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The Egge-Loehr-Warrington Result
(a manipulatorial proof)

Preliminaries

Let us recall that an integral vector α = (α1, α2, . . . , αk) is called a “composition of n” and write

“α |= n”, if and only if αi > 0 for 1 ≤ i ≤ k and
�n

i=1 αi = n. The number k is called the “length of α” and

is denoted “l(α)”. In these notes it will convenient to call an integral vector γ = (γ1, γ2, . . . , γn) “a weak

composition of n” and write “γ||= n” if γi ≥ 0 for 1 ≤ i ≤ n and
�n

i=1 γi = n.

For any weak composition γ||= n set

sγ [X] =
det �xγj+n−j

i �ni,j=1

det �xn−j
i �ni,j=1

P.1

In these notes, it will be convenient to keep n fixed so as to avoid appending it to many of our symbols. In

particular, to save space we will use “X” to denote the alphabet x1, x2, . . . , xn and use the symbol ∆[X] to

denote the Vandermonde determinant

∆[X] = det �xn−j
i �ni,j=1

In a recent paper Egge-Loehr-Warrington proved the following basic result

Theorem P.1
If a symmetric function f [X] has the expansion

f [X] =

�

α|=n

aαFα[X] P.2

in terms of the Gessel fundamental basis of quasi-symmetric functions then its Schur expansion is simply obtained

by the replacement

Fα[X] → sᾱ[X] P.3

where ᾱ is the weak composition obtained by adding n− l(α) zeros to α

It develops that this result can be quickly derived from of the following

Basic Fact
For a given n, let An denote the polynomial operator

An =

�

σ∈Sn

sign(σ)σ P.4

then every symmetric function f(x1, x2, . . . , xn) satisfies the following identity

f(x1, x2, . . . , xn) =
1

∆[X]
A f(x1, x2, . . . , xn) x

n−1
1 xn−2

2 · · ·xn−n
n P.5

This is an immediate consequence of the determinantal expansion

∆[X] =

�

σ∈Sn

sign(σ)xn−1
σ1

xn−2
σ2

· · ·xn−n
σn
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and the fact that for any symmetric function f [X] we have

f(xσ1 , xσ2 , · · · , xσn) = f(x1, x2, . . . , xn) (for all σ ∈ Sn)

This given, to prove Theorem P.1 we need only derive the identity

1
∆[X] AFα[X] xn−1

1 xn−2
2 · · ·xn−n

n = sᾱ[X] P.6

To this end, let S(α) = {1 ≤ i1 < i2 < · · · < ik−1 ≤ n − 1} the subset of [1, n − 1] corresponding to the

composition α = (α1, α2, . . . , αk), and recall that by definition we have

Fα[X] =

�

1≤a1≤a2≤···ai≤ai+1≤···≤an≤n

i∈S(a)→ ai<ai+1

xa1
xa2

· · ·xan
P.7

Now P.6 is simply due to the fact that the terms in the sum

�

1≤a1≤a2≤···ai≤ai+1≤···≤an≤n

i∈S(a)→ ai<ai+1

1
∆[X] Axa1

xa2
· · ·xan

xn−1
1 xn−2

2 · · ·xn−n
n P.8

cancel each other in pairs leaving out a variety of vanishing terms together with the single term

1
∆[X] A xα1

1 xα2
2 · · ·xαk

k xn−1
1 xn−2

2 · · ·xn−n
n P.9

and P.6 follows, since by definition

sᾱ[X] =
1

∆[X]A xα1
1 xα2

2 · · ·xαk

k xn−1
1 xn−2

2 · · ·xn−n
n P.10

This is essentially the basic discovery of Egge, Loehr and Warrington.

For sake of completeness we will prove it in the next section.

