− 2k)! 2kk!

Thus setting zs = 1, zi = 0 and zo = t in 7.8 gives the identity

1

1− x− 1 · tx2

1− x− 2 · tx2

1− x− 3 · tx2

1− x− · · ·

=
∑
n≥0

xn
∑
k≤n/2

n!
(n− 2k)! 2kk!

tk . 7.15

Similarly we get that the number J2n of involutions without fixed points in S2n is

(2n)!
2nn!

= 1 · 3 · 5 · · · (2n− 1)

Thus formula 7.14 may be read as

1

1− 1 · x2

1− 2 · x2

1− 3 · x2

1− · · ·

=
∑
n≥0

1 · 3 · 5 · · · (2n− 1) x2n . 7.16

This last observation yields us the connection between involutions and the Hermite polyno-
mials Hn(x). The latter may be defined by letting

Hn(x) = (−1)n ex
2/2 Dn e−x

2/2 7.17

Note that a single integration by parts gives that

1√
π

∫ +∞

−∞
xm Hn(x) e−x

2/2 dx =
m√
π

∫ +∞

−∞
xm−1 Hn−1(x) e−x

2/2 dx

If m ≤ n we can apply this relation m times in succession and obtain that

1√
π

∫ +∞

−∞
xm Hn(x) e−x

2/2 dx =
{

n! if m = n and
0 if m ≤ n

. 7.18
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This implies that the Hermite polynomials are orthogonal with respect to the measure µ on (−∞,+∞)
given by setting

dµ =
1√
π

e−x
2/2 dx 7.19

Since the leading term in Hn(x) is xn we can apply the theory directly here and obtain

Theorem 7.6
Let H∗n(x) = xnHn(1/x) and let K∗n(x) be the sequence of polynomials defined by the recur-

sion K∗n+1(x) = K∗n(x)− nx2K∗n−1(x) with initial conditions K∗o (x) = K∗1 (x) = 1 then

limn→∞
K∗n(x)

H∗n+1(x)
=

1

1− 1 · x2

1− 2 · x2

1− 3 · x2

1− · · ·

7.20

In other words this is the continued fraction corresponding to the Hermite polynomials. In particular,
they must satisfy the recursion

Hn+1(x) = xHn(x)− nH∗n−1(x) 7.21

Proof
From the continued fraction expansion in 7.16 and theorem 3.1 it follows that the sequence

of polynomials {Qn(x)} orthogonal with respect to a measure with moments µn given by{
a) µ2n−1 = 0 and
b) µ2n = 1 · 3 · · · (2n− 1) 7.22

and satisfying the requirement in 3.3 a) must satisfy the recurrence Qn+1 = xQn − nQn−1. So to
prove our assertions we need only verify the measure µ given in 7.19 has precisely these moments.
Now 7.22 a) is trivial since µ is symmetrically distributed around the origin. As for 7.22 b) we only
need to observe that it follows from the recursion

1√
π

∫ +∞

−∞
x2n e−x

2/2 dx =
2n− 1√

π

∫ +∞

−∞
x2n−2 e−x

2/2 dx ,

(which we can immediately obtain by a single integration by parts) and the initial condition µo = 1
which is given by the classical integral∫ +∞

−∞
e−x

2/2 dx =
√

π .

This completes our section.
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8. The Legendre polynomials

The Legendre polynomials {Ln(x)} may defined by means of the formula

Ln(x) =
1

2nn!
Dn(x2 − 1)n . 8.1

These polynomials are easily shown to be orthogonal with respect to the measure dµ = dx/2 con-
centrated on the interval [−1, 1]. Indeed, we do have that

Proposition 8.1

1
2

∫ 1

−1

Pn(x) Pm(x) dx =


1) 0 if n 6= m and

2) 1
2n+1 if n = m

. 8.2

Proof
For convenience let Γn = Dn(x2 − 1)n. Then an integration by parts gives∫ 1

−1

Γn(x) Γm(x) dx =
∫ 1

−1

Dn−1(x2 − 1)n Dm+1(x2 − 1)m dx

repeating this process will necessarily yield zero after m + 1 integration by parts if m < n. This
establishes the first equality in 8.2. On the other hand if m = n then n succesive integrations by
parts yield ∫ 1

−1

Γn(x) Γn(x) dx = (−1)n (2n)!
∫ 1

−1

(x2 − 1)n dx . 8.3

But integrating by parts again we get∫ 1

−1

(1− x2)n dx = 2n

∫ 1

−1

(1− x2)n−1 x2 dx .

