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GALOISIAN GALOIS THEORY
Lecture Notes in Computational Algebra

ABSTRACT. These notes are an exposition of Galois Theory from the original La-
grangian and Galoisian point of view. A particular effort was made here to better understand
the connection between Lagrange’s purely combinatorial approach and Galois algebraic ex-
tensions of the latter. Moreover, stimulated by the necessities of present day computer
explorations, the algorithmic approach has been given priority here over every other aspect
of presentation. In particular, you may not find here the clean antiseptic look characteristic
of the classical exposition of E. Artin. In contrast these notes should provide a good starting
point in attempting constructions in this most difficult computational arena.

1. Symmetric Functions
Unless otherwise specified all fields we shall work with here will be assumed to have zero
characteristic. If F is such a field and 21, z3,...,z, are indeterminates the expression
Floy, o, .., xp)

will denote the ring of polynomials in x1, xo, ..., z, with coefficients in F. In contrast to customary
notation, the field of rational functions of xy, zs,...,z, with coefficients in F will be denoted by

We may also write
Rat[F; fi, f2,- -, fm]
to represent all rational expressions in fi, fa,..., f, with coefficients in F, whatever fi, fa,..., fm
may be in any particular situation.
As customary, S,, denotes the group of all permutations of 1,2, ... ,n.
If 0 = (01,02,...,0,) € S, and
D(z1,x2,...,2,) € Rat[Fiay, ..., @]
we set 0 = oy, Toy,...,T,, and
o® = P(xo) = P(Xgy,Top,-- ) Ta,)
We shall say that ®(z1,z2,...,2,) is k — valued if and only if the collection
{c®:0€S5,}

has cardinality k. Of course 1-valued functions are usually called symmetric. It will be convenient
to denote here by Sym/[F; a1, 22, ...,2,] and Ratsym|F;x1, 22, . .., &,] the collections of symmetric
elements of Flz1,2s,...,2,] and Rat[F;z1,...,x,] respectively.

A. Garsia 264C Lecture notes GALOIS THEORY July 14, 1997 2

The combinatorial study of k-valued function is properly the domain of Lagrange theory
and will be carried out in the next section. In this section we will limit ourselves to establishing the
results on symmetric functions that are needed in our further developments.

‘We recall that the symmetric polynomial

Ek(h,ﬂﬂz,---qzn) = E Tiy Tiy * Ty,
1<) <ig < <ip<n

is usually referred to as the k** elementary symmetric function.
A vector of integers
A= (M =X> 2 A >0)

is said to be a partition of n and we write A F n if and only if
AM+X+- -+ A=n

We shall also say that k is the number of parts of X\. If X and p are partitions of the same number
with k& and h parts respectively, we shall say that A\ dominates p and write A > p if and only if

AMAXo A+ o+ A >+ o+ s ( for s=1,2,...,min(h,k) )

It easy to see that this partial order is linearly extended by the lexicographic order of integer vectors.
Finally, given a partition p the partition p/ whose parts i/, are given by

Hy = #{i: pi>s}

is usually referred to as the conjugate of x. A simple combinatorial argument shows that we have
A > pif and only if N < g/,

Given a vector

of non-negative integers, the weakly decreasing rearrangement of the positive components of p will
referred to as the shape of p and denoted by A(p). Given a partition A the symmetric polynomial

my(z) = Z P (P =atal? abr )

A(P)=A

is usually referred to as the monomial symmetric function indexed by A. The following fact is imme-
diate.

Theorem 1.1

Every symmetric polynomial ®(x1, zs, ..., z,) has a unique expansion of the form

P(z) = ZC)\ my(x) 1.1
A



A. Garsia 264C Lecture notes GALOIS THEORY July 14, 1997 3

where the ¢, are integers if ® has integer coefficients, and c, is in F if ® € Flay, za, ..., z,).

Proof

The symmetry of ® implies that the coefficients ¢, and ¢, of any two monomials 7 and x?
appearing in ® must be the same if p and ¢ have the same shape. Thus 1.1 is obtained by collecting
terms of ® according to shape.

Let now p = (pu1, f12, - . ., i) be a partition and set

eu(@) = e (@)en, (@) e, (@) 1.2
Since this polynomial is clearly symmetric in 21, 23,...,z, it must have an expansion of the form
eu(z) = Z mx(x) eay - 1.3
A

It develops that the coefficients cy,, have a suggestive combinatorial interpretation.
Proposition 1.1

If 14 has h parts and A has k parts then cy,, gives the number of & x k matrices with 0, 1-entries and
row and column sums given by x and \ respectively.

Proof
There is a one-to-one correspondence between these matrices and the monomials obtained

by expanding the product in 1.3. In fact, if my(z), ma(z), ..., my(x) are monomials coming out of

e, (), ey (2), .., ey, () respectively, then m;(x) corresponds to a subset of 1,2, ..., n of cardinality
14, thus it may be represented by a 0, 1-vector with n components in an obvious manner. Putting
together these vectors as the rows of an h X n matrix M we see that these monomials multiply to

aP =z z8? .- 2P if and only if the columns of M add up to pi,pa, ..., p, respectively. This is our

desired correspondence. Since, since monomials of the same shape have the same coefficient, the
L . oA A

assertion follows by taking z? = x7 x5 - - - x>,

Remark 1.1

Let M be one of the 0, 1-matrices with row and column sums given by ;2 and A. Note that
the number of 1’s in the first s columns of M is equal to

ALt Ao+ As

On the other hand by moving all the 1’s along their rows until they are bumper to bumper to the
left (and all the 0's similarly to the right) we obtain a matrix M’ whose column sums are the parts
of the partition u' conjugate to p. This not only gives the inequality

WA+l > A At A ( for s=1,2,...,min(h,k) )

but also assures that when A = p there can only be one matrix with the desired row and column

sums.
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‘We can thus obtain

Theorem 1.2

Every homogeneous symmetric polynomial ®(z1,xo,. .., z,) of degree m has a unique expansion

of the form
P(z) = Z dy eu(z)
uEm

where the coefficients d,, are integers if ® has integer coefficients and they are elements of F if & <
Sym[F; @1, xa,...,x,). In particular, Sym[F;z1,2s,...,x,] is the polynomial ring generated by the
elementary symmetric functions ey (z), e2(), . . . , en(2).
Proof

Let D = ||dxp|/x,ur-m denote the matrix obtained when the partitions A are in lexicographic
order and the partitions p are in reverse lexicographic order. This done we see that an immediate
consequence of the observations made in the Remark above is that D must be unitriangular and
therefore invertible over the integers. This shows that the collection {e,(2)},+m must also give a
basis and that the elements of the basis {m(z)}-m have integral linear expansions in terms of the
e, () 's. This establishes our assertions.

Corollary 1.2
Ratsym|[F;x1,20,...,x,] = Rat[F;er,ea,..., ep) 1.4
Proof
Note that every element ® € Rat[F;x1,...,2,] can be expressed in the form
o) - P@)
Q(z)

with P,Q € Flz1,x2,...,z,]. Multiplying numerator and denominator by the polynomial

11 -0

i
we can write Pe(2)
x
2= G
where
Pra@)=Pa) [[ o ., @Q@=1]] oQ.
o€A, oEA,

o#id

Since by its very construction Q*(z) is already symmetric, we see that ® will be symmetric if and
only if P* is. Thus our assertion follows immediately from Theorem 1.2.
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2. The Euclidean algorithm the Resultant and the Discriminant.

If A, B are polynomials in F[t], with degree B < degree A, then the quotient and the
remainder anof the division of A by B are respectively the unique polynomials @ and R satisfying
the requirements

(1) A = BQ + R
(2) degree(R) < degree(B)

To construct these two polynomials we can proceed as follows. Set

leading coeff A Ay
A(A/B) — degree(A)—degree(B)
(A/B) leading coeff B ¢

Clearly we have
degree(A — A(A/B) B) < degree(A). 2.1

Now set
R@ =4 and R® = R(-Y _A(R(-Y/B)B (i=1,2,...) 2.2

)
Since, by 2.1, degrees are decreasing at least by one at each step of the recursion, after k& <

degree(A) — degree(B) steps we shall have degree(R™®) < degree(B). At this point we stop the
recursion. By adding the identities in 2.1 we easily derive that

k-1
A = (Z A(R“)/B)) B + RW 2.3
i=0
Thus we may take
k-1
Q=> ARY/B) , R=R®. 2.4
i=0

The important fact to note is that from 2.3 we deduce that if A, B € F[t] then R(t) is in F[t] as
well. We shall refer to the process above as the division algorithm.

The Euclidean algorithm is the process which yields the greatest common divisor D(t) of
two polynomials A and B. It is shown by Berlekamp [] that D may be computed by the following
process. Set

Then compute ay, 7k, Pk, ¢k according to the recursions

(1) rp—2 = aprp—1 + 7 (division)
(2) pr = axpe—1 + Pr—2 . (k=0,1,2,...)
B) o = akq—1 + q—2

A. Garsia 264C Lecture notes GALOIS THEORY July 14, 1997 6

since degree(ry,) dereases at least by one at each step after n < degree(B) steps we shall have r,, = 0.
It is shown in [] that these recursion force the following basic identities

(1) gnpn-1 — Pnn—1 = = (1"
(2) A = rh1pn
(3) B = rn-14n

Since equation (1) here yields that p, and g, are relatively prime, we see that (2) and (3) yield that
the greatest common divisor D of A and B is necessarily given by r,_;.

As pointed out in [] the advantage of this process over the one that is usually described in
most textbooks is that it provides the final answer without excessive storage of partial results. In
fact, only 7 results need to be stored at any particular time, a number that is independent of the
choice of A and B.

If the roots of a polynomial
P(t) = ap+ait+agt? + -+ apt™
are 1, Ts2,..., T, then when a,, = 1 we may write it in the form
P(t) = (t—az1)(t—z2) - (t —am) 2.5
Thus, we see that we must have
Up—f = (71)]“ ep(T1, T2, ..., Ty). 2.6
Clearly, if P(t) and
Q) = bo + a1t + bot® + -+ 4 byt™ = (t=y)t—y2) - (t —yn) (bn=1)
have a root in common, the expression
m n
H H(L 7))
i=1j=1

will necessarily vanish. It develops that a multiple of this expression may be written as a polynomial
in the coefficients of P and @. This polynomial is usually referred to as the Resultant of P and @
and will be denoted here by R[P,Q]. The case m = 2, n = 3 is sufficient to get accross the idea and
avoids excessive notation.

Theorem 2.1
a, a; az 0 0
0 a a ax 0 2 3
RP,Ql=det | 0 0 ay ay as | = (=1)2%a b2 H H<I’ - ;) 2.7
bo by by b3 O i=1j=1

[}
>
S
Sal
T
o
[\

b3
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Proof

Note that since the division by as and b3 does not change the roots of P and @, we can
divide both sides of 2.7 by a3 b? and reduce ourselves to the case az = by = 1. This given, note that
we have the following matrix multiplication identity:

a, a; ax 0 0 1 1 1 00 P(y1) P(y2) P(ys) 0 0
0 a, a1 ay 0 v oy2 Yz 0 0 v P(y) vaP(y2) wsP(ys) 0 0
0 0 a a1 ax | x|yl w5 v 0 0| = | 4P) v3Py2) ¥3Pys) 0 0
by b by b3 0 vy oyl 10 0 0 1 by 0
0 b, by by by yh oyl oyt o001 0 0 0 0 by

and 2.7 follows immediately by equating determinants of boths sides and cancelling the common
factor.

Remark 2.1

Note that the vanishing of the determinant in 2.7 assures that we can find a non trivial
solution to the corresponding homogeneous system. Now a simple computation shows that we have

a ay az 0 0
0 a, a; az O
(ap a1 as =B, —P1) % 0 0 a a1 as =0
bo b1 by by O
0 b, b1 by bs

if and only if
(a0 +ant+aot?) P(t) — (Bo+Bit) Q(t) = 0

and this is equivalent to the statement that P and @ have a non trivial common factor.

In the same vein we see that the expression

A@) = J[ @i-=)

1<i<j<n

vanishes if and only if P(x) as given by 2.5 has multiple roots. Since, A(z)? is clearly symmetric
in x1,22,...,2,, Theorem 1.2 and 2.6 guarantee that the latter polynomial should be expressible
as a polynomial in the coefficients a,,a1,...,a, of P(t). In fact, we need only replace @ by the

derivative P'(t) = £ P(t) in R[P, Q] to obtain

Theorem 2.2

R[P, P = amm-D H H O (2 — ;) = (=1)"(D/2 gmim=1) A (g)? 2.8

i=1j=1

where the superscript “ () in the product is to indicate that the factor corresponding to j = i is to be omitted.
Proof
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Tt is easily seen that the general form of 2.7 may also be written as

RIP.Ql = (-1)"ap, [] Q@)Q(x2) - Q(z) 2.9
i=1
Now we easily see that
Pla) = ay [[ (@i a)) 2.10

and 2.8 follows by setting @ = P’ in 2.9.

The polynomial R[P, P'] is usually referred to as the discriminant of the equation

P(t)=0 .

We shall terminante with a simple fact that will play a crucial role in the sequel. Recall
that a polynomial B(t) with coefficients in a field F is said to be irreducible over F if it does not
admit a factorization

into two polynomials P, Q € F[t] of strictly lesser degree than B. The Euclidean Algorithm immedi-
ately yields that if B(t) is irreducible and A(t) is a polynomial in F[t] which has a root in common
with A(t) then B(t) must be a factor of A(t). The reason for this is that if A(t) and B(t) share a
root (a fact which may be verified by computing R[A, B]) then the greatest common divisor D(t)
of A and B (as yielded by the process descrbed above), is in F[t] as well and we would be led to
a contradiction unless D is equal to a constant multiple of B. The important conclusion we draw
from this is that if a polynomial A € F[t] shares a root with an irreducible polynomial B(t) € F|t]
then it must vanish for all the other roots of B(t). This fact has the following immediate extension.