1. The Proof
If γ = (γ1, γ2, . . . , γn)||= n then

A xγ1+n−1
1 xγ2+n−2

2 · · ·xγi+n−i
i x

γi+1+n−i−1
i+1 · · ·xγn+n−n

n =

= −A xγ1+n−1
1 xγ2+n−2

2 · · ·xγi+1−1+n−i
i xγi+1+n−i−1

i+1‘ · · ·xγn+n−n
n

1.1

This may be rewritten as

sγ1,...,γi,γi+1,···,γn
[X] = − sγ1,...,γi+1−1,γi+1,···,γn

[X] 1.2

Note that any weakly decreasing sequence a = (a1 ≤ a2 ≤ · · · ≤ an) can be converted into a weak composition

γ(a) via the identity

xa1xa2 · · ·xan = xγ1

1 xγ2

2 · · ·xγn
n 1.3

Clearly, the map a→γ(a) is invertible and we will denote by a(γ) the weakly decreasing sequence a that

yields 2.13. We are thus led to focus on the pairing of weakly decreasing sequences obtained by writing

a(γ1, . . . γi, γi+1, · · · , γn) ⇐⇒ a(γ1, . . . γi+1 − 1, γi + 1, , · · · , γn) 1.4
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Now we see that from left to right we need to replace the string of i in a by the number i+1 minus one and

the number of i+ 1 by the number of i plus one. From right to left we do the reverse.

Going back to our problem note that if for some non− vanishing summand in P.7 we have

xa1
xa2

· · ·xan
�= xα1

1 xα2
2 · · ·xαk

k

there will be a largest 0 ≤ s < k such that

xa1
xa2

· · ·xan
= xα1

1 xα2
2 · · ·xαs

s x
γs+1

s+1 x
γs+2

s+2 · · ·xγs+r

s+r · · ·xγn
n

with γs+1 + γs+2 + · · ·+ γs+r = αs+1 and γs+r > 0. Now the maximality of s forces two possible cases:

(1) γs+1 = 0 and there will be a first 1 < i < r such that γs+i > 0, or

(2) γs+1 > 0 and r > 1,

In case (1) we pair off the term

1
∆[X]Axα1

1 xα2
2 · · ·xαs

s x0
s+1 · · ·x0

s+i−1x
γs+i

s+i · · ·xγs+r

s+r · · ·xγn
n xn−1

1 xn−2
2 · · ·xn−n

n 1.5

with the term

1
∆[X]Axα1

1 xα2
2 · · ·xαs

s x0
s+1 · · ·x

γs+i−1
s+i−1 x1

s+i · · ·x
γs+r

s+r · · ·xγn
n xn−1

1 xn−2
2 · · ·xn−n

n

note that we must have γs+1 > 1 for otherwise our term would vanish.

In case (2) we need to consider whether

(a) γs+2 > 0 or

(b) γs+2 = 0

in case (a) we pair off the term

1
∆[X]A xα1

1 xα2
2 · · ·xαs

s x
γs+1

s+1 x
γs+2

s+2 · · ·xγs+r

s+r · · ·xγn
n xn−1

1 xn−2
2 · · ·xn−n

n

with the term

1
∆[X]A xα1

1 xα2
2 · · ·xαs

s x
γs+2−1
s+1 x

γs+1+1
s+2 · · ·xγs+r

s+r · · ·xγn
n xn−1

1 xn−2
2 · · ·xn−n

n

In case (b) we look for the first γs+i > 0 and note that we must have such an i ≤ r since γs+r > 0. But then

our term is

1
∆[X]A xα1

1 xα2
2 · · ·xαs

s x
γs+1

s+1 x0
s+2 · · ·x0

s+i−1x
γs+i

s+i · · ·xγs+r

s+r · · ·xγn
n xn−1

1 xn−2
2 · · ·xn−n

n

and we pair it off with

1
∆[X]A xα1

1 xα2
2 · · ·xαs

s x
γs+1

s+1 x0
s+2 · · ·x

γs+i−1
s+i−1 x1

s+i · · ·x
γs+r

s+r · · ·xγn
n xn−1

1 xn−2
2 · · ·xn−n

n

here again we must have γs+i > 1 for otherwise our term would vanish.

It is easily seen that all the switches we have performed preserve the required ascents of the corre-

sponding summands in P.7, moreover it is not difficult to check that our pairings are none other than the

2-cycles of an involution of the terms of P.8 whose fixed points are the vanishing terms together with the

term in P.9.

Since each non vanishing term in P.8 is paired with a term of opposite sign, our proof of P.6 is finally

complete.
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2. Additional identities.