Now this can be rewritten in the form

(2n + 1)
∫ 1

−1

(1− x2)n dx = 2n

∫ 1

−1

(1− x2)n−1 dx .

Iterating and combining with 8.3 yields∫ 1

−1

Γ2
n(x) dx = 2

(2n)!!
(2n + 1)!!

(2n)! = 2
((2n)!!)2

2n + 1

Since Γn = 2n n! Pn we see that this is precisely the second identity in 8.2.

Now the definition in 8.1 gives that the leading term in Ln(x) is (2n−1)!!
n! xn. Thus to apply

our machinery we need to take

Qn(x) =
n!

(2n− 1)!!
Ln(x) . 8.4
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We can then rewrite 8.2 2) in terms of the Qn to read∫ 1

−1

Q2
n(x) dx =

(n!)2

(2n− 1)!! (2n + 1)!!
. 8.5

We are now in a position to determine the coefficients cn and λn occurring in the three-term recursion.
Indeed, we need not work very hard for cn since Pn and therefore also Qn is an odd function of x

for odd n and an even function for n even. Thus, since µ is symmetrically distributed, the integral
formula 3.10 gives that cn = 0 for all n. As for λn, we can apply formula 4.33 a) and obtain from
8.5 that

λn =

∫ 1

−1
Q2
n(x) dx∫ 1

−1
Q2
n−1(x) dx

=
n2

(2n− 1)(2n + 1)
. 8.6

This gives the recursion

Qn+1 = x Qn − n2

(2n− 1)(2n + 1)
Qn−1 .

Using 8.4 we deduce that the Legendre polynomials themselves must satisfy the recursion

(n + 1) Ln(x) = (2n + 1)x Ln(x) − n Ln−1(x) . 8.7

Note further that in this case the sequence of moments is given by

µn =
1
2

∫ 1

−1

xn dx =


0 if n is odd, and

1
(n+1) if n is even.

Thus this time theorem 3.1 may be used to derive a rather neat continued fraction expansion.
Namely

Theorem 8.1

x

1− 12 · x2/1 · 3

1− 22 · x2/3 · 5

1− 32 · x2/5 · 7
1− · · ·

=
∑
k≥0

x2k+1

2k + 1
= log

√
1 + x

1− x
8.8

9. The Laguerre polynomials.

These polynomials depend on a parameter α which may be assumed to be an independent
variable. They can be defined by setting

L(α)
n (x) = (−1)n ex x−α Dn

(
xn+α e−x

)
. 9.1
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Note that an integration by parts, gives∫ +∞

0

xm L(α)
n (x)xα e−x dx = (−1)n−1 m

∫ +∞

0

xm−1 Dn−1
(
xn+α e−x

)
dx . 9.2

We see again that if m < n then m + 1 successive integration by parts yield that this integral
vanishes. If m ≥ n we can carry out n successive integrations by parts and get∫ +∞

0

xm L(α)
n (x)xα e−x dx =

m!
(m− n)!

∫ +∞

0

xm+α e−x
)

dx .

Finally, m more integrations by parts give∫ +∞

0

xm L(α)
n (x) xαe−x dx =

m!
(m− n)!