Proposition 2.1
Let B(t) € F[t] be irreducible in F and let ®(¢) € Rat[F;t] vanish at one of the roots of B(t) then
®(t) vanishes at all the other roots of B(t).

Proof

By hypothesis ®(t) = P(t)/Q(t) with P, Q € F using the Euclidean Algorithm we can cancel
out (if necessary) the greatest common divisor of P and @ assure that P and @ have no common
root. But then ®(t) vanishes if and only if P(t) does, and we are thus reduced to the case discussed
above.
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3. The cubic and the quartic
Formulas giving the general solution of the cubic equation
Es(t) = (t—a)(t—x2)(t—a3) = 2 —eit’ +eat—e3 = 0 3.1

where first discovered by Ferreo (sometimes before 1505) rediscoverd by Tartaglia and published by
Cardano in 1545. Setting w = €27 /3 the three roots of 3.1 may be written as follows

3
¥y = %1 + wi/-1q+ VR + W2 {-1q-VR, 3.2

. a 2 3 . 2 3 X 2
T3 = 3 + w \/—gq-&-\/ﬁ + w\/—gq—\/ﬁ,

o= 2+ V-w+ VR o+ Y- VR,

where
p=e—€/3 , g=-cgticea—£c] and R = (¢/2)°+ (p/3)° . 3.3

These formulas are usually derived by the following process, apparently due to Hudde (1650).
We start by making the substitution ¢ = y + Le; in 3.1 and transform it to

v H+py+q=0

This given the further substitution

D
=z— — 3.4
Y 3z
brings us to the equation
3
3 Y4
=== +q = 0
2725 4
or better yet
2 4q-p*271 = 0. 35
Since this is a quadratic equation for 2% we immediately derive the two solutions
zf=7§q+\2/§or Z o= —1iq VR
since
(—1a + VR)(-1q - VR) = -(p/3)°
we may extract cube roots so that
o= - 3.6
321
This is given the six roots of 3.5 are
21 2
2
wz1 Wz
w2z wze

Where each of these pairs multiplies to —p/3.
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We can now use 3.4 and derive that the three roots of 3.3 may be written in the form

o= 21+ 2
Yo = wz; + Wz 3.7
ys = W’z + wxn

From which the formulas in 3.2 can be immediately obtained.

The quartic equation was treated in a similar manner. That is “ad hoc” manipulations were
used to transform it to equations which could be solved by extraction of roots. To give a brief idea
of the process in this case we start with

Eyt) = (t—x)(t—a)(t—as)(t —xq) = t1—ertd +eat? —est+e4 = 0. 3.8
Completing the square suggested by the first two terms we can rewrite this equation in the form
(t2—te1t)? = (2e2 —ex)t? + ezt—ey .
We then add (t2 — 1 e1t)y + 1y? to both sides and get
(#—seat+iy)’ = (el —erty)t+ (s —jey)t+ iy’ —es . 3.9

Next, y is determined so that also the term on the right becomes a perfect square. This requires the
coefficients
A=1e?—exty , B=es—tery , C=1y’—¢
of the quadratic on the right hand side of 3.9 satisfy the equation
B?—4AC = 0.

This leads to a cubic equation for y. To see what are the roots of this equation, we should try to
factor B2 —4AC. Nowdays this is easily done, using any of the available computer algebra packages.
In this manner we discover the pleasing fact that B2 —4AC factors beautifully in terms of the roots
of E4(t). Namely, we have

B? —4AC = (y—xows —x123) (y — 120 — T3%4) (Y — T1T4 — Tox3)
Thus the three roots of this cubic when expressed in terms of the roots of 3.8 are none other than
Y1 = Tr2+T3T4 , Yo = T1T3+Taly 5, Y3 = T1l4 + TaZ3
We should also note that setting y = y1 we have

A = tel—erty = L(x1+mz— 25— 14)°
B = e3s—teryn = —1(v1xe — w324)(T1 + 22 — T3 — T4) 3.10

2 X X 2
C = tyi—es = (w172 — 2324)
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which yield that the right hand side of 3.9 when y = y; reduces to
2

1 (—(r1+ @ — w5 —24) t+ 2120 — 324
This allows us to rewrite 3.9 in the form

I?-R* = (L - R (L + R =0, 3.11
with

L = t?—tet+1yr and R = L(—(x1+ao— a3 —24)t+ 2100 — T324)

Now the factorization of A in 3.10 suggests setting

2 = x1tae—a3—T4 = {/€? —dea+4y; , 3.12

and then the factorization of B in 3.10 gives that
—$(m1@2 —wgma) = (es —ey)/z .

This given, we may write
—R = 1zt + (e3—}ewy)/z

and the equation in 3.11 may yet be rewritten as
(= tler +2) t+ ty1 — (es — seryn)/2) (= 2ler — 2) t+ 3un + (e — 3eapn)/2) =0 .
Now this is none other than factoring E4(t) in the form
Ey(t) = (= (v1+m2)t—a1m2) (£ — (3 +24) t — 2324) .
In fact, it may be easily verified that

Titay = feit+iz , wmxe = Lty —(es—fewyn)/z

T3tas = fei—iz , wawa = Lty +(es—tewy)/z .

Thus we may obtain the desired expressions for the pairs x1,22 and x3,z4 by solving the two
quadratic equations
t*—(er+2)t+sy1 — (es — seryn)/z = 0,

£~ flex = 2) t+ 4y + (es — semn)/z = 0 .

This given, in the 17*" and 18" centuries it was natural to assume that the solution of
the general polynomial equation should be obtainable by similar manipulations and successive root
extractions. This was the motivating force [| in Lagrange’s investigations in the 1770’s that led him
to his historic paper Réflections sur la résolution algébrique des équations .
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To be precise Lagrange was investigating the possibility of finding closed form expressions for
the roots x1, 9, ..., x, which (like those appearing in 3.2) only involved the elementary symmetric
functions ey, e, ..., €,, roots of unity and radicals. We shall refer to this as “solving the general
equation by radicals™.

His point of departure was a close examination of the solutions of the cubic and the quartic.
Remarkably, he was able to sort out of those simingly ad hoc manipulations a unifying general
mechanism of solution. As we shall see Lagrange discovered that in both cases the final formulas
could be reached by a sequence of identical, purely combinatorial, steps.

This done, he tried to apply this mechanism to the quintic only to discover that the possibil-
ity of pushing it through to the production of general formulas for the roots of the quintic appeared
to lead to a contradiction!

In fact, he was (and he new he was) within reach of proving the impossibility of solving the
quintic equation by radicals.

Around 1799 Ruffini tried to complete Lagranges proof and although he was able to push the
argument quite a bit further he nevertheless was left with a hypothesis which he could not remove.

The glory of proving the impossibility of solving the general equation by radicals was be-
stowed to Abel (for his 1826 paper) (see []) even though he was only concerned with the quintic
and, as in Ruffini’s work, there were still a number of gaps in his arguments. We shall not deal
with Abel’s work here since it it departs from the combinatorial approach proposed by Lagrange
and later completed by Galois. In fact, the missing step needed to complete Lagrange argument and
obtain the unsolvability of the quintic by radicals can be supplied by one single idea of Galois.

To appreciate the beauty of Lagrange’s discoveries we should view his results in the original
1771 form. Unfortunately, for clarity we must deviate a bit from Lagrange’s terminology. For
instance, although Lagrange proved that the order of a subgroup of a group is a divisor of the
order of the group, he had to do so in an indirect manner, since the notion of a group in its present
form really started with Galois. Although using modern terminology distorts somewhat the historical
perspective, we will try as much as possible to keep unchanged the contents of Lagrange’s discoveries.
Our main goal in the next two sections is to present the basic theorems of what is now referred to
as Galois theory in a sequence that makes the transition from Lagrange to Galois as natural and
effortless as possible.

4. Lagrange’s “Galois” Theory

Throughout Lagrange’s work the roots of an equation

Eu(t) = ap+ait+ast?+---+a,t" = =0
are assumed to be independent variables x1, 29, ..., 2, and E,(t) is written in the form
E,(t) = (t—z)(t—x2) - (t — ) 4.1

The basic idea that led Lagrange to an understanding of the classical solutions of the cubic and
the quartic is a careful analysis of the effect that permutations of the roots have on various rational
functions of the roots. To make precise what we mean by this we need some notation.



A. Garsia 264C Lecture notes GALOIS THEORY July 14, 1997 13

We are given a field F which remains unchanged throughout, and for a function ® of the
roots which may be in Flz1, xa,...,2,] or in Rat[F;x1,...,2,] as needed, we set

Gy = {0c€8, :0d=0} . 4.2

Although Lagrange did not realize (nor did he need) that G is a group, we shall not ignore this
fact here and obtain Lagrange’s results by standard present day techniques. We recall that Gg is
usually referred to as the stabilizer of ®.

The first basic result of Lagrange can be stated as follows

Theorem 4.1

For ®, ¥ € Rat[F;x1,...,x,] we have

Gy CGs 4.3
If and only if
d € Rat[F, ey, ez,...,en, V]
Proof
It
01, Y2, Ynst) € Rat[F,y1,y,-.. yn, 1]

and

D(z1,22,...,2,) = 0O(e1,€2,...,6,,70) . 4.4
Then we clearly have 4.3 since every permutation o leaves ey, e, ..., e, unchanged and if o € Gy

then also ® does not change. So the condition in 4.3 is trivially necessary.
To show the converse, we resort to the left coset decomposition

(&3

Sn = Gy + Gy +---+ 7. Gy . (leidentity) 4.

(which by the way, was a Lagrange invention) and set

Q) = Z 7@ Ot —7;0) .

i=1 j

—.

1

Since any o € S, permutes the left cosets of Gy we may write

o1 = Txh; (hi€Gy)
where the map i — m; is a permutation of (1,2,...,k). In particular, from 4.3 we deduce that
o ® = 7,,®, and thus we must have

k

k
Q) = Y e [[ ™ -1 = Q@) .

i=1 j=1
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This implies that the coefficients of Q(t) are in Ratsym|F;z1, s, ..., 2], so by Theorem 1.2 they

are in Rat[F, ey, ea,...,e,). The same can be said about the polynomial
k
Pt = [Je-nw) . 4.6
i=1

Now setting ¢ = ¥ in Q(t) we get
k
QU =[PV @-71) = 2P(D). 4.7
j=1

Since, by construction, the values ;¥ (for ¢ = 1,2,...,k) are all distinct we shall have P'(¥) # 0
and we can divide it out in 4.7 to obtain

o = g[((?) = 0(V)
with
t) = % € Rat[F;ei,ea,... en,t
as desired.
Remark 4.1

If G is a group and H C G is a subgroup then the left coset decomposition
G =mnH + nH + - + 7,H (71 =identity ) 4.8

yields that
If H C G then the order of H divides the order of G
4.9

In fact, the equation above gives that |G|/|H| = m. This result, which appeared for the
first time in the work of Lagrange, was formulated there as a statement concerning the number of
different values taken by rational functions of the roots. More precisely, we can derive from 4.5 that
U is a k-valued rational function of the roots if and only if |S,|/|Gw| = k. Similarly, ® is h-valued
if and only if |S,,|/|Ge| = h. This gives that when Gy C Gg we have k/h = |Gs|/|Gw|. We shall
refer to h and k respectively as the multiplicities of ¥ and ®. So taking H = Gy and G = G4 in 4.8
we get that k& = hm. We see then that in Lagrange’s language the statement in 4.9 becomes

If ® is a rational function of W then the multiplicity of ® divides that of U .

Lagrange’s proof was based precisely on the coset decomposition. Only he did not have to
call it that way. Indeed to get 4.8 for H = Gy and G = Gg all he had to do was bunch together the
elements of G¢ that yielded the same value of W.
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Tt will be good here and after for H a subgroup of G to express the fact that m = |G|/|H]|
by writing H C,,, G. This given, these observations can be sharpened into the following corollary of
Theorem 4.1.

Theorem 4.2

Iffor @, W € Rat[F;ay,...,x,] we have

Gy Ci, Go 4.10
then W satisfies an equation of degree & with coefficients in Rat[F; e, ea, ..., e,, ] which is irreducible in
Rat[Fiey,eq,... en, @]

Proof
Let
Gy = Gy + Gy + - + 7, Gy ( 71 = identity ) 4.11
and set
k
Q) = J[t-m9) = g@)+a@) t+ -+t . 4.12

Since any o € Gg permutes the left cosets of Gy in 4.11 we may write
oT = 7—1r1h'i (}LL € Gy )

where the map ¢ — 7; is again a permutation of (1,2,...,k). This gives that for all 0 € G¢ we have

-

oQ(t) = |]t-m¥) = Q@) .

i=1

Consequently each of the coefficients g;(z) is left unchanged by the elements of G¢. From Theorem
4.1 we then derive that each ¢;(z) € Rat[F, ey, ez,...,e,, ®]. On the other hand from 4.12 we get
that

Q) = @) +a@)V+- - +ag(x)¥* = 0.

Now suppose, if possible, that Q(t) has a factorisation Q(¢) = Q1(t)Q2(t) where both polynomials
Q1(t) and Q2(t) have coefficients in Rat[F;eq, e, ..., e,, ®] It will then follow that both of them
will be invariant under the action of G¢. In particular, we must have

7i(Q1(¥)) = Qi(r:¥) ( forany i=1,2,...,k)

So if W is a root of the equation Qi(¢t) = 0 then all the other roots of Q(t) must satisfy it as well
and @2(t) must reduce to a constant in Rat[F,eq,es,...,e,, ®]. The analogous conclusion holds if
Q2(T) = 0. Thus Q(¢t) is irreducible as asserted. This completes our proof.
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Remark 4.2
Here and after, if Gy Cj G¢ and we have the left coset decomposition in 4.11, then functions

\111:7'1\1/, ‘112:7'2‘1/, ...7l11k:7'k\1/

will be referred to as the conjugates of ¥ in Gg. Note that if @ is in Rat[F, ey, ea,...,en, V],
Theorem 4.1 assures that Gy € Gg. So in any case we must have 4.11 for some k. Now suppose
that W is a root of the equation R(t) = 0 where R(t) is a polynomial of degree h with coefficients
in Rat[F, ey, ea,...,e,, ®]. Since this polynomial is then invariant under the action of Gg all the
conjugates of ¥ in G¢ must also be roots of R(t) = 0. This implies that the polynomial Q(t) in 4.12
must be a factor of R(t). However, if R(t) is also irreducible in Rat[F, eq,ez,. .., ey, @], then R(t)
and Q(t) can only differ by a factor in Rat[F, e, es,...,e,, ®] and we must also h = k. This should
explain why we call PSy, U,,..., ¥, the “conjugates” of W.