The polynomial operator

P [X] → 1
∆[X] AP [X] 2.1

may of course be used in a similar manner to obtain a result analogous to Theorem P.1 for any other Quasi-

symmetric basis . The following result shows that the Quasi-Monomials are definitely the easiest to deal

with, while computer data reveal that the Quasi-Schur may be the hardest.

For two vectors α and β let us denote by “α ∪∪β” the collection of all vectors obtained by shuffling

the components of α with the components of β (as if α and β were two decks of cards). Let us also write

“γ ∈ α ∪∪β” to express that γ is an element of the collection α ∪∪β.

Now, for any composition α |= n, let

z(α) = [0, 0, . . . , 0] (n− l(α) zeros) 2.2

and define a new family of symmetric polynomials {Π[α]}α|=n by setting

πα[X] =

�

γ∈α∪∪z[α]

sγ [X] 2.3

Theorem 2.1
For any symmetric function f [X] we have

f [X] =

�

α|=n

aαMα[X] =

�

α|=n

aαπα[X]. 2.4

That is, we can pass from Quasi-Monomial expansions to Schur expansions by the replacement Mα[X]→πα[X].

Proof
By definition the monomial symmetric function mµ[X] is given by the the sum

mµ[X] =

�

γ ||=n;λ(γ)=µ

xγ1

1 xγ2

2 · · ·xγn
n 2.5

Thus applying te operator in 2.1 to both sides of this identity we obtain

mµ[X] =

�

γ ||=n;λ(γ)=µ

sγ [X] 2.6

Now , since each weak composition γ yields a (strong) composition by zero removals we may rewrite the

identity in 2.6 in the form

mµ[X] =

�

α|=n;λ(α)=µ

πα[X] 2.7

But at the same time the expansion of mµ[X] in terms of the Quasi-Monomial basis can also be written as

mµ[X] =

�

α|=n;λ(α)=µ

Mα[X] 2.8

Thus 2.4 is true for the monomial basis and must therefore be true for any symmetric function.
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This result has the following interesting corollary, which is essentially implicit in the path adopted

by Egge, Loehr and Warrington to obtain their result.

Theorem 2.2
sᾱ[X] =

�

β|=n

πα[X]χ(β � α) 2.9

where “�” denotes the refinement partial order.

Proof
It is well known that we have

Fα[X] =

�

β|=n

Mα[X]χ(β � α) 2.10

and 2.9 follows by applying the operator in 2.1 to both sides of this identity.

Egge, Loehr and Warrington introduce two interesting rectatngular matrices K and K � that give a

compositional version of the Kotska matrix and its inverse. Using the present notations these matrices and

and their properties may be obtained by purely manipulatorial steps.

To this end, note that he classical expansion

sλ[X] =

�

α|=n

Mα[X]Kλ,α 2.11

gives

Kλ,α =
�
sλ , hα

�
2.12

with hα = hα1hα2 · · ·hαl(α)
. Of course this is due to fact that we have

Kλ,α = Kλ,µ (when λ(α) = µ). 2.13

In matrix notation we may write 2.11 as

�
s[x]

�
=

�
M [X]

�
KT

2.14

with

K = �Kλ,α�λ�n
α|=n

2.15

with partitions as well as compositions arranged in lex order.

Next, define for any λ � n and any α |= n

K �
λ,α =

�
sλ[X] , Πα[X]

�
2.18

and set

K �
= �K �

λ,α�λ�n
α|=n

2.19
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Below we display the two matrices K � and KT for n = 4.

By a slight abuse of notation let us denote by K �
λ,µ the entries of the inverse of the transpose of the

classical Kostka matrix and note that we have

K �
λ,µ =

�
mµ[X] , sλ[X]

�
=

�

λ(α)=µ

K �
λ,α 2.20

Using this and 2.13 we derive that

�

α|=n

K �
λ,αK

T
α,ν =

�

µ�n

� �

λ(α)=µ

K �
λ,α

�
KT

ν,µ =

�

µ�n
K �

λ,µK
T
ν,µ = χ(λ = ν)

In summary we have

K �KT
= I 2.21

where I is the pn × pn identity matrix.

The combinatorial significance of 2.11 is the starting point of Egge, Loehr and Warrington derivation

of in their result.


