If A is an ordered subset of X,, = {z1,...,z,} we let A(A) denote the Vandermonde

determinant in the elements of A. To be precise (since order counts), if A = {z,,, T4y, ..., Zqa,, } We
set
A(A) = det|\x§j1||§j§:1 , 11

with the convention that A(A4) =1 if Aisanempty subset. Let u = {0 < p; < po <---<p,} bea
partition of n and T  be an injective tableau 7" of shape p with entries 1,2, ..., n. Recalling that we use
the French notation of depicting tableaux, let C,,, C,,_1, . . ., C; denote the columns of T" ordered from
left to right. Note, that with our conventions concerning partitions, if i/ = {0 < pf < ph < --- < pl,}
is the conjugate of y, then C; has length . Of course, if the diagram of 1 has only k& columns then
Cn_g,-..,Cs, Cyp,arenecessarily empty. Now let A; be the ordered subset of X, obtained by selecting
the variables z; with indices in C; in the order occurring in T (from bottom to top). This given, we
set

Ar(z) = A(CL)A(Cph-1)...A(CY) 1.2
and refer to it as the Garnir element corresponding to 7', we shall also say that Ar(x) is standard ,
of shape pu,...etc, if the same holds true for T itself.

For instance if

7
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Then )
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Ap(x) = det |1 2o a3 xdet(l T >><det<1 az5>
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These polynomials were introduced by Garnir in [9], in his reconstruction of Young’s natural
representation. It will be convenient here and after to denote by A\(T") the shape of a tableau 7" and
by ST'(u) the collection of all standard tableux of shape . It is not difficult to show that the space

Iy = L{Ar : T € ST(u)} , 1.3
linear span of the standard Garnir elements of shape g, is an irreducible S,,-module with character
given by x* in the Young indexing. To be precise, the S,,-action we refer to here is the usual action
by permutation of variables. That is for a polynomial P(z) = P(x1, 2, ...,z,) and a permutation
o€ S, = (01,09,...,0,) We set

oP(x) = P(%oy,%T0yp,---1%0,) - 1.5

We should note first that the relation of the Garnir module I, to Young’s natural is quite
immediate. In fact, we only need to point out that each Garnir element Ay (x) may also be written
in the form 1

Ap(z) = N(T)mrp(z) = o N(T)P(T)my(x) . 4.1
Where, as customary P(7T') and N(T') denote the so called positive and negative , row and column
groups of T respectively and

n

mr(z) = ]1_[ g (M1 4.2

=1



with h;(T) denoting the height of the label “” in T. The expression my(z) will occur quite often

in this writing, we shall refer to it as the monomial of T. Perhaps all of this can be best understood
through an example. For instance if

7

T = 2 3 6

1 4 5

Then as we have seen

L ooy af 1 =z 1 =z
Ap(z) = det| 1 xz9 a5 | X det( 4 > X det< 5>
2 1 I3 1 Te
1 z7 27

[

Now, using Young’s notation, we can rewrite these determinants in the form

1z a:% 1 =z 1 =z
det | 1z a3 | =[1,2,7) xoa? | det( 4> =[4,3)2y , det< 5) =[5,6)'z6 ,
2 1 I3 1 Tg
1 xz7 27

and this is an instance of the first equation in 4.1. Clearly the last equality in 4.1 holds true since the
monomial of T is left invariant by any permutation of the row group of 7.

Letnow Ty, Ts,...,T,, denote the standard tableaux of shape x (in the usual lexicographic
order say) and o;; be the permutation that sends 7; into T;, we recall that the Young natural repre-
sentation corresponding to the partition 1 may be defined as the integral matrix A(o) = ||a;;(0)]|
which occurs in the relations (see Garsia-Wachs [13] eq. 2.13)

oN(T)P(Tj) = > ai;(0) N(T)P(T}) 0i; - 4.3

i=1
Applying this group algebra element to the monomial of 7); we finally get

ny,

oAr,(r) = Z A1, () aij(o) . 4.4

It will be convenient here to denote by 7 (1) the collection of injective tableaux of shape n.. We shall
for a moment alter our the definition of I, given in the introduction and set

I, = L{Ap(z) : T€T(u)} .
We can immediately see from 4.4 that we have not changed the space.

Theorem 4.1(Garnir)
The polynomials {Ar,(z)}:*, form a basis for T',,. Moreover, this space is an irreducible
Sn-module with character x*, in the Young indexing.

Proof.



Using 4.4 we derive that the image of a linear combination
P(x) = Z Cj ATj (l‘)
j=1

by the action of an element f of the group algebra Q(S,,) is given by acting on the coefficient sequence
(c1,¢2,...,c,) by the matrix
A(f) = ) flo)Ao) .
0ESn

Using, the irreducibility of the representation A(c) we deduce that, as long as the coefficients ¢;
are not all zero, we can choose f in such a manner that the polynomial f P(x) reduces to one of
the Ar, (x). Since none of the Garnir elements is equal to zero, it follows that P(z) itself cannot be
zero. This shows the independence of the standard Garnir elements. Thus they must form a basis.
Finally, we see (again from 4.4) that in terms of this basis the action of a permutation o is precisely
given by Young’s natural. Thus the last assertion of the theorem holds true in the strongest possible
sense.