‘We have reached a point where to proceed further we need to make more precise what we
mean by solving the general equation by radicals. To begin with we shall assume that the given field
F (nowdays referred to as the ground field) contains all the roots of unity of any order < n. This
given, solving by radicals the n'* in 4.1, in the Lagrange setting is to mean that we can find a sequence

of rational functions ®; € Rat[F;x1,x2,...,2,] (i =0,1,2,...) such that
®, € Rat[F;eq,eo,.
4.13
o, =
where each 6; is a rational function
0; = 0i(y1,y2,-- - Yn,t) € Rat[F,y1,y2,...,yn,1] . 4.14

Finally, we shall require that the end function of this sequence say ®4 be one of the roots or better
yet (as we shall see) a function from which all the roots may be derived by rational operations.

Note first that since for any two integers p and ¢ and for any ® we have
e - {/ve

there is no loss in requiring that the integers p; in 4.13 are all primes. Finally we can simplify the
convoluted form of the recursion in 4.14 by rewriting it in the form

a) ®, € Rat[Fjei,eq,...,en]

4.15
b) @ € Rat[F,eq,e,...,en, Pi1)
Remark 4.3
Note further that as long as the coefficients my,mao, ..., m, are all distinct the function
v(z) = v(z1,22,...,Tn) = MiT1+ Mmoo+ -+ My, 4.16
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will necessarily be nl-valued. Since its stabilizer consists of just the identity permutation, the

hypotheses of Theorem 4.1 are satisfied for any rational function of the roots 1, z2,...,z,. Thus
for any ® € Rat[F;x1,...,z,] we can construct a rational function 4 (t) € Rat[F;eq, e, ..., en,t]
giving

D(z1,22,...,2,) = 0Oa (1;(971, Ty, T")) . 4.17

We should note here for further reference that the proof of Theorem 4.1 yields that

. Qa(t)
bp = =0 4.18
where
Qalt) = > o0 [[ @ (t—rv) 4.19
oESy TESn
and
Pty = J[-rv) . 4.20
TESn

It is important to notice that the denominator of 6 in 4.18 is independent of ® itself.

5. Lagrange’s derivation of the roots of the cubic and the quartic.

Armed with this information, Lagrange could then come up with the following a-priori
reconstruction of the solutions of the cubic and the quartic.

a) The cubic

27i/3 and note that, since 1,w,w? are distinct, the expression

Letw=e
(x1 + was + wia3)/3

is necessarily a 6-valued function of the roots of E3(t). Its values are

21 = (21 +wrs +w?23) /3 20 = (21 +wrz +wire)/3

23 = (22 + wrs +w?21)/3 24 = (72 + w1 + w?a3)/3 5.1
25 = (23 + w1 +W2T2) /3 26 = (3 + wra + wWir1)/3
Now we see that
m=w?z , m=wzn and z=wzm , z=wz .
Thus .
(z—2)z—m)(z—2z) = 25-23
(z—2)(z—2)(z —25) = 2°—23
This implies that the 6-degree equation
(z—z1)(z—2)(z—23)(z —2a) (2 — 25) (2 —26) = O 5.2
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must take the form

(B-2)(P—28) = S-(F+20)2% + 2528 = 0. 5.3
Lagrange, on the basis that 5.2 is symmetric in the roots of Ej(t), could now predict that the

expressions
3

2425 and 272
must necessarily be polynomials in eq, s, e3. And indeed it can directly be checked from 5.1 that

242 = —q and 2323 = —(p/3)® 5.4

with p and ¢ given by 3.3. This immediately leads to the bicubic equation

wt
(=3

2 4q22—(p/3)° = 0.
Now its solution leads to the extraction of the square root of
B, =q*+4(p/3)° =4R .
This expression is essentially the discriminant of F3(¢). More precisely we have
o(z) = —F(z1 —22)* (w1 — w3)* (w2 — 33)°
and its square root may be chosen to be

Ty — T2, 1 —T3,,T2 — T3
V3 3 3

This is a polynomial in the roots of F3(t) whose stabilizer G, is the group of even permutations of

Dy (z) = i

XN )N ) -

S3 = Gg,. Now this is in perfect agreement with Theorem 4.2.

Of course, in view of 5.4, we also have
Be) = G+ -G = (-7
and it can be easily verified that
Oy(z) = 25 -2 .

In other words @4 (z) is the solution of

Using 5.4 again we deduce that

= —1q + 1P1(2) .

This given, the final step is the construction of the 6-valued function

By(x) = 21 = (21 +was +w?a3)/3



A. Garsia 264C Lecture notes GALOIS THEORY July 14, 1997 19

whose stabilizer G, is trivial and is the solution of
®y(2)" = —1q + 10(2) .

In summary, this construction of a 3!-valued function of the roots of E5(t) has led us to the following

scheme:
Sfunction expression group
@, = —&(z1 —w2) (w1 — 23)* (22 — w3)? S
1 31
D, = i(zy — o) (w1 — x3) (w2 — 23)/3V/3  {id, (1,2,3),(1,3,2)}
1 2]
[0 = (71 + wps + wizs)/3 {id}

Moreover we have that
= —1q+1d , O = @
This shows that the solution of the cubic can be obtained the succession of steps

®3 € Rat[F,e1,e2,e3, 1] «— ®%€ Rat[F e, e e3P, «— @, € Rat[F, ey, ez,e3]
Gs, C Gs, Gs, C G, Ge, = 53

b) The quartic

We can proceed in the same manner as for the cubic and construct a sequence of rational
functions of the roots according to the scheme expressed in 4.15, terminating again with a 4!-valued

function
v(x) = mizy+ moxe + mars + maxy .
We may choose here
v(x) = x —wxa+i(xs—x4) . 5.6
As in Section 3, we set w = €2™/3 and
Y1 =T1To + T3Ty , Yo = T1X3 + Toky , Y3 = T1T4 + Tok3 . 5.7
Moreover we let
W1 =T1+Ta—T3— Ty, We=T1+T3—T2—Tsa , W3=1+Tg—T2— T3 . 5.7

This given, we find that in this case repetitive uses of Lagrange’s Theorem 4.1 naturally leads us to
the the following scheme:

function expression group
@, = (11 *12)2(11 *13)2“'(13 *14)2 S
! 2]
Py = (z1—a)(z1 —w3) - (23 — 24) Ay
! 31 5.8
oy = Y1 +wyz + Wy {id, (1,2)(3,4), (1,3)(2,4), (1,4)(2,3)}
! 2]
D3 = waws +i(y2 — y3) {id, (1,2)(3,4)}

! 2]
D, = 1 — xg +i(x3 — 4) {id}
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The fact that Go, = S4 is immediate since @, is a symmetric function of the roots whose expression
in terms of e, es, €9, €4 is given by the discriminant formula 2.8. Clearly ®; is invariant only under
even permutations of the roots. So Gg, is simply the alternating group A4. To obtain Gg,, we
simply observe that, since 1,w,w? are distinct, ®; is invariant only under those permutations of the
roots that leave y1, %2, y3 individually invariant. In other words G, = G, N Gy, N G,,. This gives
us the third entry in the fourth column of 5.8. To obtain G, we note that for yo — y3 not to change
we need each of y1,y2,y3 to remain unchanged, thus G,_,, = G¢,. Now it is easily seen that

Guswy, = {id, (1,2),(3,4),(1,2)(3,4)}
and thus we must have
Go, = GuyuaNGay = {id,(1,2)(3,4)}

as asserted in 5.8.

‘We can easily see that

2 = @, and P2 = Py 5.9
‘We can painlessly check on the computer that
o3 = V3%, + J, 5.10
where
J o= 12y —y2 —y3)(2y2 —y1 — ¥3)(2ys — y1 — ¥2) -
Note next that we have the coset decomposition
Go, = Go, + (1,3)(2,4)Go,
Thus the conjugate of @3 in Gg, is
2y = (L3248 = —wows +ily2 —ys) -
We can now immediately conclude from Theorem 4.2 that the coefficients of the polynomial
(t— ®3)(t — ) = (t — i(y2 — ys))” — wiwd = 1 — di(y2 — ys)t — 4(y2 —ys)* —wiwd = 511

must be in Rat[F;ey, e, e3,eq4, Po]. It is interesting to see what they actually turn out to be. For
instance we can write

) 2
wiw? = (wews)” 512
w?
Now from 3.10 we get that
w? = e —des + 4y, . 5.13
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Since G, C Gy,, we know that y; should be in Rat[F;e1, ez, €3, e4, P2]. In fact, we can easily verify
that
Y1 = (et @t Po) . 5.14

In case we might worry that the complex conjugate ®; may not be in Rat[F;eq,ea,e3,eq, Po], T will
quickly point out that we have the identity

= e? —3e
B, = L2 5. 2z
Similarly, we can easily derive that
. 1 =
i(y2—ys) = 7 (P —@5) .
Finally combining 5.11,5.12,5.13,5.14 we get that the function
Q5 = O3—i(y2 —ys)

satisfies the equation
wiwiw?

€ —dea +4(ez + Oy + Do) /3

(®3)° =

Thus we have again obtained the desired n!-valued function by constructing a sequence of functions
®;(z) € Rat[F;x1, T, ..., 2, satisfying the recurrence

D, (z)P" € Rat[Fier,ea,...,en, ®i1] ( with @, € Rat[F;eq,ea,...,e,] ) 5.14

Where, exponents py, ps,ps ... give the prime factorization of n!. Moreover we also have verified
that the additional condition
Gs, C Gy, , 5.15

holds throughout.

This given, Lagrange was convinced (and, with hindsight, he was right), that if the quintic
should be solvable by radicals, then the 5!-valued function of its roots must be reachable by a
sequence of steps as given in 5.14 and 5.15. However in trying to reproduce the same scheme for the
quintic equation he run into insurmountable difficulties. His final efforts were towards constructing
a rational function of the roots @1, x> ..., x5 that took less than 5 values or one that took exactly
five values but was the solution of a binomial quintic. The reason for this search was his need to
reduce the construction of the roots to the solution of an equation of degree less than five or to an
equation of degree 5 he could solve by taking radicals. Of course he was allowing the possibility, of
having to solve an equation of degree greater than five as long as this equation, as in the case of the
cubic, could be reduced to the solution of an equation of lesser degree for a power of one of its roots.
However, this power would then have to be a k-valued function for some k < 5. The best he could
do was to produce a 6-valued function. He concludes his work (see []) by saying that although he
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had not tried every possibility, the search (without mAPLE or maTHEMATICA) Was considerably time
consuming... and he had no further time to spend in the search for something
“whose existence is very much in doubt™
He had again the correct suspicion! The non existence of what he was looking for was proved
(30 years later) by Ruffini and generalized for n > 5 by Cauchy.

Remark 5.1

It is interesting in this connection to observe that there is a neat representation theoretical
reason why there is no k-valued function of the roots of E,(t) when 2 < k < n and n > 5. In fact,
the action of S,, on the stabilizer of any k-valued function ® induces a permutation representation
with only one occurrence of the trivial. If the remaining irreducible constituents are all sign repre-
sentations then ® is only 2 valued. So for k& > 2 this representation would have to have a irreducible
constituent of degree > 2. But for n > 5 except for the trivial and the sign representation all the
other irreducible representations have dimension > n — 1. So k < 2 or k > n. At any rate we can
also give this result an elementary proof.

It is important to see at this point what are the implications of the existence of a sequence
of functions ®; satisfying 5.14 and 5.15. To this end we terminate this section with a collection of
results which shed considerable light on the difficulties encountered by Lagrange in completing his
program. We should note that although some of the arguments that follow use the “group” structure
of stabilizers, which is one of the main discoveries of Galois, most of the calculations are actually
due to Lagrange. This apparent paradox illustrates in a remarkable way how close Lagrange got to
discover some of the main points of “Galois” theory.

Theorem 5.1
Let ® and U be in Rat[F;eq,ea,...,e,]. Suppose that

a) Gy CGep but Gy #Ge ,and

5.16
b) WP € Rat[F;e,ea,..., en,P|
where p is prime. Then the decomposition of G4 into left cosets of Gy may be written in the form
Ge = Gy +1Gy +7°Cu+ -+ Gy 5.17

with ~ a p-cycle that commutes with G'y. Moreover, the conjugates of ¥ in G4 can be written in the form

e N ((with w=e*/P ) 5.18

Proof
Since by assumption Gy # G¢ we have

Gy = 171Gy +1Gy+ - +17Gy .

with k > 1. Set w = €*>™/? and let

p—1

Q) = [[t-w'y). 5.19

i=0
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From 5.16 b) we deduce that

with R(z) € Rat[F;eq,ea,...,e,, ®]. In particular for any o € G we must have
p—1 p—1
Q) = [[t-w'ov) = Q1) = [[ ¢-w'®) .
i=0 i=0

and this gives
0¥ = W@ T 5.20

for some 0 < i(0) < p— 1. This implies that the conjugates of ¥ are all multiples of ¥ by powers of
w. Thus
k<p.

Now k > 1 gives that ¥ # ¥ so i(2) # 0 (mod p). But since p is prime, the successive powers
(wi(™2))3 for s = 0,1,...,p — 1 are simply 1,w,...,wP~" in some order. Thus

U, 70,730, 27w

are all distinct. This gives

p<k
Thus k£ must be equal to p and
T8 =id .

Moreover, we could have indexed our coset representatives 7; to be successive powers of an element
v € Go for which y¥ = wW. This gives 5.17. With this choice we have

U, = 40 = oo (i=1,2,...,p)
Finally, we see that y¥ = wVU gives
Yy T = W (VY heGy) .