(m + α)(m + α− 1) · · · (α + 1)
∫ +∞

0

xα e−x dx 9.3

Letting µ be the measure concentrated on [0,∞) defined by setting

dµ =
xα e−x

Γ(α + 1)
with Γ(α + 1) =

∫ +∞

0

xα e−x dx ,

we can translate our findings here into the identities

∫ +∞

0

xm L(α)
n (x) dµ =


0 if m < n and

m!
(m−n)! (m + α)(m + α− 1) · · · (α + 1) for m ≥ n

9.4

In particular, we see that the polynomials L
(α)
n (x) are orthogonal with respect to µ. Moreover, since

the leading term in L
(α)
n (x) is again xn we can apply our theory without rescaling. Now formulas

4.35 and 9.4 for n = m immediately give that

λn =
n! (n + α)(n + α− 1) · · · (α + 1)

(n− 1)! (n + α− 1)(n + α− 1) · · · (α + 1)
= n(n + α) . 9.5

To compute cn here we shall use 4.33 which we rewrite in the form

cn =
χn

dn−1

dn−1

dn
− χn−1

dn−2

dn−2

dn−1
. 9.6

Now 4.38 gives that
χn

dn−1
=

(−1)n

Γ(α + 1)

∫ ∞
0

xn+1 Dn xα+ne−x dx ,

and using 9.4 for m = n + 1 we get

χn
dn−1

= (n + 1)! (α + n + 1)(α + n) · · · (α + 1) . 9.7

On the other hand 4.36 and 9.4 for m = n give

dn
dn−1

= n! (α + n)(α + n− 1) · · · (α + 1) . 9.8
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Using 9.7 and 9.8 for n and n− 1 we can finally conclude that

cn = (n+1)! (α+n+1)(α+n)···(α+1)
n! (α+n)(α+n−1)···(α+1) − n! (α+n)(α+n−1)···(α+1)

(n−1)! (α+n−1)(α+n−2)···(α+1) =

= 2n + α + 1 .
9.10

The moments µn are also easily computed in this case. In fact, we have

µn =
1

Γ(α + 1)

∫ +∞

0

xn+αe−x dx = (α + n)(α + n− 1) · · · (α + 1) . 9.11

Formulas 9.5, 9.6 and 9.11 yield us the continued fraction expansion

Theorem 9.1
1

1− (α + 1)x− 1·(α+1)x2

1− (α + 3)x− 2·(α+2)x2

1− (α + 5)x− 3·(α+3)x2

1− (α + 7)x− · · ·

= 9.12

=
∑
n≥0 (α + n)(α + n− 1) · · · (α + 1) xn .

Note that letting α = 0 in 9.12 yields the remarkable identity

1

1− 1 · x− 12 · x2

1− 3 · x− 22 · x2

1− 5 · x− 33 · x2

1− 7 · x− · · ·

=
∑
n≥0

n! xn . 9.13

In closing we should note that some authors, whose name may be best left out here, have
had some difficulty swallowing this identity. Their problem was that they could not see how to fit
it into their Cauchy-limited world. Apparently Gauss had no such difficulty for he knew very well
how to make sense out of it.

From our point of view 9.13 in none other than a purely combinatorial identity. It simply
expresses the existence of a bijection between permutations and a certain class of labelled Motzkin
paths. In fact, using the interpretation of the moments given in 4.5, we can see that 9.12 can be
established by showing that∑

π∈Πoo(n)

w(π) |an=n+1;bn=n+α;cn=2n+1+α = (α + n)(α + n− 1) · · · (α + 1) 9.14

To get this we need a bijection between permutations in Sn and labelled Motzkin paths in Πoo(n)
where the label L(e) of an edge e which starts at height k should be

L(e) =

∈ {1, 2, . . . , k} if e is a NORTHEAST edge,
∈ {1, 2, . . . , k, α} if e is a SOUTHEAST edge,
∈ {1, 2, . . . , 2k + 1, α} if e is an EAST edge,

9.15
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Now a very beautiful bijection doing precisely that was given by Françon and Viennot in [5]. It can
also be found in Flajolet’s paper [4].

We should point out that, just as was the case for the Flajolet bijection given in section
7, The Françon-Viennot bijection yields a variety of continued fraction expansions. Using it we
may obtain generating functions of combinatorial sequences enumerating permutations according to
various statistics. Notably, it gives a combinatorial explanation to the Stieltjes computation of the
Laplace transform of tan x. However, in order to keep these notes to a reasonable size we shall have
to refer the reader to the original papers for this additional material.
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