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The action of a finite Group G
on a G invariant Vector space

Let G be a finite group and V be a finite dimensional vector space over a field K. We say
that G “acts” on V if for each a € G we have a linear transformation T, of V onto itself such that

TaTﬁ = Taﬁ (fOI‘ all a, 8 € G) (1)

It follows from this that, given a basis B = {b1,bs,...,bs} of V we can construct a d-dimensional
representation a—A(a) by simply settiing A(a) = ||a;; (a)Hf,j:l when

d
Tabj = Zbiaw(a) (2)
=1

Or in matrix form

To(bi ba, ... bg) = <b17b2,...,bd>A(a) (3)
It is easy to see that the character xy* of this representation is independent of the chosen basis.
If we are in possession of a complete set {A*}5_, of irreducible representations of G' and their
corresponding system of characters {X)\}];\:h a fundamental problem is to calculate the coefficients
my in the expansion

k
Xt =) max? (4)
A=1

In these notes we give an algorithmic solution of this problem which turns out to be quite efficient
in many practical applications.
To state the result we need some definitions. Note that from our hypotheses we can define
the action of an element f € A(G) on V by simply setting
Teb = Y f()Tab (for all b € V) (5)
e
moreover property (1) assures that

TiT, = Tyq (for all f,g € A(GQ)). (6)

This given, for any f € A(G) we can set
TyV ={Tsb : ve B} (7)
Clearly Ty V is a subspace of V, in particular is easily seen that for our basis B, given above we have
TyV = L[Tyb1,Tybs,...,Tsbg] (8)

In other words, the collection TyB = {T¢by, T¢ba,...,Ttbq} spans TFV.
At this point it will be convenient to drop the “I'yb” notation for the action of a group
algebra element f on an element b € V and simply write “fb”. Using this notation we can state

Theorem 1
If ny is the dimension of the representation A* then

my = % dim x*V (9)

The proof of this result will be obtained by combining three auxiliary Propositions and a Theorem.
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Let us recall that we can construct in A(G) a basis Uy_, {e}, i73—1 we the following multi-
plicative properties
0 ifA#p
eﬁ,seij =<0 ifA=pbut s#1 (10)
e;\.J ifA=pand s=1
We can also show that for hy = |G|/ny we have
e = xx/hx :eil —|—e§72—|—-~-ei‘%nA (for all A+ n) (11)
Moreover, the action of G on the linear span of the sub-basis
XA A
{el,i’€2,i’ s aem,i}
is a representation with character y*. More precisely we have
XA A XA A
a<el,i, T ,enw> = <61,i,€2,i, A enm>A(a) (for all @ € G) (12)

Keeping in mind all these facts, note first that we have the following basic result

Proposition 1
We always have the following direct sum decomposition

DN
MV = D, (13)
=1
i particular it follows that
nx
dime’V = Zdime;\ﬂ-V. (14)
i=1

Proof
Note first that if b € e*V then , since e*b = b, from (11) it follows that

nx
b= eb. (15)
=1

To show (13) we need only show that this decomposition is unique. To this end suppose that b € e}V
and that for some elements b; € ef:iV (for 1 <i <mny) we have

b:fim (16)
=1

then since from (11) it follows that 65‘,;’)()‘ = hye?

7, and for @ # j e?’jbi = 0, by multiplying both

sides of (16) by e} ; we get
erb = e}bj=b;

completing our proof.
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We still need two more facts to derive Theorem 1.

Proposition 2

For any non vanishing element b € ),V the collection

{ei\’ib, e%‘yilx ... ,e,’iwb} = {ei\,m eé\yi, el ei‘u’i}b (17)

s a basis of a subspace of e’V on which G acts by the representation A*.
Proof

It is sufficient to show that the elements of the collection in (15) do not vanish and that
they are independent. This done, the last assertion is simply an immediate consequence of (12). To
prove independence it is sufficient to show that any vanishing non trivial linear combination of the
elements forces b itself to vanish. Suppose then that for some constants ¢, we have

nx
Zcre;\’ib =0 (18)
r=1

say cs # 0 for some 1 < s < ny). Then multitplying both sides of this identity by ef‘,s and using (10)
(and the associativity property in (1)) we obtain

0 = ceer.ed b = cgeb = cgb

1,5°8,1 i1

and the non vanishing of ¢, gives b = 0 as desired.

We are now in a position to prove a more refined version of Theorem 1.

Theorem 2

Let {by,bs,...,b;} be a basis for e}, V, then by the previous proposition each
collection {e7 1bs,€3 1bs,. .. en, 1bs} 8 a basis of a subspace of e*V on which G acts by
the representation A*. These 1 subspaces are disjoint and independent. More precisely
the collection

l
B = U{ei\wlbs,eé)lbs,...,e;\mlbs} (19)
s=1
is a basis for e’V and all the subspaces e}, V have same dimension | with bases
B; = {e} b1, epyba, ... epybi} (19)

In particular it follows that the multiplicity my we are seeking for is none other than
the common dimension of the subspaces e}, V.
Proof
The independence of B is quickly disposed off. In fact, suppose if possible that for some
constants ¢; 5, we have
nx 1
Z Z Ci,seg\,lbs = 07 (20)
i=1 s=1
we then only need to hit both sides of this relation by e{‘,j and reduce it to

A A A
0= ch)selaej,lbs = E ¢js€1,1bs = E Cj,sbs,
s=1 s=1 s=1

which plainly contradicts the independence of {b1, bz, ..., b;} unless all the ¢; ; simultaneously vanish.
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But now the independence of B; and the fact that B; C eéiV gives the relation
dim ei\’lV < dim ef:iV. (21)

But there is nothing special about ei\JV7 since we could have operated on ef:iV just the same way
we did on ei"lV and we would have obtained the reverse of (21). This forces the stated dimension
equalities and (13) yields that

dim e’V = [ x ny, (22)

proving not only Theorem 1 but also that B is a basis of e’ V.