In other words
v 1Gyy = Gy 5.21
This completes our proof.
Remark 5.2
In modern terminology this theorem simply says that 5.16 a) and b) imply that Gy is a

normal subgroup G and the quotient Go/Gy is isomorphic to the group of integers mod p. To
express these two properties we shall here and after write

G\p < Gq) . 5.22
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Thus the possibility of solving the general equation E,, (¢) by radicals as was done with the cubic and
the quartic according to the scheme given by 5.14 and 5.15 requires that we should have a sequence
of subgroups G; C S,, (for i =0,1,...,k) satisfying the conditions

{id} = Gy, Gt S,y G2 <y, G1 <y, G = Sy, 5.23

We shall soon see that this is impossible for n > 5. However, we must first establish some basic
facts about S, and its subgroups.

Proposition 5.1
Let G be a subgroup of .S,, which contains all 3-cycles and let H be a subgroup G. Suppose that for
some v € G we have
a) G=H+~yH+---+~+""'H |
b) yH = H~y .

5.24

Then for n > 5 also H contains all 3-cycles.

Proof
Condition a) in 5.24 gives that we can write

(1,2,3) = 7'a , (3,4,5) = ~'b
for some 0 <4,j < p and a,b € H. On the other hand b) in 5.24 gives that we can write
(1,2,3)(3,4,5) = ylayib=~"¢c |  (3,2,1)(5,4,3) = a 'y Iy =y
for some ¢, ¢ € H. Thus
(2,5,3) = (3,2,1)(5,4,3)(1,2,3)(3,4,5) = v "Iy TiceH .

Since the same manipulations can be carried out when 1,2,3,4,5 are replaced by any 5 distinct
integers iy, i, i3, 14, i5, we see that H must contain all 3 cycles as asserted.
Proposition 5.2

If a subgroup G C S,, contains all 3-cycles then G = S,, or G is the alternating group 4,,

Proof
Note that we have

(1,2)(2,3) = (1,2,3)
(1,2)(3,4) (1,2)(2,3)(2,3)(2,4) = (1,3,2)(2,4,3)

Thus the product of two 2-cycles can always be expressed as either a 3-cycle or as a product of two 3-
cycles. This implies that every even permutation is a product of 3-cycles. Thus under our hypothesis
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G D A,. Now if G contains a single permutation ¢ not in A,, (that is an odd permutation), the
identity
Sn = A, + 04,

yields that G = S, as desired.

Combining these two propositions we derive that we cannot have 5.23 when n > 5. In fact
the string of inclusions in 5.23 must stop with G; = A,, and can go no further! We can thus state

Theorem 5.2 ( Ruffini)

For n > 5 the general equation E,,(¢) = 0 cannot be solved by radicals by successive adjunctions of
rational functions ®; € Rat[F, z1,x,. .., x,] satisfying the recursions in 5.14 and 5.15 as was possible for
the cubic and the quartic.

‘We should note that this result doesn’t quite put to rest the possibility of solving the general
equation by adjoining “radicals”. This is because there are still some unjustified hypotheses in the
present setting. First of all, in our original definition (see 4.15) of solution by radicals we did not have
the extra condition 5.15. As we shall see this is a relatively minor point, easily fixed in the Galois
setting. Considerably more troubling is that in this definition we require that each newly constructed
®; should turn out to be a rational function in the roots. What if we allow such steps as taking a p"*
root of x1xo - x,? Can we then construct a solution? These doubts would be removed if we could
show that the existence of a sequence of steps as in 5.14, 5.15 without the further assumption that
®; € Rat[F,x1,xa,...,z,] implies the existence of the same sequence of steps with this assumption
satisfied. This is in essence what Abel succeeded in showing. We shall not present Abel’s arguments
here since what must be proved to remove the remaining doubts can be done in an easier way in the
Galois setting. We shall thus terminate our treatment of Lagrange’s “Galois” Theory with one final
result which in some sense reverses Theorem 5.1.

Theorem 5.3
If U, ® € Rat[F;x1, 2, ...,2,] and

Go = Gu+7Gu+7'Gy+ - +7""'Gy 525

with 47 = id and
'YG\I, = Gq;"{ . 5.26
Then we can find © € Rat[F;zy, xa,. .., x,] such that
1) Go 2 Gy (O € Rat[F;eq,ea,...,e,,7]),
2) ©OF € Rat|F;eq,ea,..., e, P

5.27

Proof
Set

O = V4w ¥+ (W) T+ + (wy)P Lo . (w=e¥i/3) 5.28
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It is easily verified that
—1
10 = w O 5.29

Moreover, 5.26 gives that each of the conjugates ¥; = +*~!W has the same stabilizer as ¥. Thus
from the definition 5.28 we get that
Go 2 Gy 5.30

and therefore (again by Theorem 4.1) we must have
© € Rat[F;ey,e,..., e, 7]

Finally, 5.30 together with 5.25 and 5.26 implies that the polynomial
P ) P )
Q) = [[e-+""e) = [[t-0/'™) = r-0r 5.31
i=1

i=1

is left invariant by every element of G¢. Thus from Theorem 4.1 (with ¥ — @ and ® — O) we
derive that
OF € Rat[F;ey,ea,...,e,,9] ,

as desired.

Remark 5.3
We should point out that the inequality in 5.30 cannot in general be sharpened to an equality.
Indeed, in our construction of the roots of the quartic, the function

O3 = wows + i(y2 — y3)
satisfies the conditions in 5.25 and 5.26 with ¥ — &3, & — &5 p = 2. In this case we have
7=(13)(24) , w=-1

and
O = 3 + wyP3 = 2waws .

As we have seen

Guswy, = {id, (1,2),(3,4),(1,2)(3,4)}

while
G, = {id,(1,2)(3,4)} .
Nevertheless, in a typical application of Theorem 5.3 we may want to obtain © by extracting
a pth root of a function in Rat[F;ey, e, ..., e,, @] then recover ¥ by rational operations involving

© and possibly other known functions. Now this is provided by the following beautiful identity.

Theorem 5.4 (Lagrange)
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If U, ® € Rat[F;x1,xo,...,3,| and we have 5.25, 5.26 with v» = id and p a prime. Then
U = (co+c1O+ - +c,10P Y /p 5.32

where all the coefficients ¢; are in Rat[F; ey, ea, ..., e,, P].

Proof
For convenience set ¥y = W

p—1
0, = Z W,
s=0
Then it is easily verified that
1-wy)e; = 0. 5.33

Moreover, since for p a prime and any 0 < s < p we have
14 w + w¥gequ®Ds —

we immediately derive that
U = (01+024--+0,)/p . 5.34

On the other hand, 5.33 gives that the ratios

ot
wo
(&4

¢ = (—)Z/(—)i

are all invariant under . Since as we have seen 5.26 gives that all the conjugates ¥; of ¥ in G have
Gy as stabilizer, we deduce that these ratios are stable under G and (again from Thorem 4.1) we
must conclude that they are all in Rat[F;eq, e, ...,e,, ®]. This given, we see that by substituting
5.35 in 5.34 we get 5.32 with the desired properties.
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6. Galoisian “Galois Theory.

Lagrange’s pursuits were brought to a conclusion by Abel around 1829 when Galois started
his investigations. Galois’ starting point may have been the idea that although there may be no
general formulas for the roots of E,(¢) for n > 5 which involved only extraction of roots, it may
still be possible to find them for some special equations. This possibility had already emerged in
the work of Gauss and Abel but it is not clear to what extent Galois had been aware of their work.
We may say that his discoveries stemmed from a natural extension of Lagrange’s original methods.
To present Galois’ results, we shall need some additional notation and definitions.

Our basic ingredients here will be two fields F and &, with F a proper subfield of £. The
equation to be solved will be written as

E,t) = (t-a)t-as)---(t—ay) = 0. 6.1

where aq, as, ..., q, are distinct and, unless explicitely mentioned, will remain unchanged through-
out our presentation. We shall also assume hereafter that

1) a,a2,...,a, € & and
6.2
2) ei(an, g, an), ea(@r, @,y Qn), e (@, az, .y an) €OF
We see that we shall have to work here with functions ®(z1,z2,...,2,) of the independent vari-
ables x1,29,...,x, and at the same study their values when when z1,s,...,z, are replaced by
a1, Qa,...,q,. As clarity requires, these values will be represented by any of the symbols below
(o, qn,...,0) = Bla) = & . 6.3

For a given o € S,, we shall also use the symbols
o®(ag,a,...,0p) = o®(a) = od

to denote the value ®(ag,, gy, - - -, Ao, )-

This given, one of the fundamental differences between the Galoisian and Lagrangian setups
is that although a given ® € Rat[F;z1,za,. .., T, and all its images o® are well defined as elements
of Rat[F;x1,2s,...,x,] some of the values o® may make no sense at at all. An example in point is

the rational function 1

P(x) = 5——5——
( ) zf + z% — z§
when n =3 and a3 +a% —a} = 0.

In summary in the Galois setting, we have to be careful with denominators! We shall avoid
the problem by dealing hereafter only with polynomials functions of the roots. As we shall see this
is not a serious restriction, and with it, most of the results of Lagrange Theory can be extended to
the Galois setting with nearly identical proofs.
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Another important difference is that for some ® € Flzy,...,z,] there may be more permu-

tations of the roots of E,L(t) that leave ®(ay, @, ..., a,) unchanged than there are in Go. We shall
take account of this difference by setting for ® € Flzy, ..., x,]

Se = {08 : P, Xyy---5Q0,) = Plar, 2, an) } 6.4

Note that S¢ should be considered a property of ® and not a property of the value ® (). Moreover

we should point out that in general this collection of permutations may not even be a group! For
instance for the equation

By(t) = = (t+1)(t+i)(t—i) = B+ +t+1,

we can take F and £ to be the fields of rational and complex numbers respectively. Now, if we label
the roots by setting

then for ®(x1,22,73) = =z we have (in cycle notation)
Go = {id, (1,3)} .
On the other hand the permutations of ay, g, a3 that leave ) unchanged form the set
{id, (1,3), (2,3), (1,2,3)}

This is not a group since (1,2) = (1,2, 3)(2, 3), yet

Doy, a,a3) =ag = —1 and P(ag,ar,a3) =ai =1 .
To take account of this possibility we shall say that a given ® € Flzy,...,,] is Galois if and only if
S = G(p

We are now in a position to proceed with our treatment.

Theorem 6.1
For every subgroup G C S,, we have a Galois ® € F|z1, 22, ..., x,] such that

Se =G . 6.5

Proof
We start with the case G = S,,. Here can take again a linear function

(21, @2,y Tp) = MUTL A+ MaZy + -+ My, 6.6
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as in 4.16, but we must be a bit more careful in choosing the coefficients m;. To this end note that
if m1,ma, ..., m, are chosen to be integers in the interval [0, M], then for any given pair of distinct
permutations o, T € S, the equation

M1y, + Moy, + -+ MpQy, = M1Qr + MoQr, + -+ - + MpQp,
can have at most (M + 1)"~1 distinct solution vectors (my,ma,...,m,). Thus to assure that
ou(@) £7o(@) (¥ i£))

we need to avoid at most ("2') x (M +1)"~! vectors. However, when M +1 > (Z') there will remain
some n'"“Ps for us to choose and satisfy our requirement that S, = S,. Having made one such
choice of (my,ma,...,my), the desired ® for any given subgroup G can be readily produced. In
fact, we can show that we can set

o = H (N —ov(z)) 6.7

oeG

where N is a suitably chosen integer. To see this note first that the form of 6.7 guarantees that
whatever N we choose we shall have at least Sp O G. Now let

Sp = G + G + - + TG

be the decompostion of S,, into left cosets of G. This given, our choice of my, ms,...,m, assures
that the polynomials

AW = n ] t-ov@) = ] (t-mov(a)

oeG oeG

have no roots in common. Since they all have degree |G|, the equation

Bi(t) = B(1)

for i # j can then have at most |G| solutions. Thus if we want an integer N which gives P;(N) #
P;(N) for all i # j we need avoid at most (’;) x |G| values. Clearly we can find such an N in the
interval [0, M] as soon as M > (I;) x |G|. This completes our argument.

Remark 6.1
All the constructions, proofs and definitions in this section will use an n!-valued Galois
function

v(z) = mizy + moza+ -+ My,

which must remain unchanged throughout the rest of the section. We must therefore make sure that
some of the objects we introduce, such as for instance the “Galois Group” of our equation E,(t)
do not depend on the choice of my,ma,...,m,. This is one of the prices we have to pay for not
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following the abstract approach. However, we believe that this will be well compensated by the
additional insights that our insistence on explicit constructions will provide.

‘We begin by showing that the values of every polynomial ®(z) are in fact polynomials in
the values of v(z). More precisely we have

Proposition 6.1

Forany ® € Flzi,...,x,) we can construct a polynomial ©4(t) € F[t] such that for any v € S,
we have
7@ = Og(yd) . 6.8
Proof

As in section 4 (see 4.19 and 4.20) we let

QW) = Y oo [[D@-m) . P& = [[C-7v) . 6.9

o€Sy, TES, TESR

Since both @ and P are by construction Sy,-invariant, their coefficients are polynomials in Fleq, ea, . .., €,].

The hypothesis in 6.3 2) then yields that the polynomials

Qt), P(t), P'(t)

have coefficients in F. Setting ¢ = v in

QW) = Y o [[ -0

gES, TESR
gives
Q(yd) = ~® P'(yd) . 6.10
Note further that since by construction v takes n! distinct values, the polynomials P and P’ have

no common root. We can thus apply the Berlekamp algorithm and construct a pair of polynomials
p(t), q(t) € Flt] such that

pOP(M) + qOP) = 1
Setting ¢t = 0 in this equation yields
p(O)P'(78) = 1.

Multiplying both sides of 6.10 by p(y0) and using this equation we finally get

pODQ(E) = P,

and this gives 6.8 with

Os(t) = p()Q() -
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It develops that the polynomial

Pty = [[ ¢-v) 6.11

plays a crucial role in our development. It may or may not be reducible in F[t]. If it is, we can write
its factorization into irreducibles in the form

Pty = J[-m) JJ=70)- [ t—70) = P@®)Pa(t)- Pu(t) ,
T€T TET, T€TH
where T1,T5, - - -, T,, are disjoint subsets, and T} is the subset that contains the identity permutation.
Now we have the following crucial fact.
Proposition 6.2
The subset 7 is a group

Proof

Since by definition Tj contains the identity, we only need to show that if ,& € T; then
their product n¢ is also in T;. To this end, we use Proposition 6.1 and construct the polynomial
O(t) € F[t] that gives 6.8 for & = &v. We shall thus have

YD = O(yD) (V rv€b8,) . 6.12
Now note that by hypothesis
Pr) = [J€-r0) = o
TET
In particular, using 6.12 for v = id we can rewrite this in the form
P (6@®) = 0.

But this says that the polynomials P (t) and P; (©(t)) have a root in common. Since they are both
in F[t] and Py(t) is irreducible in F[t], we deduce that Pp(6(t)) must vanish for all the other roots
of Py (t). In particular we must have

P(®(n0)) = 0
Now using 6.12 with v = 1 this may yet be rewritten as

Pi(n¢v) = 0.

But this implies that the permutation n¢ lies in 77 as well.
Q.E.D.

‘We shall hereafter denote 77 by G and refer to it as the Galois Group of En(t). The polyno-
mial Py (t) itself will be referred to as a Galois resolvent of £, (t). For instance when n = 3 and

Es(t) = 2 +t24+t+1,
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we may take F to be the field of rational numbers and v = x5 — 1. This gives
Pt) = (= (z2— 1)) (= (22 —23)%) (* — (w3 — 21)?) .
Now this can be rewritten as
P(t) = 0+ (6 — 25%) + (ef — 382)2t2 —(z1 — xz)z(zl — 13)2(12 — 13)2

and substituting e; =1, e = 1 and e3 = —1 we get (using formula 2.7)
P(t) = 10 +4t* + 42 +16 .
Its irreducible factorization is

P(t) = (2 =2t +2)(12 +2t +2)(t> +4) .

Now the roots of 3 4+ 2 +t + 1 are —1,4, —i so if we label them a1, as, a3 respectively, then the
Galois resolvent is

Pit) = =242 = (t—(z2—z1))(t— (x5 —21)) ,

and the Galois group reduces to
G = {id, (2,3)} . 6.13

Note that if we had chosen v = x5 — 23 then the Galois resolvent would have been
P +d = (t—(z2—23)) (t+ (32 — 3))

and the Galois group would still be as in 6.13. It is casy to see from this example that as a subgroup
of S3, G does depend on our labeling of the roots. Nevertheless we are going to show that as a group
of permutations of the set —1,4, —i, G only depends on the equation E,L(t) and the given field F.

To this end, we need to introduce two classes of subgroups of S,,. We shall set

A= {HCS,:®cFlr,...,an)& S DH — deF} 6.14
and

B ={HCS,: ®cFlz,...,0,)&PEF = Se DH} . 6.15
In words, a subgroup H of S,, belongs to A if and only if any polynomial ® € F[zy,...,z,] whose

value is invariant under H has its value ® in F. In the same vein we can say that a subgroup H of
Sy, belongs to B if and only if any polynomial ® € Flzy,...,z,]| with its value ® in F must remain
invariant (by value) under all elements of H. It is immediate from the definitions 6.14 and 6.15 that
for any two groups H, K C S,, we have

He A&AKDH = KeA and HeB&KCH = KeB 6.17
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In words, A and B are respectively upper and lower ideals of subgroups of S,, (under containement).
Remarkably, we have the following basic fact

Theorem 6.2
A and B are both principal ideals with G as their unique extremal element. That is

AnB = {G} 6.18
Proof
We start by proving that
GeANB. 6.19
Given a ® € Flzy,...,x,] and using Proposition 6.1 we may write
v® = ©s(70) (Vv €Su) 6.20

Thus if S O G we have 1
d = Il > Oalyd)
vEG
Now the right hand side of this expression is a symmetric polynomial (*) in the roots of Py (t).
This shows that & may equally be expressed as a polynomial (¥) in the coefficients of P;(¢) which
themselves are in F. This implies that ® € F and that

GeA.
Conversely, if ® =a € F then using the same polynomial ©¢ we may rewrite this as
Op(0)—a = 0.
But this says that the polynomial
Os(t) —a € Flt]
has a root in common with Py (t). Thus it must vanish at all the other roots of Py (t). That is we

must have

40 = Op(y0) = a = P (V ve@).
This implies that Se 2 G and that
GekB 6.21
To complete our argument we must show that G is contained in all the other elements of A and that

G contains all the other elements of 5.
Note that if G; € A, the polynomial

(*) with coefficients in F
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(whose coefficients are necessarily invariant under G1) must belong to F[t]. Since it has the root @
in common with Py(¢) and Pj(t) is irreducible Q(¢) must be divisible by P;(t). This gives that

GCG .
Conversely, let G € B. Consider the polynomial
O(x) = Pi(v(z)) € Flag,... 2] -

Since its value ® = P;(0) = 0 is clearly in F it must remain invariant under every element of Gj.
That is we must have

for all v € G1. This shows that

and completes our proof.

Remark 6.2

Since the definitions 6.14 and 6.15 of the classes A and B only involve the given field F and
the roots of the equation En(t), we see that one of the consequences of Theorem 6.2 is that also G
itself only depends on F and En(t). When in our developments we keep the given equation fixed
and only vary the field, for simplicity, we shall use the notation A(F), B(F), G(F) and leave the
dependence on E'n(t) implicit. In all other cases we will indicate this dependence with a subscript.
We should also keep in mind that one of the immediate consequence of our definition of a Galois
group is that if 7~ C 7 are two fields then we necessarily must have Gz (1) € G, () (F)-

In trying to extend Lagrange’s Theorems 4.1 & 4.2 to the Galois setting we should be
tempted to let the Galois group G play the role of S,, in the arguments. However, given a polynomial
U € Flxy, T2, ...,2,] we may not be in a position to write down the coset decomposition in 4.5 with
Sy, replaced by G for the simple reason that we may not have Gy C G. Using Gy N G in place of
Gy doesn’t get us anywhere for the simple reason that the intersection Gy N G may only consist of
the identity permutation. Nor we can use Sy instead of Gy for it may be too big and as we have
seen it may not even be a group. It develops that the optimal choice turns out to be the intersection
Sy N G which here and after will be denoted by Gy and referred to as the Galois stabilizer of ¥. In
fact, Gy is neither too small nor to big and remarkably it can be easily shown that

Theorem 6.3
For any polynomial ¥ € F[xy, 2, ..., ,] the Galois stabilizer

é\p = S¢enNG

is a group

Proof
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Since by construction Gy contains the identity, we need only show that
n,€ € Gy = nlee Gy . 6.22
However, this is immediate. In fact, ,{ € Gy implies that
V—nl=0eF.
But since G € B we must necessarily have
Sew—nv 2 G

In other words

YT =¥ = 0. (V v€G)
In particular this must hold true for v = n~!. That is
il = ¥,

which gives 6.22 as desired.

‘We are now in a position to state and prove the Galois version of Theorems 4.1 and 4.2.

Theorem 6.4
IfU&® € Flzy,22,...,2,] and

Gy C Go 6.23

then we can construct a polynomial ©(t) € F|[t] which gives

4® = O(yD) (V ~ve@G) 6.24
Proof
Let
G =nGy + Gy + - + 7 Gy (71 =identity ) 6.25
and set
koo ko ~ k .
At) = > e [[D¢-n%) , B®) = [[¢-n9) . 6.26
i=1 =1 i=1

Now from 6.23 and 6.25 we get that A(t) and B(t) are G-invariant, and G € A gives that
A(t) & B(t) € F[t] .
Since by construction B(t) has distinct roots we can find two polynomials p(t), ¢(t) € F[t] such that

p(MB'(t) +qt)B(t) = 1.
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Setting t = ¥ gives
P 1)B'(Y) = 1 6.27

On the other hand we see from 6.26 that if v = 7,h with h € Gy then
A(y¥) = A(m¥) = 78 B'(19) .
Using 6.23 we may rewrite this as

A(y) = 4@ B'(7¥) .

Multiplying both sides by p(w\il) and using 6.27 we finally get

which is 6.24 with

This Theorem has an immediate consequence which can be helpful in the construction of

the Galois group of an equation.

Corollary 6.1
Let G be the Galois group of £, (¢) € F|t] and suppose that for some U € Flay, s, .. . , x,,] we have
(1) Su =Gy ,
(2) verF.
Then we must necessarily have
G C Gy .

Proof

In view of Theorem 6.2 we need only show that Gy € A(F). To this end let ® €
Flz1,22,...,2,] and let Sp 2O Gy. Condition (1) then assures that é(p 2 @q,. We can thus
use Theorem 6.4 and derive that for some 6(t) € Flt] we have & = §(¥). But then condition (2)
yields us that ® € F as desired.

Before we can proceed any further we need to establish the following basic fact

Proposition 6.3
Let B(t) € F[t] be a polynomial of degree & which is irreducible in F[¢], and let

B(¥) = 0
for some ¥ € Flzy,zo,...,x,]. Then the values

1,0, 02, ... ¢kt 6.28
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form a basis of a vector space V" over F which is also a field

Proof

Suppose that for some c¢,, ¢y, co,...,cx—1 € F not all vanishing we had

Cot W+ 02 4o o UL = 0

then the polynomial R(t) = ¢, 4 cit + cat? + - - -+ cx_1t*~ " would have a root in common with B(t)
and the greatest common divisor of R(t) and B(t) would yield a non trivial factorization of B(t) in
F[T) contradicting the irreducibility of B(t). This shows that the elements in 6.28 are independent
over F.

To complete the proof we need to show that every non vanishing element v of V has an
inverse in V. Now such an element would be given by a linear combination

v o= ot WU+ 4o T (caeF)

with some ¢; # 0. For the same reasons as above, the polynomial R(t) = c,+cit+cat?+- - -+cp_1tF!
cannot have any root in common with B(t). Thus we can use the Berlekamp algorithm and construct
two polynomials p(t), q(t) € F[t] giving

pMR() +q(t)B(E) = 1.

Setting t = U we get

which shows that R(¥) is invertible and that its inverse in V' is given by p(¥).
Q.E.D.

The vector space V' will here and after be denoted by f[\il] and referred to as the Extension
of F by . The integer k giving the dimension of ]-'[\il] will be called the degree of the extension.
We shall also say that F[¥] is obtained by adjoining ¥ to F. The following theorem provides the
crucial tools needed in the applications of Galois theory to the theory of equations.
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Theorem 6.5
Let ¥ € Flzy,xa,. .., 2y, set

G = nGy + mGy+- +71.Gy (n=id) 6.29

and let Uy = 7,0, Uy = 1,0, ..., U) = 7, ¥ denote the conjugates of ¥ in G. Then
(i) The polynomial B(t) = Hle (t — W;) is irreducible in F[t].
(i) By adjoining ¥ to  the Galois group of the equation £, (¢) = 0 is reduced to G'y..

(iif) The Galois group of B(t) is the subgroup Iy, of .Sj, corresponding to the action of G on the left cosets
of Gy In particular we have the isomorphism

k
=G/ () nGur ' 6.30
i=1

(iv) SetF; = F[¥]and let Autx(F;) denote the group of automorphisms of 7 that leave F elementwise
fixed. This given, Autz(F;) can be identified with the set {7,Gy : 7:Gy = Gy7; }. In particular
we have the isomorphism

Aut}‘(]:l) = ( Z Tzé\p)/éq; 6.31

riGu=Guri

Proof
Proof of (i)
Suppose that a polynomial B;(t) € F[t] divides B(t) and shares the root ;¥ with B(t).

Then the polynomial By(7;¥) € Flx1,xa,...,2,] has the value B1(7;¥) = 0 € F and G € B gives

that Sp,(r,v) 2 G. In other words we must have By (y7;¥) = 0 for all v € G. Since the action of G

on Uy, Uy, ..., U}, is transitive, we see that By (t) has to vanish at all the roots of B(t), which forces
By (t) = B(t). Thus B(t) can’t have a proper factor in F[t].
Proof of (ii)

Since B(¥) = 0 we can use Proposition 6.3 to construct the field F; = F[¥]. This given we
need only verify that

AF)NBFY]) = {Gu} .

Now this is immediate. In fact, if for some ® € Flzy,xa,...,2,] we have Sg D G‘q, then we must
have Gy O Gy as well and Theorem 6.4 gives that for some O(t) € Flt]

b =0(F) e F[I] .

Thus Gy is in A(F[¥]).
Conversely let ® € Flzy,xs,...,2,] and & € F[¥]. This means that for some O(t) € F[t]
we have
b =0(D) .
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In other words for the polynomial Z(z) = ®(

8

) —O(¥(z)) € Fl1,x2,...,z,) we have
E=0erF
so from G € B(F) we get that we must have
1P —O(yI) =72 = 0 (V y€@)

However, for v € Gy this yields that

In other words & € F[¥] implies that Se D Gy, which gives Gy € B(F[¥]) as desired. This
completes the proof of (ii).

Proof of (iii)
Let I'g, be the image of G in the symmetric group Sy given by the permutation action of G
on the left cosets of Gy. We want to show that

Ap(F)NBp(F) = {Ty} - 6.31

To this end let ® € F(y1, 92, ...,y and suppose that for any v € I'y, we have

BTy, Uy, o, 0y) = BTy, Doy, Ty) 6.32
Since each g € G induces a permutation of Uy, \ilz, LUy by an element v € I'g, 6.32 implies that
Sow, o0, 2 G -

But then G € Ay (F) gives that ®(¥y,Us,...,¥;) € F. Thus I'y € Ap(F).
Conversely, say <I>(\ill, 29 \ilk) =a € F. Then G € Bg, (F) gives that glb(\ill, Uy, .., \ilk)
Uy, Uy, ..., ) for all g € G. But if v = (g) is the image of g in Sy, this simply says that

‘p(‘i}"/ls\i}‘/r'”sq”h) = (U, Vy,..., V) .

This gives I'y, € Bp(F). To complete the proof of (iii) we need only observe that the Galois stabilizer
of a conjugate ¥, is simply the conjugate subgroup TiG\yTi_l, thus the only elements of g that leave
invariant all the conjugates of U are those that belong to the intersection

k 5 -1
Nizy iGeT, ~ .

This yields 6.30.

Proof of (iv)
‘We assume here that E~n(t) € F[t] as before and that £ = Flay, ag, ..., ay]. Note that since
every element of F; is of the form

0(F) = coter ¥+ +cp TF! (ceF) 6.33
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with % the index of Gy in G, to find the image by a g € Autz(F1) of any element of F; we
need only know ¢g¥. This is because, every ¢; remaining unchanged by g we must necessarily have
g0(¥) = 6(g0). Moreover, since B(t) = Hle(tf‘il,;) € Flt], the identity B(¥) = 0 forces B(g¥) = 0
as well. In particular, we deduce that g¥ = ¥, = 7; ¥ for some i = 1,2,...,k. In addition ¢¥ € F;
yields that we must have ¥; = 7,0 = 0(\11) with 6(t) € F. But this gives that Gy C éq,1 and since
éq“ = Tzé\prfl the latter inclusion can hold true if and only if

G, = Gy .

Thus we see that the elements of Autz(F7) can be simply identified with the left cosets 7.Gy such
that 7:Gy = Gyr;. This gives 6.31 and completes the proof of the Theorem.

‘We should note that the argument used in the proof of part (i) of this Theorem leads to the
following basic property of the Galois group of an equation.

Proposition 6.4

The polynomial B(t) = [/, (¢t — ;) € Flt] is irreducible in F[¢] if and only if its Galois group
G = Gp(F) acts transitively on aq, aa, . . ., .
Proof

Let By(t) € Flt] be an irreducible factor of B(t). If a; is any of the roots of By (t) then
Bi(oi) = 0 € F and the fact that G € Ap(F) gives that Bi(a,,) = 0 for all ¥ € G. But then the
transitivity of G yields that B;(t) can’t be a proper factor of B(t). Conversely suppose that G is
intransitive. This means that the orbit of any of the roots, say «; can’t consist of all the roots of
B(t). Denote this orbit by Orb(ay) and set

Biy=[I (t-a.

a;€Orb(ar)

Since B (t), by construction is invariant under G then G € Ag(F) gives that By (t) € F[t]. Moreover,
also by construction, B (t) does not contain all then roots of B(t). Thus By () is necessarily a proper
factor of B(t) and the latter must therefore be reducible in F[t].

Remark 6.3

We should note that parts (¢), (i¢) and (i) of Theorem 6.5 are Galois’ fundamental break-
throughs in the theory of equations. In the original Galois context groups came first and fields
were only accessories. In later interpretations and additions to Galois’” work started by Kronecker ],
brought to completion by Dedekind [] and Weber and popularized by E. Artin [],[], this viewpoint
has been reversed and Galois theory was made to become part of the theory of fields. In particular,
part (iv) of Theorem 6.5 in its present interpretation is a later addition.

Since our presentation of Galois theory differs from most available textbooks on the subject,
perhaps a few words might be needed to connect this writing to present day literature. For instance
in Artin’s monograph [] an extension field 7 of a field F is called a normal extension if the group of
automorphisms of F; that leave F fixed has F for its fixed field. We should note that in [] a field F is
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said to be fixed by an automorphism g if g fixes every element of F. We see then that one of our
fields F; = F[¥] is a normal extension of F if and only if the only elements of F; that remain fixed
under every element of Autz(F1) (as given by 6.31) are the elements of F itself.

This given, we can easily convert Theorem 6.5 into the collection of results that in [] is
referred to as the Fundamental Theorem of Galois Theory.

Theorem 6.6
Let G be the Galois group of E,(t) = [}, (t — a;) in F and let £ = Flaq, ag, . .., o). Then

(i) Eachsubgroup G; C G is the Galois group of ,, (¢) with respect to an intermediate field 7, = F[¥].
Different groups G, G2 corresponding to different fields 7y, 7».

(i) The subgroup G is a normal subgroup of G if and only if the corresponding field 7; is a normal
extension of F. In that case the group of automorphisms of F; that leave F fixed is isomorphic to
the quotient group G/G;.

(iiif) For each G1 C G the dimension of F; over F is |G|/|G1| and the dimension of £ over F; is |G |.

Proof
proof of (i)

‘We have seen (Theorem 6.1) that given any subgroup Gy C G we can find ¥ € Flzy, 2o, ..., 2]
such that Gy = G1. From Theorem 6.5 we get that the Galois group of £, in F = FlV]is Gy. If
for G1,G2 C G we have é\pl =Gy, Gq;z = (G5 then .F[\ill] - }'[‘ilz] gives \illﬁ(\ilz) with 6(t) € Flt]
thus also Gy, € G, so the equality F[W;] = F[W,] forces the equality G; = Gy, = Gy, = Ga.
This proves (7).

proof of (ii)

Suppose that Gy = Gy is not a normal subgroup of G. Then by relabeling the elements 7;

appearing in 6.29 so that 6.34 may be rewritten as

s

Autr(F) = Z e ( for s<k)

i=1

Now note that the polynomial
s

Bi(t) = [[t—¥)enrnl
i=1
cannot be in F[t]. This is clear since otherwise the irreducibility of B(t) = Hle(t — ;) (The-
orem 6.5 (7)) would be contraddicted. In particular one of the elementary symmetric functions
ei(y1, 2, - -, ys) must take a value e;(Wy, ¥y, ..., ¥,) not in F. However, since the latter is invari-
ant under permutations of ‘:I./l‘\i/z, AN \ils we see (from 6.31) that we have a clement of F; that
remains invariant under all elements of Autz(F1). So Fy in this case is not a normal extension of
F. Conversely suppose that G; = Gy is a normal subgroup of G then 6.31 gives that

k
AutF(F) = (Z Tiéw)/éw = q/a . 6.34

i=1
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Since every element of F is already fixed by Gy, we see from 6.34 that an element f € F; is fixed
by Autz(F7) if and only if it is fixed by every element of G, but then G € Ay (F) gives that f
must lie in F. This gives that F is the fixed field of Autz(F;) and completes the proof of (ii).

proof of (iii)

Given that G; = Gy and given that we have 6.29, Proposition 6.3 combined with (i)
of Theorem 6.5 yields that the dimension of F; as a vector space over F is precisely given by
k =|G|/|Gy. Tt develops that the last assertion of the Theorem is an immediate consequence of part
(i) of Theorem 6.5. In fact, to construct the Galois group of E,, relative to F; we can also resort
to the original definition. That is we break up the polynomial P(t) given in 6.11 into its irreducible
factors in Fi[t] and take the collection of permutations which give the irreducible factor Py ;(t) that
has ¥ as a root. (¥)

However, part (ii) of Theorem 6.5 gives that this procedure must deliver the polynomial

P = [ ¢-ro). 6.35
T€Cy

Since Py 1(t) is in Fq[t] we can use Proposition 6.3 and deduce that the extension Fi[0] must be
of dimension |Gy| as a vector space over ;. But then (i) follows from the fact that F[8] and

Flag,as, ..., o) are one and the same. In fact, we trivially have F1[0] C Flag, as,. .., a,] and the
reverse containement F1[0] 2 Flaq, aa, . . ., ay,] follows from Theorem 6.1. This completes our proof.
Remark 6.4

We should note that under the definition of some texts (see [] ,[]) one of our extensions

Fi = F[¥] would be called normal if and only if any irreducible polynomial Q(¢) € Flt] that has
a root in F has all the other roots in F;. Now we can easily show that, again this happens if and
only if Gy is a normal subgroup of the Galois group G = GE"(t) (F). Let us use the same notation
as in the proof of Theorem 6.5 and let us set Q(t) = [~ (¢ — ;). Note first that if the “normality”
condition in [] and [] is satisfied then one of the polynomials all whose roots, by this condition, would
have to lie in F; is the polynomial B(t) itself. But as we have seen this is equivalent to Gy being a
normal subgroup of G.

Conversely suppose that Gy is a normal subgroup of G = G}Z“n(t)(]:)' Then 3; € Fi, simply
means that 4, = (V) with 6(t) € F[t]. In other words we have

B =P(ar,ag,...,an) = 0(¥(a1,an,...,0)) .
But then we must also have
V61 =P = 0(y¥).
Letting A denote a set of representatives for the left cosets of Gy in G construct the polynomial

Q) = J[¢-r2) €7

TEA

(*) Note that P 1(¢) must also be an irreducible factor of the polynomial 151(15) which gave us
the Galois group G of E, in F.

A. Garsia 264C Lecture notes GALOIS THEORY July 14, 1997 44

Since Q1 (¢)t shares a root with Q(t), the irreducibility of the latter forces all the roots of Q(t) to be
roots of Q1(t). In other words, every root 3; has an expression of the form

Bi =1, = 0(r, ) .

Now, since the normality of Gy forces all the conjugates of ¥ in G to belong to f[\i’] we must
conclude that each 3; € F[¥] as desired.
We should note that Q(t) being a factor of Q1 (t) yields that m < k = degree B(t).

7. Solving cyclic equations

In these notes we shall say that an n'" degree polynomial B, (t) = [/, (t — a;) € Flt] and
the corresponding equation E,, (t) = 0is cyclic in F[t] if its Galois group G = G ) (F) is the cyclic
group on n letters. More precisely, E,(t) is cyclic with respect to F[¢] if and only if by a suitable

labeling of the roots oy, as, ..., a, we have
G =G(F) = {id,.+*....7"" "} 7.1
with
Yo = @it for i=1,2,....,n (qn41 =01) 7.2

We should note that in our definition of cyclicity we implicitely assume that E,(t) has
distinct roots. This given, the following basic fact is helpful in establishing cyclicity.

Theorem 7.1
E,(t) is cyclic with respect to F[¢] if and only if

(1) Itisirreducible in Ft],
(2) We have a polynomial 8(¢) € F[t] and a labeling a1, s, . . . , v, Of the roots of E,, (t) such that

a1 = 0(a;) for i=1,2,...;n  (Qp41 = 1) 7.3
Proof
Suppose En(t) is cyclic. Then under the labeling which gives 7.1 and 7.2 set
n (s)
QW) = Y o [[t—ay) . (ony1=a1)
s=1 j=1
Note that for i =1,2,...,n we have
Qlai) = aip1 E)(ai) 7.4
Since the roots ay, ag, . . ., a;, are supposed to be distinct E~,L(t) and its derivative E{? () have no roots

in common. Thus using the Berlekamp algorithm we can construct two polynomials A(t), B(t) € F[t]
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such that A(t)E,(t) + B(t)E/,(t) = 1. Since setting t = a; yields B(;)E/,(a;) = 1, we see that we
can rewrite 7.4 in the form
0(ei) = it
with
0(t) = B(t)Q(t) € F[t] .

This proves property (2). To show (1) we need only observe that, in view of the transitivity of the
action in 7.2, the irreducibility of E_n(t) follows from Proposition 6.4.

Suppose now that E,(t) satisfies (1) and (2). Then, using the labeling that gives 7.3, we
may define v as the circular permutation that gives v o; = a;41. Let us also recursively define the
polynomials 0;(t) € F[t] by setting 6, =t and

Oiv1(t) = 0(0:(t)) (i=12,....n—1) .
Let as also set for any ®(x1,z2,...,2,) € Fla1, 22, .., 2n)
Ra(t) = ®(0,(t),61(t),02(t),...,0n0-1(t)) 7.5
Now let G = {id,v,~%,-+,7" "'} and suppose that
Se 2 G 7.6
Using 7.2 and 7.5 we may rewrite this as
Ro(a1) = Re(as) =+ = Ra(ay) . 7.7
In particular, we must have
D@1, a3, ) = Ra(ar) = =+ (Ro(n) + Ro(az) + -+ Rofan))
However since
%(R@(zl) + Ra(w2) + -+ + Ra(zn)) € Sym[F;z1, w2, ..., 2]
its value at o, ag, . .., a, must be expressible as a polynomial in the coefficients of E~,L(f,), This gives
that
D(ag,ag,...,an) =a€F 7.8
and establishes that G € A (,)(F). To finish the proof we need only show that we also have
G eBp y(F) - 7.9

To this end suppose that 7.8 hold true for some ® € Flzy,22,...,2,]. Using 7.5 we may translate
this property into the statement that the polynomial

Re(t) —a € Flt]

A. Garsia 264C Lecture notes GALOIS THEORY July 14, 1997 46

vanishes for ¢ = ay. Now under (1) E,, (t) is irreducible and this forces it to be a factor of Ry (t) — a.
In other words we must have

Rofas) = a (for i=1,2...n).

This shows that Sg O G and that 7.9 holds true as desired.

Note that although cyclicity is a field dependent property, here and in the following we shall
drop the appendage “in F[t]” or “with respect to F[t]” in all cases in which the identity of the base
field F is clear from the context.

Theorem 7.1 has two immediate important applications:

Corollary 7.1
If a binomial equation t» — a = 0 with 0 # a € F and p a prime is irreducible in F[t], then it is
cyclic if and only if F contains a primitive p*"-root of unity.

Proof

Let w € F be a primitive pt

-root of unity and let o be a root of t¥ — a. Then since for no
s < p we may have w® =1 (*) the powers w* (for ¢ = 1,..,p — 1) are all distinct. This gives that the
roots of ¥ —a are simply
al=a, m=wa, az=wa, ..., , ap =w""ta

and so we have 7.3 with 6(¢) = wt. Thus the cyclicity of t” — a follows from Theorem 7.1.

Conversely suppose that t¥ — a is cyclic. Let ay, a,. .., a, be the labeling of its roots that
gives 7.2 so that its Galois group is G = {id,7,...,7*"'}. Set w = az/aq = aza‘f*l/a. Clearly we
must have wP = 1 and we can’t have w = 1 since that would contradict the irreducibility of t* — a.
This given, since the the elements w'~'a; are distinct and all satisfy #* — a = 0 they must be a
permutation of ai, g, ..., ap. Thus

P .
P —a = H (t—w'tay) .

i=1

‘We thus deduce that

a; =uwha (i=1,...p)
where hy,ha, ..., h, is a permutation of 0,1,...,p — 1. From this we derive that yw = az/ay =
whs=1. Since ag # as we see that hy # 1 mod p. Setting hy — 1 = e we get YFw = we. But
then a theorem of Euler gives that s»~! = 1 mod p. In particular we get that 77~ 1w = w. Now,

1

yP~1 =471 and y7! generates G as well as v. Thus w is invariant under G and must necessarily

belong to F as we wanted to show.

(*) the smallest such s would have to divide p
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Corollary 7.2
The cyclotomic polynomial

Dp(t) =1+t +t2+ - P (for p a prime ) 7.10

is cyclic with respect to the field Q of rational numbers

Proof
We start by showing that @, is irreducible in Q[t]. Suppose not. Then by Gauss theorem
we will have a non trivial factorization

B,(t) = A()B() 7.11

where A(t) and B(t) are both monic polynomials with integer coefficients. Setting ¢t =1 gives

So one of A(1), B(1) must be £1. Say it is A(1). Now let a be a root of ®,. Since o =1 we can’t
have a® =1 for any 1 < s < p — 1. In particular, for such an s, the elements

a®, o, ..., o bs

are just a rearrangement of the roots of ®,. Since at least one of them is a root of A(t), we are
forced to conclude that

A(as)A<a2s)...A(a(Pfl)S) = 0. (V1<s<p-1)
This yields that the polynomial
R(t) = A(t)A(t?) - -- A(tP~D)

must be divisible by ®,. Since R(t) is monic with integer coefficients, again by Gauss theorem, we
shall have the factorization

Rt)=(1+t+t>+ - + "1 )Ry(t)

with Ry (t) also monic with integer coefficients. Now setting ¢t = 1 we are forced to the impossible
conclusion that

+1 = pRi(1) .
Thus @, must be irreducible as asserted.

We know from number theory that for any prime p we can find a primitive exponent e €
[1,p — 1] which has the propery that the integers

e, e, .. .e
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are distinct and, in fact, give (modulo p) a permutation of
1,2,...,p—1

Choosing one such exponent, we derive that if o is any of the roots of ®, then the powers

p—2
a,a, ...af

give back again all the roots of ®,. But this means that if we label the roots of ®, by setting
a; = a® " we shall have 7.3 with

0t) = t°eQlt] .
This completes our proof.

There is a further property of the binomial equation with prime exponent we need to know
here.

Proposition 7.1
The binomial t” — a (a € F) is reducible in F[t] if and only if a is the p** power of an element of F.

proof
Suppose that t” — a is reducible in F[t] and let

#—a = A(t)B(t) ( A(t), B(t) € F[t] )

be a non trivial factorization. We may then write

s

A =JJ¢-w"a)
i=1
where s < p, a is any root of t” —a, and w can be chosen to be the ratio of any two roots. However,
A(t) € F[t] implies in particular that its constant term ¢ is in F. In other words

aSwhithetths) — o c F 7.12

Since 1 < s < p we can find integers h, k such that hs = 1 + kp. Raising both sides of 7.12 to the
power h yields

,
adw =,

for a suitable integer 0 < h’ < p — 1. Thus one of the roots of t* — a, namely b = aw"’ lies in F and
a must necessarily the p** power of an element of F as we asserted.
The converse is entirely trivial since when a = b with b € F we have the factorization

tP—a=(t—b) P P24 WP P
To proceed any further in this section we need to update the meaning of solving by radicals

in the Galois setting. It is natural to assume that in this setting root extraction should simply mean
extending a given field P, by the adjunction of a root of a binomial equation

" —a=0. (aeP)
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This given, solving by radicals the equation E, (t) = 0, in the Galois setting means constructing the
roots of E,(t) € F[t] by a sequence of extensions

Foor = Fe = Froal&l (k=0,1,2,.,k, ) 7.13
with
(1) & € Fr
(2) Fo=7F, 7.14
3) a1,a9,...,00 € Fp, .

In particular, this will enable us to construct a formula, say for a;, which will be of the form

7.15

Where the radicals appearing in it will be appropriately chosen solutions of the equations
th—a, =0 with ay € Fr_1 7.16

If we chose to represent the element &, appearing in 7.14 (1) by the symbol 7¢/ay, we are confronted
with the ambiguity resulting from the multivalued nature of the symbol “¢/...”. For instance if, at
the k*" step of the extension process, & is to be a primitive 6""-root of unity. It would be better to
represent & by —5 + @ rather by V/1. This is because the expression —% + @ yields only these
two primitive roots as we specialize &—3 to the two conjugate roots of the equation x2 + 3 = 0.
Clearly, it is in the nature of the problem that any formula we may construct for a; should have
multivalued symbols appearing in it. For oy itself is in essence an n-valued function. Indeed, labeling
the roots of En Qai1,Qa,...,q, is an artificial device, and “a;” should really represent only a generic
root of E,. Now, we have seen already in the Lagrange setting, that there is no loss in requiring
that in the successive radicals 7/ay, the exponent py should be a prime number. Now if the equation
tPx — aj, = 0 is cyclic in Fj—; the adjonction of any one of its roots to Fj—1 will result in the same
field Fj. So writing Fr, = Fr_1] "/ax] does not produce any ambiguity as far F is concerned.
Moreover, we see that if we require that each symbol £, = #{/a) appearing in 7.14 represents the
same root of tP* — ap = 0 and if we let each of these symbols in turn and independently describe
each of the other solutions of the corresponding equation t?* — aj = 0 then oy as expressed by 7.14
= n then 7.14 by this process will
deliver each of the roots of E,,. Here and after a formula 7.15 satisfying these requirements will be
called a tight formula and the symbols #¢/ay) appearing in it will likewise be called tight radicals.
More generally we shall refer to an adjunction P — P[¢ = {/a] as a tight radical extraction if and only

will represent a pips - - - pi,-valued function. So that if p1ps - - - pi

o

if t* — a is cyclic in P. All other formulas and root extractions will be referred to as loose. It is not
difficult to verify that the formulas for the roots of the cubic and quartic which can be obtained by
the process given in section 5 are, in fact, tight. However as we pointed out, the process in section 5
has the additional property that at each step the element adjoined (roots of unity apart), is a root of
a polynomial function of the roots 1,2, ..., 2,. This brings us to define 7.15 as a natural formula

if every & is also a polynomial in a1, g, . .., o, with coefficients in F. In this terminology, we can
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say that Lagrange showed that (as long as F contains all the needed roots of unity) the roots of the
general cubic and quartic may be given by a tight natural formula, Ruffini showed that the roots
of the general quintic have no loose natural formulas and Abel showed that they may not even be
solved by loose radical extractions.

It appears that we are now faced with the additional problems of finding out which equations
have roots with tight and/or loose and/or natural .. .-etc formulas. However, we shall soon see that
things are not that complicated. To begin with we show that the roots of a cyclic equation of prime

th

degree p, after the adjunction of a primitive p*"*-root of unity, may be given a tight natural formula.

In fact, to do so we need only add a Galois twist to Lagrange’s identity 5.32.

Proposition 7.2
Let p be a prime and let B(t) = Hf;ol(t — ;) € F|t] be cyclic with Galois group G = Gg(F) =
{id,v,72,...,7"~'} where
VB = Biv1 - 717

Let u be a primitive p*"-root of unity. Then we have
1,
Bs = — u e 0 or $s=0,.,p—1 7.18
p;; (f p—1)

where each ¢; € F[u] and 6 is a root of a binomial equation
P —Z=0 (ZeFlu) 7.19

which is irreducible in F[t]. Moreover, if w is properly chosen, we have also the expansion

0 =0, +uby +u?Bo+ -+ uP 1By . 7.20
Proof
Set
p—1
0 :Z u' B ( for s=0,.,p—1) 7.21
i=0

Note that since the matrices ||[u"*||;,s=0, p—1 and %Hu’”|

rs=0,.p—1 are inverses of each other, the
relation in 7.21 may be inverted to

p—1) 7.22

Bs = —Zu”sﬁi ( for s=0
P~
Note next that we may write

o = Z yirtiet e gL B,

- ) BisBia -+ B,

r=0  iytigtetip2r mod p
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Now it is easy to see that the polynomial

Pr(Bo, Brs s Bp1) = > BirBix - B,

i1tiz iy e mod p

is invariant under the cyclic shift 5; — (41 thus its value must necessarily lie in F. Formula 7.23
then yields that
0r = E; € Flu] 7.24

Similarly, we can write

p—1

oo, = S s BirBia - By B

—0 i1 +igtFip_s+sir mod p

and deduce from it that
V70, = ds € Flu] . 7.25

Now observe that we cannot have 6 = 0y = --- = 6,_; = 0 for otherwise formula 7.22 would yield
B = P2 = --- = [Bp—1 which contradicts the irreducibility of B(t). But this means that we can
assume ¢ # 0. In fact, the case when 05 is the first one that is # 0 can be reduced to the case
01 # 0 by replacing u with v = u®. This given, we can invert Z; in F[u] and, combining 7.24 with
7.25, derive that

05 =cs 07 7.26

with
¢s = dy/E1 € Flu] .

Using 7.26 in 7.22 gives 7.18 with # = 0;. Since 6 satisfies the equation 7.19 with = = =Z; and 7.20
is simply the definition 7.21 of 6, to complete the proof we need only show that the binomial ¥ — =,
is irreducible in F[u]. Now suppose it is reducible. Then Proposition 7.1 gives that it factors in the
form

-2 = (t—Db)(t—ub)---(t—uPh)

with b € F[u]. Thus we must have 6; = u"b € F[u] and in particular 7.18 gives that 8, = 6(u) with
0(t) € Flt]. Now let H be the Galois group of the cyclotomic polynomial ®, =1+t +---+t*~!in
Ft] and let Hg, denote the Galois stabilizer of #(u) in H. From the left coset decomposition

H =m1Hg +71Hg + -+ 1,Hp, (m=1d)

construct the polynomial
k

Bi(t) = [[¢t—mb) e Flt] .
i=1
Note that By (t) must have B(t) as a factor since it shares the root 31 with B(t) and B(t) is irreducible
in F[t]. Now all this leads to an impossibility since Bj(t) is of degree k < p— 1. In fact, k must be a
divisor of the order of H and H is (by Corollary 7.1) a subgroup of the cyclic group of order p — 1.
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Thirty years before Galois and ninety years before the concept of field was introduced and
developped by Dedekind [], Gauss, essentially showed [] that all roots of unity can be obtained by
a sequence of normal field extensions, in fact by tight root extractions in our terminology. His proof
his algorithmic and is therefore very much in style with present preferences for explicit construc-
tions. This given, we would be amiss not presenting it here. Gauss’ argument relies on a family of
remarkably beautiful identities. They may be stated as follows

Lemma 7.1 (Gauss)
Let p be a prime, let w = >/ and e be a primitive exponent modulo p. For a given factorization

p—1 = ab 7.27
set
2. (b—1) b=t
() = t+15 +1 4 pte 7 = N 7.28
i=0
Then for any pair 0 < r, s < a — 1 we have
b—1
I, (we ), (we) = Ha(w“q"‘ﬁm) . 7.29
i=0

Proof
Note first that, for the purpose of establishing 7.28, the polynomial II,(t) is essentially
invariant under the substitution ¢ — ¢¢*. More precisely, since e?~! 22 1 modulo p we have

M) = ¢+ +. +¢" = @) (mod t* —1) 7.30

This given we have

(), (w) = 3 () M) =3 ()" M ("))
j=0 j=0
b—1b—1 b—1b-1 .
ryel® s jayei® ryed® stiay el
=2 @) (@) = ()" (@)
j=0i=0 =0 j=0
b—1

QED.

Gauss’ construction of the roots of unity is best understood if illustrated in special cases.
Nevertheless it will be helpful if we start with some general remarks. Suppose that we want all
the primitive p! roots of unity for a certain prime p. Since they are the roots of the cyclotomic
polynomial

b, = 1+t+2 4+ +tr71 7.31

our starting point should be the cyclicity of this polynomial with respect to the rationals. Following
the proof of Corollary 7.2, we let e be a primitive exponent modulo p, let @ be one of the roots of
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7.31 and label all the roots by setting
a; = af ( for i=0,1,....p—2) 7.32

We have seen that with this labeling the Galois group G = G, (Q) is the cyclic group of order p—1
generated by the cyclic permutation
Yo = Q- 7.33
Now for a given factorization p — 1 = ab we let G, denote the cyclic subgroup of G' generated by the
cycle y*. That is
Ga=147" 47"+ 97D 734

We then have the left coset decomposition
G =Gy +7Gy +7*Co+ - +77'G, . 7.35

Now we know from Theorem 6.1 that we can find a polynomial ¥, (1,22, ...,2,) € Qz1,22,...,Ty]
such that Gy = Gl. Actually in this case we have a very simple choice for U, namely the linear
expression

\i’a :ﬁo:Gaao:“o+aa+a2a+"‘+(y(b—l)a 7.36

Since the stability of U, under G, is clear, to assure that éq;u = G, we need only verify that no
other element of G leaves ¥, unchanged. But, because of 7.35, this will be so if and only if the

conjugates
Bi=9"Bo = i+ iyt Qigoat +Qip-1)a (for i=12,...,a—1) 737
are all distinct. However, since
b—1
Bo=> " 7.38
r=0
the equality
Bi = B
holds true if and only if a is a root of the polynomial
b1 b1
Py(t) = >t = S
r=0 r=0

Adding £®,(t) to P;(t), if necessary to cancel the the term in t?~!, we would then obtain a
polynomial in Q[t] of degree less than p—1 which shares a root with ®,, contradicting the irreducibility
of ®,. Thus Gﬁ“ = G, and we can use Theorem 6.5 to conclude that

0]

The polynomial

Bat) = [[-5) € Qi
i=0
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is irreducible in QJt]
(i)
By adjoining f3, to Q the Galois group of ®,, reduces to

Ga =149+~ 4. 40D

(iii)
The Galois group of B, (t) is the cyclic group

G/Ga — 1+,\/+72+...+r\/a—1 . 7.39

Here v can keep the same meaning as before since we may let it act on the [3;’s as they are given by
the defining identities 7.37.

This establishes that B, (t) itself is cyclic and therefore, if a is a prime, we can construct
its roots according to formula 7.18 of Proposition 7.2. All this may be very nice but yet not very
explicit! The beauty of Gauss identities is that they enable us to compute all that we need with a
minimum of effort. Indeed, (using the notation of Lemma 7.1), we see that we have

Bi = Ta(a®) , 7.39

thus we may use 7.29 to construct a multiplication table for the roots of B,(t) and obtain B, (t)
itself as well as the ingredients entering in formula 7.18 quite explicitely.

This is but the first step in the construction of the roots of ®,. It reduces us to work with
®,, in the extended field Q[3,] which now (by the cyclicity of B, (t)) contains S, B2, ..., Ba—1 as well.
The next step is to factorize in turn the new Galois group of ®,, which as we have seen reduces to

Go=147% 42 4o ylb-Da

and then proceed to split each of the 3; into sums A; of powers of a which are invariant under a
normal subgroup of G,. Then, after the adjonction of the A; to Q[f,], we further reduce the Galois
group of @, to this normal subgroup. We proceed in this manner until the 3;’s are split all the way
down to their individual summands, which are of course the roots of ®,. To describe the process
explicitely at this point and in full generality would require more notation that would only blur the
beauty of the argument. Imitating established tradition, we will avoid this difficulty by just saying
that after we split the number p — 1 into its prime factors.

p—1=ppa---pr, Wwith p1>py>-->py, , 7.40
we proceed to construct the composition series of G =1+ + -+ +1?~1

Gy, G1bp, Gobp, - Dy, G, = {id} .
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Then by a sequence of adjunctions &, € Qla,, a1, ..., ap_1], with C:'gk = G, we arrive at a final tight
and natural expression for the roots of ®,. We must also point out that this argument can only be
completed by an induction process. Since at each step, as we have seen we need to adjoin primitive
roots of unity of lower order which inductively must be assumed to have already been given tight
formulas. Before we indulge into this type of mental gymnastics it will be good to work out a few

revealing examples.

p=13:
Here, p — 1 = 12 and we may take e = 2 as a primitive exponent mod 13. This given, from

Corollary 7.2 we get that the Galois group of the equation
Pra(t) =1+t +12 4+t

with respect to the field Q of rational numbers, is the cyclic group generated by the operation t — t2.
More precisely, if a is our desired 13" root of unity and the roots of ®13(t) are labeled by setting

2 2‘2 21]
Qo =, 01 =07, Q@2 =Q" , ...,01] =« 5

then G = Gg,,(Q) is generated by the cyclic permutation

ya; = af = @y -
This gives
20
o = o = w
o = a22 = a?
a = ozz3 = ot
ag = a24 = aof
. = oF = o
2° 6
as =« = a
7.41
ag = an = a'?
ar = azg = alt
ag = azg = o
ag = azl = o
o0 = azlo — a0
oy = ol = of
We start by factoring the Galois group of ®13
Liytodyt = 1477 090 9 471+ 49 49 721+ 400 19 . T2
Then we seek for an element 3, € Qa1 . .., a11] whose Galois stabilizer is
Gp, = 147"+ +7°
We may take
Bo = ap+aztasgt+ag=a+a®+a?+a® = I(a) . 7.43
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Its conjugates are
B = ar+autartapg=a’+a’+all+al® = I5(ay) . 7.44
and
_ _ 4 6 9 T 4
By = ast+astagst+ar=a " +a’+a’+a" = Ilz(az) . 7.45

Now, using the Gauss relations with parameters p = 13, @ = 3, b = 4 and e = 2 we get the
multiplication table

BoBo =4+ B1+202  Bofr=0o+281+ B2 Bofe =200+ 1+ P2
B1Bo =00 +201+ P2 P11 =4+2Bo+ P2 Bi1f2=fo+ B1+202 7.46
P20 =2Bo + P14+ Pa Bofr=Po+ P1+2B [2fa=4+8,+20

From which we derive that
(t=Bo)t—B1)(t—B2) = 1—dt+t*+1t> .
Theorem 6.5 then gives that this equation is cyclic with Galois group
2
1+vy+y

So if we let u denote a primitive cube root of unity, that is

e e )

u 3

and set

0o = BotBi+B2,

00 = Botups+ubs

Oy = Bo+u’fi+u'fs
then formula 7.22 gives

Bo = (00401 +62)/3 .

Note that we must have —f, = 1 since it must equal the coefficient of ¢!! in ®;3. To get 3, into the
form given in 7.18 we must compute the coefficient

cy = 92/0% .
Now we can write
o — 026,
2 = T? .
and the table in 7.46 gives
3 132
020, = 13, 0 = —13(4+4+3u) =

—1+3u
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Thus
co = (—1+43u)/13

and

—14+6; + (=1 + 3u)6?/13

7.47
3

Bo

where we may write
0, = /—13(4+3u) ,

which is assured by Proposition 7.2 to be a tight radical in Q[u].
By Theorem 6.5 the Galois group of ®13 in Q[3,] is
1+7°+9°++°

So our next step is to construct a polynomial in a,, a1, ..., a;; whose stabilizer in 14 ~%. We may
take

6 —
X = Qo+ = a+a? = a+al

Now we need to use the Gauss relations with a = 6 e = 2. In fact, if we set

A = Tg(e?) (r=0,1,...,5)
then
Ao = aot+ag and N3 = a3+ ag
thus
Bo = XotAs3 .

From Gauss formula (or even by direct computation in this case) we get that
Ao XAz = At = o
and A, can be obtained by solving the equation
(E=A)(t=A3) = ¢ =Bt +f2 .

This gives that

atal=), =

—Bo+ /B2~ 4B, s
AR :

If we prefer to write A, only in terms of 3, the we resort again to the table in 7.46 which gives
Pr=—0;-20,+2 and  By=p+06, 3

this agrees with the fact (implied by the cyclicity of the equation satisfied by 3,) that both 3; and
(2 must be in Q[B,]. We should note again that, as assured by Proposition 7.2, the square root in
7.48 must necessarily be tight in Q[3,].
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The last step is to reduce the Galois group of @13 to the identity by adjoining o. From 7.48
we get that « is obtained by solving the equation

(t—a)t—a) = 2 =At+1=0

which gives that

2 2 _ 4
Aot A4 7.49

2

In summary, by combining 7.47, 7.48 and 7.49, we can construct a tight natural formula for all the

o =

primitive 13" roots of unity. In fact the successive adjunctions may be taken to be
Bo=aqo+as+as+ayg , Ao = apt+ag , =«

The corresponding reductions of the Galois group of ®13 being

Mooy 1+9% 495497 b2 149° by {id}

T+y+- 4y
Remark 7.1
The fact that in the previous calculation we found that 6105 = 13 € Q is not an accident.
In general, for any cyclic equation, formulas 7.21 give that

p—1

=000, = > > BirBis -+ Biys -

r=0 iy +2ig++(p—1)ip-12r mod p

Since the coefficient of u” is clearly invariant under the cyclic shift 8; — S;+1, we should not be
surprised if f comes out to be in Qu]. However, it is easy to see that f also remains unchanged by
the replacement of  in f by any other primitive p*’-root of unity. This forces f € Q as well.

p=11:

Here we may take e = 2 again and set a; = o for i = 0,1,...,9 with o our desired
primitive 11*"-root of unity. Letting ya; = a;4 1 again Corollary 7.2 gives

Gay(Q) = L1+r+72 447"

Since p — 1 =10 = 5 X 2 we can at once reduce this Galois group to the subgroup

1+'y5

by the adjonction of
Bo = aotas . 7.50

To use Gauss machinery with p =11 e =2 and a = 5 we set

Br = s(ar) . (r=0,1,...,4)
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In this case a repetitive application of 7.29 gives

(t=Bo)t—B)-(t—Pa) = 1+3t =3 —a> +1* +°
which by Theorem 6.4 must be cyclic with Galois group

1+7++°2+4*

We can then solve it with the formulas of Proposition 7.2. So we pick a primitive 5**-root of unity
u and set .
0, = Zu”ﬁi ( for r=0,1,...,4) .
i=0

Using the Gauss identities, (this time MAPLE comes in handy) we get that
07 = —11u(26 + 20u — 15u® 4 10u?) .

So 60, is obtained by the tight root extraction

01 = ¢/ —11u(26 + 20u — 15u2 + 10u?) 7.51
and 3, is then given by
Bo = (Bo+01+---+64)/5

Now again we have §, = —1. To express 3, entirely in terms of 6; we need to compute the ratios
¢; = 0;/0;. We shall compute ¢y here and leave it to the reader to compute the other ¢;’s.
In complete agreement with our Remark 7.1 we find that

010,050, = 121=11%€ Q

So we may write
121,

921629% = m 1

Again the Gauss formulas (and MAPLE) give that
02030, = 121u(2 — 2u —u?) ,
and we can then easily get that

0, = 44 2u+ 2u? +ud 9%'
11u

Since 2° = —1 mod 11 we see that
Bo = a+at

so in one more step we can get our desired a by solving the equation

(t—ap)(t—as) = t2=Fot+1 = 0.
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This gives again
Bo+ /Bo—4
2
In accordance with the fact that p — 1 = 5 x 2 here we have only needed two natural adjunctions to

a =

reduce the Galois group to the identity. Namely, a, + a5 and «,.

p=T

‘We will be brief here. In this case we must take e = 3 as a primitive exponent and set
a; = fori=0,1,...,5, where a is our desired 7"-root of unity. The Galois group in this case is

Go,(Q) = 1474+ (with yoy; = aigr )
Since p — 1 = 3 X 2 we start with
Br = Is(ar) ( for r=0,1,2)

Then Gauss’ formulas yield us the table

BoBo =2+ P2 Bofi =01+ P2 Bofa=Bo+ 1
BiBo =P+ B2 B =2+ Bif2= 0o+ 2
B2 =00+ 01 B2 =0o+ P2 B2fBe=2+p

From which we get that
(t=Bo)t—=P1)t—P2) = 2 +2—2t—1 .

Theorem 6.5 gives that this polynomial is cyclic with Galois group 1 + v + 7% So we may use
Proposition 7.2 with p = 3 and set again

0, = Bo+P1+02

01 Bo+uby +u’Bs
0y = Bo+upL+u'fs,

This gives us
Bo=(=1+01+62)/2

Using the table we easily derive that

010 = 7 and 6} = —7-2lu
SO we may write
7 7 24 3u
by = — = — 62 = 0% .
2 01 03 1 7 !

So we get

0, = V-7-2lu
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and
=146+ (2+ 3u)63/7

Bo 3

Now here
Bo=aotaz, fr=ar+ag, fo=ar+as

and since a3 = a~! we can find a by solving the equation
(t—ao)(t—ag) = =Bt +1

which gives

a=
2
p=>5:
Here we may take the exponent e = 2. So if o denotes our desired primitive 5*"-root, we
need to set o = a2 fori=0,1,...,3. Since p—1 = 2 x 2 we start by constructing the two elements

Bo=ao+as , fri=art+as

by solving the quadratic
(t=B)t—p1) = 2 +t—1.

Thus we may take

-1 Y
B, = ﬁ B

—1-5
D) —

2
and « can be obtained by solving

(t—ap)(t—ag) = t2=Fot+1 = 0.

Since 32 = 3, + 2 we finally obtain

1+ Y5, .
(1_/604'\/2[3174 _ léf""l
= S =

We are now in a position to establish the basic result of this section

Theorem 7.2
Every cyclic equation can be solved by a sequence of tight and natural radical extractions

Proof
Suppose that En(t) is cyclic in F, and let ay, o, ..., a, be the labeling of its roots under
which

Gy (F) = L+y+72+ oyt (with ya; = aiy1 )

If py > pa > -+ > py, are the primes factoring n we proceed by constructing a sequence of subgroups

G, yielding the composition series

Gg, (F)>p, G1bp, Gabp, -+ bp,. Gy = {id}
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This given we construct (via Theorem 6.1) a sequence of polynomials Wy (21, z2,. .., z,) € Flz1, 22, . ..

with é\pk = (. Now Theorem 6.4 and G\pk <, Gu,_, give that
FlUy] D Fl¥y_4] .
Moreover from Theorem 6.5 we also deduce that Wy, is a root of a polynomial Bg, (t) € FlUy ][]

of degree pj, which is cyclic in F[\i/k,l]. Thus its roots may be constructed by means of the formulas
given by Proposition 7.2. Let */Z), with Z € Fj,_1 denote the radical we must extract to obtain \ilk.

Now Proposition 7.2 assures that ™ is tight, and formula 7.20 gives that this a natural radical
extraction as long as we are in possession of a primitive p" root of unity. Finally, the identity in
7.18 shows that F[¥;] may also be obtained from F[¥j_,] by the adjonction of "/Z itself. This
given, since the Galois group of E,, reduces to the identity after the extraction of the last radical
/2, the process will yield a tight natural formula for each of the roots of E,L.

We should note that the tight extraction of prime p!* roots of unity can also included in
this process. This is because, as we have seen, the formulas giving a primitive pfch—root depend on
the solution of cyclic equations whose degrees are prime factors of pr — 1. But since each py < n,
we see that we are appropriately setup for an induction argument. We can in fact assume from the
start that the Theorem is true for all cyclic equations of prime degree less or equal than a certain
prime p then carry out the constrution outlined above for all cylic equations of any degree n whose
prime factors are all less or equal to the next prime. The induction can of course start with p = 2
where the Theorem is easily verified to be true.



